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Here we propose a novel method of fitting B-spline
surfaces to input mesh vertices. For a mesh model
that is difficult to fit with one B-spline surface,
we divide it into several patches that form a tree
structure (which is called hierarchical splines [1]),
and for each patch, we use one B-spline surface for
fitting. Normally, only a few patches are required,
and G2 continuity can be achieved between the
adjacent surfaces.

Introduction. B-spline surface fitting is one
of the common fundamental problems in com-
puter aided design (CAD). It has been studied for
decades. In this paper, we propose a novel method
to construct B-spline surfaces from an input mesh
and attempt to make the distance between the re-
sulting surfaces and the mesh vertices as close as
possible. The mesh is required to be topologically
equivalent to a disc.

Since B-spline surfaces are a type of tensor prod-
uct surface, it is difficult for them to efficiently ex-
press a surface shape that is much different from a
plane. The existing fitting methods which use one
surface patch for fitting (e.g., [2, 3]) often fail to
fit the complex models well. Meanwhile, the other

kind of methods which use multiple B-spline sur-
faces for fitting (e.g., [4, 5]) will divide the mesh
into quadrilateral patches and generate a large
number of surfaces (frequently more than one hun-
dred). Reaching high geometric continuity for the
adjacent surfaces is also difficult.

We present a novel method to deal with this
problem. We also use multiple surfaces for fitting.
However, the way we split the mesh is different
from the traditional methods. The surface patches
are not adjacent to each other, but rather consti-
tute a tree structure (hierarchical splines). More
precisely, we first construct a root surface to fit the
major part of the model. Then, we construct one
or more children surfaces, which are extracted and
refined from the parent surface, to fit the remain-
ing part of the model that is not handled yet. In
this case, only a few surface patches are needed to
fit the entire model, and handling the geometric
continuity problem between the surfaces is conve-
nient.

Our fitting method consists of three major steps,
which are respectively described as follows.

Mesh division. First, we evaluate a parameter-
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ization of the input mesh to help divide the mesh.
We use circle-pattern conformal mapping [6] to
compute the parameterization of the mesh, which
supports flexible boundary conditions. We also
compute the smallest-area enclosing rectangle [7]
for the vertex parameters and normalize the pa-
rameter field into [0, X ] × [0, Y ] through rotating
and scaling (X = 1 or Y = 1).

After parameterization, we divide the mesh pro-
gressively such that each mesh is suitable for fit-
ting with one surface patch. The detail of mesh
division is described as follows.

First, we digitize the parameter field into a 2D
image of resolution M ×N . Then, each parameter
(u, v) will be located at a pixel. For each pixel, we
evaluate its vertex density by counting the number
of vertices located in the square of K×K centered
at its position.

Then, we detect whether the maximum density
in the current image is higher than a given thresh-
old T1. If so, then we create a rectangle region
that is initially located at the pixel of maximum
density. The region is then expanded iteratively in
its four directions until the mean vertex density on
the four boundaries is lower than another thresh-
old T2. Then we construct a new mesh from the
mesh elements in this rectangle region and remove
it from the origin mesh. The above operation is
repeated until the maximum density of the cur-
rent mesh is no longer higher than T1. Assuming
the mean vertex density over the entire parameter
field is T , we assign T1 = 60T and T2 = 10T in
our experiment.

After new meshes are generated, we iteratively
use the division method to detect whether these
meshes meet our requirements. Finally, a set of
meshes that constitute a tree structure can be ob-
tained.

Constructing the outer surface. The fitting
process proceeds stepwise from the root mesh to
the leaf meshes, and we construct one B-spline sur-
faces for each mesh model. First, we construct an
outer surface to fit the root mesh, and the fitting
method for other meshes is introduced in the next
section.

Two steps are required for constructing an outer
B-spline surface to fit the root mesh. First, we es-
timate two suitable knot vectors for the u/v di-
rection. The basic idea of our method is sim-
ple. On the basis of the definition of B-spline
surfaces, in each internal knot span [ui, ui+1], the
same number of valid control points affects the sur-
face shapes. So we estimate the knot vectors such
that almost the same number of data points is pre-
sented in each internal knot span.

Second, we evaluate the control points of the

surface by minimizing several energy functions.
The first energy term E1 measures the distance be-
tween the mesh vertices and surface points, which
can be expressed as

E1 =
∑
v∈V

||S(uv , vv)− v||2,

where S(u, v) is the resulting surface, V denotes
the vertex set, and (uv, vv) represents the para-
metric value for each vertex v. The second term
E2 measures the smoothness of the surface shape,
which is expressed as

E2 =

∫∫
(αf1 + βf2)dudv,

f1 = ||Suu||
2 + 2||Suv||

2 + ||Svv||
2,

f2 = ||Suuu||
2 + 3||Suuv||

2 + 3||Suvv||
2 + ||Svvv||

2.

The constants α and β are usually assigned as
10−8–10−6.

The traditional methods use the two energy
terms above (E1 + E2) to evaluate the control
points. However, we find that this process is often
very unstable and generates unexpected shapes in
practice. To stabilize this process, we construct
a rectangle grid over the parameter field and at-
tempt to constraint the surface position at each
grid points, which results in the third energy term
E3 as follows:

E3 =
∑
i=0

∑
j=0

||S(ai, bj)− F (ai, bj)||
2,

where {ai} and {bj} are the sampling values in
the u/v direction, respectively, and the function
F (∗) returns the expected space positions for each
parameter.

Finally, the total energy function is expressed
as

Etotal = E1 + E2 + E3.

It is a quadratic form related to the control points
and can be minimized through solving a linear sys-
tem of equations. Then the control points are ob-
tained.

Constructing the inner surfaces. After con-
structing an outer surface for the root mesh, we
continue to construct inner surfaces for each non-
root mesh. The geometric continuity problem has
to be handled when constructing the inner sur-
faces. We construct the surfaces from the parent
node to the children node, and for each inner sur-
face, we need to consider the continuity issue be-
tween the surface and its parent.

Without loss of generality, consider a non-root
mesh Tk and its corresponding surface Sk. Assume
its parent mesh is Th and the corresponding sur-
face Sh. We recall that the mesh Tk is extracted
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Figure 1 (Color online) An example of the bunny model. The original mesh is shown in (a), and the result of mesh
division is shown in (b). (c)–(f) show the B-spline surface and its control points for each patch. The surfaces are combined
in (g) and (h).

from a rectangle region in the parameter field of
Th. Thus, we initialize the current surface Sk as
the subsurface of Sh within that rectangle region.
We can further modify the surface Sk to fit the
mesh Tk, while preserving its boundary conditions
to ensure Gn continuity with the parent surface
Sh.

We first use knot refinement for the surface Sk

to gain more control points, and then fit it to the
mesh Tk. We preserve the boundary conditions of
Sk to ensure its continuity with the parent sur-
face. Assuming Gg continuity is required (gener-
ally g = 2), then we preserve the first and last
(g + 1) rows and columns of the control points,
and use the remaining control points for optimiza-
tion. The energy function is similar with that of
the outer surface.

Examples. Figure 1 shows the result of con-
structing the bunny model. G2 continuity is re-
quired for the example, and the numbers of control
points are assigned manually. The original mesh
(a) has 2334 vertices. We divide the mesh into
four patches (b), and use the B-spline surfaces to
fit each patch. The number of control points for
the B-spline surfaces (c)–(f) is 30 × 30, 33 × 33,
22 × 22, 20 × 20, respectively. The final shape of
the combined surfaces is shown in (g) and (h).

Conclusion. We propose a method to con-
struct B-spline surfaces from input mesh vertices.
We divide the origin mesh progressively such that
each mesh is suitable for fitting with one surface
patch. Then, we construct an outer surface for
the root mesh and construct inner surfaces for the
other patches. G2 (or higher) continuity can be

achieved between the adjacent surfaces, and sev-
eral examples show that our method can construct
expected mesh shapes efficiently.
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