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Abstract This paper presents a design method for saturated coordinated control of multiple underactuated
unmanned surface vehicles (USVs) on a closed curve, holding a symmetric formation pattern. Each vehicle is
subject to unknown sideslip, uncertain vehicle kinetics, and limited control torques. First, the course angle and
surge velocity are considered as immediate signals to stabilize the along-track and cross-track path following
errors. In the vehicle kinematics, a reduced-order extended state observer is utilized to compensate for the effect
of the unknown sideslip. Next, a bounded neural network control law is constructed at the kinetic level with
the aid of the a saturated function, a projection operator, and a dynamic surface design method. Finally, a
parameter cyclic pursuit approach is presented to guarantee that the vehicles are evenly spaced over the closed
curve for achieving a symmetric formation pattern. The input-to-state stability of the closed-loop system is
analyzed via cascade theory. Comparative studies are given to show the effectiveness of the proposed method.
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1 Introduction

Unmanned surface vehicles (USVs) have been playing an increasingly important role in military and
civilian applications due to their small size, low cost, and high agility [1]. Studies on motion control of
USVs have attracted great attention from various research communities. Current research goes beyond
single USV control, and much attention has been paid to coordinated control of multiple USVs [2-25].
In general, coordinated USV systems can execute more challenging missions with improved mission
performance, enhanced reliability against system failures, and reduced operational costs [1,9,17]. To
achieve the coordination of multiple USVs, several methods have been proposed, including leader-follower
formation control [2-8], cooperative trajectory tracking [9-15], and cooperative path following [16-25].
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In particular, the objective of coordinated path following is to steer a group of vehicles along predefined
path while keeping a desired formation [26,27].

Coordinated path following of USVs has been studies by many researchers [16-25]. In [16], a coordi-
nated path following controller is proposed based on a passivity-based synchronization method. In [17],
a coordinated path following design is presented for multiple autonomous vehicles in the presence of
parametric uncertainty and unknown constant ocean currents. In [18], coordinated path following under
discrete-time periodic communications is investigated. In [19], a coordinated path following controller is
developed based on an adaptive dynamic surface control method and neural networks. In [20], coordi-
nated path following control is addressed both for both state and output feedback. In [21], coordinated
path following of marine vehicles with input saturation is investigated. In [22], a modular design approach
is employed to develop distributed path following controllers where the path information is available for a
small fraction of vehicles. In [23], a neurodynamics-based observer is developed to achieve the distributed
output feedback path following control. In [16-23], a parallel formation pattern on multiple paths is
achieved by synchronizing path variables. In [24,25], a path variable containment method is proposed to
coordinated path following along one parameterize path, where the vehicles are evenly spaced between
two virtual leaders along the path. All these coordinated path following controllers [16-25] focus on for-
mation control over open curves. In many circumstances, closed paths are preferable by oceanographers,
since the sensor measurements collected along repeated orbits can be interpreted without using a complex
ocean model [28,29]. However, the existing methods on coordinated control of multiple USVs [16-25]
cannot be applied to the coordinated control on a closed curve, since a symmetric formation pattern
cannot be achieved by using the existing path variable synchronization method [16-23] and path variable
containment method [24, 25].

On the other hand, some efforts have been devoted to the coordinated control of moving sensor plat-
forms [28-34]. In [28], a curve extension approach is presented for unit speed particles moving along a
convex and closed loop. A formation motion is maintained by forcing the relative arc-length between each
pair of vehicles to a constant value. It is later applied to underwater gliders and experimental results are
given to verify its effectiveness [29]. In [30], a modified curve extension design method named concentric
compression is proposed for unicycles on a set of convex and closed loops. The inter-vehicle formation
is achieved by synchronizing the arc-lengths. In [31], the formation control problem for non-holonomic
vehicles on convex orbits in a three-dimensional space is investigated with a time-varying reference or-
bital velocity. In [32], an adaptive formation controller is proposed for a group of fully actuated surface
vessels to follow a set of convex orbit and maintain attitude synchronization. In [33], a formation of
multi-unicycles around a closed curve is achieved in the presence of a time-invariant flow field. In [34], a
formation controller is presented for underactuated ships along closed orbits. Note that most aforemen-
tioned studies focus on the parallel formations on multiple closed paths [30-34], which can be achieved
by synchronizing the arc-lengths. Besides, the methods given in [28-34] require the communication to be
bidirectional, which may be restrictive in practice.

Motivated by the above observations, we consider the coordinated control of multiple underactuated
USVs over a closed curve. The USVs subject to unknown sideslip, dynamical uncertainties, and limited
control torques. First, the course angle and surge velocity are treated as virtual controls to stabilize
the along-track and cross-track path following errors. A reduced-order extended state observer is used
to compensate for the effort of the unknown sideslip at the kinematics level. Second, a bounded neural
network control law is developed at the kinetic level based on a dynamic surface control design method
with the control torques known as a priori. Third, a parameter cyclic pursuit approach is proposed to
space the path variables such that a symmetric formation pattern is reached. The input-to-state stability
of the closed-loop network is established via cascade theory. Comparison studies are given to illustrate
the efficacy of the proposed method.

Compared with the existing results [16-25, 28-34], the main features of the proposed method are
summarized as follows.

e A parameter cyclic pursuit approach is proposed to achieve a symmetric formation along a closed
path. Different from the coordinated control of multiple USVs over multiple parameterized paths in [16—
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23], a coordinated control along a parameterized path is considered here. Different from the coordinated
control problem addressed in [24,25], where the vehicles keep a queue formation along one open curve, a
symmetric formation on a closed curve is achieved in this paper.

e In contrast to the coordinated controllers in [28-34], where the bidirectional communication is re-
quired, the communication graph is directed herein. Different from the parallel formations pattern on
multiple closed curve considered in [30-34], a symmetric formation on a closed curve is achieved here.

e Compared with the coordinated controllers in [16-22,24, 25, 28-34], where the input constraints are
not considered, the developed coordinated controllers are bounded with the bounds known as a priori.

This paper is organized as follows. Section 2 introduces some preliminaries and gives the problem
formulation. Section 3 presents the controller design and main results. Section 4 gives the simulation
results to illustrate the proposed method. Section 5 concludes this paper.

2 Preliminaries and problem formulation

2.1 Preliminaries

Some graph concepts are briefly introduced. A graph G = {V, £} consists of a node set V = {ni,...,nyx}
and an edge set & = {(n;,n;) € € x £}. The element (n;,n;) describes the communication from node ¢
to node j. The adjacency matrix A = [a;4] € RN*N associated with the graph G is defined as a;; =1, if
(nj,n;) € & and a;; = 0, otherwise. The Laplacian matrix £ associated with the graph G is defined as
L =D — Awhere D = diag{dy,...,dy} with d; = > aj;,i=1,...,N.

Lemma 1 ([35]). Let G be a weight-balanced and weakly connected graph, and £ be its Laplacian
matrix. Then,

(i) The matrix Sym(L) := cgﬁT is positive semi-definite.

(ii) Denoted by A* the smallest nonzero eigenvalue of Sym(£) and 1y = [1,...,1]%, then 2TSym(L)z >

Ao — 255 )12, for all 7 € RV,
2.2 Problem formulation

Consider a group of N USVs, labeled as 1 to N. Let (z;,v:,1:5) be the position and the yaw angle in a
north-east frame, and let u;, v;,7; be the surge, sway velocities and yaw rate in a body-fixed frame (see
Figure 1). According to [36], the dynamical model of the ith USV can be described as

I'i = U; COS wiB — U; sin wiB;
Ui = u;siny;p + v; cosY;p, (1)

VB = 14,
and

M = fiu (Ui, Vi T6) + Tiw + Tivw,
MV = fiv(Uiy Vi, Ts) + Tivw, (2)
MirTs = fir (Wi, Vi, T5) + Tir + Tirw,
where My, M4y, and my, are inertial parameters; fi.(-), fiv(-), and f;-(-) are unknown functions including
Coriolis/centripetal force, and hydrodynamic damping effects; Tiyw, Tivw, and 7, are ocean disturbances

caused by wind, waves and currents; 7;, and 7. are control inputs.
The kinematics (1) can be rewritten as

t; = U cosw,
¥ = U; sinywy, (3)
Viw =15 + Bids
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Figure 1 (Color online) A geometrical illustration of LOS guidance.

where U; = \/u? + v? is the total velocity of the vehicle, and is assumed to satisfy U; > 0; v = ip+ 5
is the course angle with 3; = atan2(v;/u;) being an unknown sideslip angle, and S;q = ;.
Consider a closed curve that can be parameterized by

xq(0) = acos® + pbsin,
{ (4)

ya(0) = bsiné,
where 6 is a time-independent variable; u is the skew parameter; a is the semi-major axis length and b is
the semi-minor axis length. Setting a = b yields a circle and a > b yields an ellipse.

For any given 6;, the inertial position of the geometric path is denoted by (24(0;),ya(0;)). The path-
tangential angle is given by 1,4 = atan2(y,,, «%,), where x}; = 0x4(0;)/00; and y},; = 0yq(6;)/00;. Then,
for the ith USV located at (x;,y;), the along-track error x;, and cross-track error y;. can be expressed in
a path-tangential reference frame { P} as follows:

lfﬂz'e B lCOS%‘d —sinyiq 1 ' lwz - xd(ai)]
Yie

sintiq costiq Yi — ya(0:)
Taking the time derivative of x;., y;e and using (3), it follows that

{ die = Ucos(Viw — Via) + Viayie — ulybi,

(5)

. 6
Yie = Ussin(Ysw — Yid) — YidTie, )

where uf, = /2% + y/2.

Using the fact that w; = U;cos(B;), we have u; = Uscos(f;) + Uisin(B;)Bia = U; — 2Uisin(%) +
U;sin(f;)Bia. Finally, the dynamics of @;e, Yie, Yiw, Ui, r; can be expressed as
die = Uicos(Yiw — ia) + Viayie — wlybi,
Yie = Uisin(Yiw — Yia) — ViaTie,
Yiw =1 + Bid, (7)
MiUi = (Wi, Viy75) + Tiw + Tivw + 2mi, Ussin (%) — M, Uisin(B;) Bia,

Mirts = fir (Wi, Uiy 75) + Tir + Tirw-

The control objective is to develop a coordinated path following controller for the N USVs with the
dynamics (1) and (2), such that the USVs follow the parameterized and closed path (x4(0), y4(6)) while
achieving a symmetric formation on the path.
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3 Controller design

3.1 Controller design

3.1.1 Step 1

In this step, the course angle ¥, and the surge speed U; are treated as virtual controls to stabilize x;,
and Y.

Define ¢;e = Yiw — ay,, 2iu = Ui — Uir, @ou = Uir — v, Zin = Ziy — Ziu, Where oy, and ay, are the
virtual controls of ; and U, respectively; U;, is the estimation value of oy, ; 2;,, is the estimation of the
tracking error z;,. Then, we can write the first two equations of (7) as

Fie = au, + Ziu + Qiu — 2U;sin® < 5 ) + idYie — deéu

(8)

Yie = Ussin(ay, — Vid) + 0i — VidTie,

where ¢; = Uisin(¢iw — iq) — Ussin(ay, — ¥iq)-
The virtual guidance laws for the ith vehicle is proposed as follows:

Qupy, = P;q + arctan (_ yA) 7

. I ()
av, = —knie /i + uly0; + 2U;sin® (M) 2

2 — Ziu,
where 4A; is a look ahead distance; k;; is a positive constant; 11, = \/ac%e + Afx with A;, being a positive
constant.

Substituting (9) into (8) and using the fact sin(arctan(—%*)) = — = with II;, = VY2 + A2 it follows
that the dynamics of x;. and y;. become

{ Gie = —kiic /g — Ziu + Qiu + ViaYie, (10)

Yie = —Uilic /Ty + 0i — YiaTie.

3.1.2 Step 2

In this step, the yaw velocity r; is viewed as a control input to stabilize ;..
Before starting, a reduced-order extended state observer is proposed to identify the uncertain kine-
matics Fiq,

(11)

Pi = —wip; — Wihiw — wir,
Bia = witiw + pi,

where p; is the auxiliary state of the observer; w; is a design parameter.
To move on, the following assumption is made.

Assumption 1. There exists a positive constant 5* such that |Bid| < B*.
Let Siq = Bia — Bid, whose derivative with (7) and (11) can be expressed as

Bz‘d = —wiBid — Bia- (12)

Define zir =7 — 7ir, iy = Tir — Qip;, Zir = Zir — Zir, Where ., is a virtual control law; r;. represents the
estimation of «.;; Z;- is the estimation of the tracking error z;.. From (7), the dynamic of ;. can be
expressed as

1/)1'6 - ari + Zir + Qir + ﬂid - Oéwl (13)
A virtual control law a., is given by

YieOi N
- Zir, 14
wie " ( )

ar; = —kiotic /Ty, — Bia + cy, —
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where k;2 is a positive constant; I1;, = ,/¥2, + Afw with Ay being a positive constant.

Note that e = (Yiw —ia) — (s, —ia), then we have limy, 0 Sin(wiw7%41)1)751“(%"7%”’) = cos(ay, —
Yia), and limy,, 0 7= = Ujcos(ay, — Yia).
Substituting (14) into (13) , the dynamic of ;. becomes

; Qi . s
Vie = —kiotie /Ty — % — Zir + @ir — Bia- (15)

Introduce two new states U;, and r;, as the desired values of U; and r;, respectively. Let o, and oy,
pass through two first-order filters with time constants v;, and ;- to obtain U, and r;. as follows:

ay; — Uiy Qp;, — Tip

Upp = ——,  #yp = ——. (16)
%u ’}/ir
The time derivatives of ¢;,, and ¢;,- are given by
. qi . . Qir .
Giv = ——= — &u,  ir = ——— — Q. (17)
u Yir
By integration of (17), it follows that
__t b e . —_t b e .
Qzu(t) =€ Yiu qw(O) — / e Yiu Oy (T)d’l', q”«(t) =€ Yir qw(O) — / € Yir Qi (T)d’l', (18)
0 0
from which we can compute an upper bound for ¢;,, and ¢;- as
__t % -t *
|Qiu(t)| se Vi |qzu(0)| + Yiu Qs |qi7“(t)| se Tir qi?“(o)| + Yir Q4 (19)

where |qiv]eo < 0y, |Qirloo < o, with o, and o, being positive constants. Since the energy to drive
the USV is limited and the derivatives of the reference path are bounded, the boundedness of &,y and
¢y, are naturally satisfied for marine vehicles. Then, there exist positive constants ¢}, and gj,. such that
|giu ()] < g7, and |gir (t)] < gj;.-

3.1.3 Step 3

In this step, we aim to develop the kinetic controllers 7;,, and 7, based on the first-order filters (16).
From (7), the time derivative of z;, and z;,. is given by

My Zi, = fzu() + Tiwy,  MirZir = fm() + Tir, (20)

where fiu(+) = fiu(ui, Vi, 75) +Tiuw +2min Ussin(Z) —mi Uisin(B8;) Bia — miu Ui and fir(+) = fir (s, vi, 1)+
Tirw — mirf’-’iw

Note that the unknown functions f;,(-) and f;(-) include both the state-related nonlinear uncertainty
and the external disturbances. Two neural networks are employed to approximate the unknown functions

fiu = Wgaw(ﬁw) + Eiu, fir = Wi}:o'i'r‘ (gzr) + €ir, (21)

where W;,, € R® and W, € R® are the unknown time-varying matrixes satisfying ||[W;,|| < W}, and
[[Wir|| < W with W7, and W} being positive constants; &, = [2iu(t), 2iu(t — ta), Tiu, 1]T € R* and
Eir = [2ir(t), 2ir (t — t4), Tir, 1]T € R* are the input matrixes; 0;, (£5) : R* — R® and 04,.(&) : R* — R®
are known continuous basis vectors satisfying ||o;y|| < o and |0y || < o with ¢} and ¢ being positive
constants; &;,, and ;, are the approximation errors satisfying |e;,| < ¢, and |e;| < &}, with €, and &,
being positive constants.

A kinetic controller is constructed as follows:

Tiu = 71{:1321’&/]:[71, - Wi};o—iu (fzu)a Tir = *ki42ir/Hr - Wirfo—ir (gir)a (22)
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Figure 2 (Color online) Communication topology.

where k;3 and k;4 are control gains; I1;, = /22, + A2, and II;,. = /22 + A2 with A, and A;,. being

positive constants; W, and W, are estimates of W, and W;,., respectively. Z;, and Z;. are obtained
from the following dynamical compensators as

MiuZin = —kizZiu /T — (kiz + piw) Biw — Zin)s (23)
Mir2ir = —kiaZir /T — (Kig + pir) Gir — 2ir),
where p;,, and p;, are positive constants.
The update laws for Ww and WZ—T are designed as
Wiw = —TiProi(Win, 04w (&) Ziw), Wir = —Tir Proj(Wiy, 0ir (Eir ) Zir), (24)

where Proj denotes the projection operator [37]; T';, and T';,- are positive constants. Due to the projection
operator, there exist positive constants 3;1 and ;5 such that ||Ww|| < Wi+ %1 and ||WW|| < Wi+ 3.

Let W;, = Wiu — Wy and Wi, = Wir — Wir. Then, the dynamics of Z, Zir, V~Viu, and W;, can be
expressed as

MiwZin = —(kis + piw) Ziu + Wik oiu(Ein) — Eius
My Zir = —(kia + pir)Zir + Wikoi (&ir) — €ir,

Wir - Fir Oir (fzr )217" .

(25)

Note that a salient feature of the proposed control law (22) is that the control torques are bounded
and the bounds are known as a priori to a designer. The upper bound of the torque input is as follows:

[Tin| < ki + 0iu0iy, |Tir| < Kig + 0ir05,, (26)

where §;,, and d;, are positive constants defined as 6;, = W+ 21, i = Wi+ 22, which exist due to
the use of projection operator.

3.1.4 Step 4

In this step, we aim to design an update law for #; such that a symmetric formation can be achieved.

The neighbor topology for the N USVs is defined according to their positions in circular clockwise
radial order around the closed curve, and the i¢th USV only received the information from the one
previous to it. For example, the communication topology among five vehicles is shown in Figure 2. Let
the communication topology among USVs be described by a graph G, and £ be its Laplacian matrix.

Let 6; represent the path variable of the ith vehicle, and its updating law is to be designed. 6, denotes
the path variable of the ith vehicle’s neighoring vehicle, which is determined by the communication
network. A coordination error based on neighbors’ information is defined as

e; =0y —0; + G, (27)
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where

0, iff;—6;,>0,

G = . (28)
2’7’[, if 9i+ —0; <0.

Then, an updating law for the path parameter 6; is designed as

9.1' = —KR;€;, (29)

where k; is a positive constant.
Letting e = [e1,...,en|T and k = diag{s;}, the error system in terms of ¥c, Yic, Vie, Ziu, 2ir and e
can be expressed by

Gie = —kiTie /Tiz — Ziu + Gin + VidYie,
Yie = —UilYie /iy + 0i — ViaTie,

wie = - z2wze/sz M — Zir + Qir — Bidv
) (30)
MiuZiu = — 13Zzu/H'Lu - (sz + pzu)zzu;
Mir Zir = —kiaZir [T — (Kia + pir) Zir,
é = —Lke.

3.2 Stability analysis

The closed-loop error system can be regarded as a cascade system formed by two estimation error sub-
systems (the subsystem (12) and subsystem (25)) and the tracking error subsystem (30). We first state
the stability of the subsystem (12).

Lemma 2. The subsystem (12), viewed as a system with the states being Bid, the input being Bid, is
input-to-state stable (ISS).
Proof. Construct the following Lyapunov function:

Vii=3 S (31)

Taking the time derivative of V;; along (12) results in

Vir = —wifB}y — Biabia. (32)
Since |Biq| > ‘5”‘ , we have

Vir < —wi(l = 6:1) B, (33)

where 0 < #;; < 1. Then we conclude that the system (12) is ISS, and
1Bia(t)] < max {@in(1Bia(O)], 1), 67 (1Bial) } (34)

where w;; is a KL function and qbfd (s) = (1/wir6i1)s.
The following lemma presents the stability of the subsystem (25).
Lemma 3. The subsystem (25) viewed as a system with the states being Z;,,, Zir, Ww and Wir, the
inputs being &;y, €ir, Wi, and WW, is ISS.
Proof. Construct the following Lyapunov function:

1 1
Vio = mzuz + m”«z + 5 WT 1qu+ WTF 1W'L’7‘; (35)

2 2 mu Zu wrToar
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whose time derivative along (25) satisfies

Vie = — Ef K En + hi Eqa
< = Aamin (K| Ein |[I* = Anin (Kin) Wi [* = Aunin (Ki) || Wi |
+ 1 Bt + Awin (Ki)[[ Wil ? 4 Amin (K1) [[ Wi ||
< = Amin (K1) || Eia|* + |[haz ][] Eia |, (36)

where K = diag{k;s + Qiu, Kia + Oir}, Ei1 = [5w75m~]T7 hir = [Eiu €ir) s Biz = [Ziws Ziry [|Waal |, [|Wir [T,
hi2 = [lgiu|; |5ir|; )\mm( 11)||qu|| )\min( il ||W’L’! ||]

3 | 1u| | i7| HWHLH HWHH th ||
Since [|Bizll > g5ty t 0k LT 2 Tty WO have
Vig < —(1 = 0i2) Amin (Ki1)|| Eia| %, (37)

where 0 < ;2 < 1. It follows that the subsystem (25) is ISS, and

1Ei2(8)]] < maX{wzz(llEzz( )Ilvt),du'?“(lsul)+¢?(|€r|)+¢ZW“(IIWuII)+¢YVT(|IWTII)}, (38)

where w;s is a L function and ¢“(s) = 4/ i“"((?ll)) 91-2/\,,;,(1(1-1) 057 (8) = 4/ 5 "”‘((5711)) 912/\,,],1,(1(11) Lo (s)
=,/ mdx(slll) 92’¢ "(s) = A:"i((:;f))% with S;; = diag{mj., mi,;,},T;;'}. The boundedness of
Wi and W, is guaranteed by projection operation [38], and their upper bounds are given by [|Wi,|| <
WS, + 51 and ||Wip|| < 2Wii4 2in.

Next, the stability of the tracklng error subsystem (30) is stated as follows.

Lemma 4. The subsystem (30), viewed as a system with the states being e, Yie, Vie, Ziu Zir and e;,
the inputs being 5;4, Ziu, Zir, ¢inw and g, is ISS.
Proof. Construct the following Lyapunov function:

N

1 1, 1 1,
‘/3;{2 ze+ yze+ wze+ m’tuzzu+2m’”“zzr+2 z}' (39)
Substituting (30) into the derivative of V3, we have
N ~
Va=)_ { — kil /Wiw + Tie(—Ziu + Giu) — Uit /Ty — kio /Ty + Vie(—Zir + qir — Bia)
i=1
— k322 /M — (ki3 + piu) ZivZiu — kia22 /T — (kig + Pz‘r)?:’iréir} — el Lre
mln i Ez 2 £ + £T
= oy L T TN S G P (40)
i=1 ||E’L3|| +A'Lmax

where Ko = diag{ki, Ui, kiz, ki3, kia}, Eis = [Ties Yies Vies Zius 2ir] Ty Dimax = max{ Az, Njyy Njyy Ny,
Air} and hiz = [|Ziu| + |Giuls | Zir| + |Gir| + |Bial, (kis + /)Tiu)|5z‘u|7 (kia + pir)T|5ir|]T-
From Lemma 1, we have eT (£ + LT)e > \*||e — %(e)”? Since %(e) = 271y, it follows that

Amm( )

AP,

WE

. . 112
Vi< {_ Amin (Ki2) || Eis |

|Essl|? + A7

7 max

+ ||hi3||||Ez'3||}

i=1

N
mln 13)||Ez4||2
\Z{ o + ||| [[| Eiall ¢ (41)
i=1 V ||E || zmax

27 . _ . I . — P
where z; = e; — SF1ln; 2 = [21, ..., 2n]; Kz = diag{ki1, Ui, kiz, ki3, ki, Amin(5) }5 Bia = [Tie, Yies Vies Zius
s T
Z’L’I’?’Z’L] .
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|| Biall S lawd lgir | |Bid] (Atkistom)Ziul | (Atkiatoi)Zirl
\/HEi4||2+A72,max = 913/\mm(K73) 7.3)\nun(K7,3) 0i3Amin (Ki3) 0i3Amin (Ki3) 0i3Amin (Ki3) Z

Since

[[his]]

0i3Amin (Ki3)’ we have

N
Vi < Z (1= 033) Amin (Ki3) || Eia||? (42)
b i=1 ||Ei4||2+A2 ’

7 max

where 0 < ;3 < 1. Then the error subsystem (30) is ISS, and

1E:a(®)]] < max {wis (1B (O)]],6) 62 (al) + 67 (girl) + 6 (15ial)
+ 67 (Zl) + 6F (i) }, (43)

. . — Amax (S " Amax (S 5
where w3 is a KL function and ¢ (s) = u; *( A“((Sj)) 13)\mm ) oI (5) = p; Aa((sj)) 91_3/\"];(1(1.3) )

3 - [ Amax (S Zu I / Amax (S Zr -
qud(S) =M 1( nun((Sj)) 913/\mm(K73)) ¢) (8) = My 1((1+k3 + Q“) nun((Sj)) 97,3)\111111(1(7.3)) ¢ (S) = Hi 1((1+

max (S 2
kg + ((_)7-)\/ ((322)) 913&,].1,(1(13)) with p;(s) = 7ﬁ:A2 and S;2 = diag{1, m, My}

As a consequence, the following theorem presents the stability of the cascade of the subsystems (12),
(25) and (30).
Theorem 1. Under Assumption 1, the cascade system formed by the subsystem (12), subsystem (25)

and subsystem (30) is ISS. Besides, all error signals in the closed-loop system are uniformly ultimately
bounded (UUB).

Proof. Lemmas 1-3 have shown that: subsystem (12) with state ﬂzd and exogenous input ﬁzd is ISS;
subsystem (25) with states Z;,, Zir, Ww, WW and exogenous mputs Eius Eirs Ww, WW is ISS; subsystem
(30) with states Zic, Yie, Vie, Ziu, Zir, €i, and exogenous inputs Bld, Zius Zirs Qiu, Qir 1s ISS; by Lemma
C.4 in [39], it follows that the complete error systems (12), (25) and (30) with states Bid, Zius Zirs Win,
Wi,., Ties Yies Yies Zius 2ir, €; and exogenous inputs Bid, Eiws Eirs Ww, WM7 Qiu, Qir are ISS, i.e., there exist
class KL function w; and class K function ¢;, such that

||Ez(t)|| < wz(”E'L(O)Hvt) + Qbi(“[ﬂ.idasiu; Eir, Wiu; Wira Qius QW]H)a (44)

where F; = [BidvgiuagimWiuaWirvxievyievwieaéiu;21'7;61'] Note that Siq,€iu, €ir, Wiw, Wir, ¢iu and gir
are bounded by 8%, &} 2WE 4+ 2, 2Wi+ 39, g, and ¢, respectively. Then, the error signals

? ’Lu7 ’L”’7

Bids Ziws Zirs Wins Win, Tie, Yies Vie, Ziu, 2iry € are all bounded.

4 Simulation result

Consider a networked system consisting of five USVs with the information exchange topology given in
Figure 3. Suppose each vehicle is governed by a model ship CyberShip IT [40], whose inertial parameters
are given as m,, = 25.8, m,, = 33.8 and m, = 2.76. The model uncertainties are given as f,(u,v,r) =
—33.8vr — 1.0115r% + 0.72 + 1.33Ju| + 5.87u? + 0.0279uv? + 0.0342v%r, f,(u,v,7) = 25.8u + 0.8896 +
36.5|v| + 0.805|r| and f,(u,v,7) = —33.8uv — 1.115ur — 25.8uv + 1.90 — 0.08|v| + 0.75|r| + 0.0156ur? +
0.0278urv?. Without loss of generality, environmental disturbances are introduced into the model: 7., =
—0.2 cos(1.0t) cos(1.5t), Ty = 0.01sin(0.1¢) and 7, = —0.3sin(2.0t) cos(2.3t). A reference closed curve
is given by z4(0) = 50 cos, y4(0) = 60sin 6. Select the control parameters as follows: A, =5, k;; = 0.2,
Aia: = 2, kig = 0.2, Azy = 2, ki3 = ]., Aw = 08, ki4 = 07, Air = 08, Piu = 25, Pir = 25, Yiu = 1,
Yir = 1, Ty, = 100, I';,, = 100, k; = 0.005.

Simulation results are shown in Figures 4-7. Figure 4 shows that a symmetric formation formed by
the five vehicles along a closed curve can be reached. As z; is bounded, e; will nearly converge to 27t/N
with N = 5 herein and from (29), the parameter updating velocity 0, in steady state will be ki (27t/N).
As a result, the surge speed for each USV in steady state is x;u};(27t/N). The along-track error x;. and
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Figure 5 (Color online) Tracking errors. (a) Along-track errors; (b) cross-track errors.
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Figure 6 (Color online) The estimation performance of neural networks. (a) The estimation of fi, (barfiy = fiu);
(b) the estimation of fi, (barfi, = fir).

cross-track error y;. are plotted in Figure 5. It can be seen that the tracking errors are bounded to a small
neighborhood of the origin. The estimation performance of neural networks is shown in Figure 6, where
it demonstrates that the uncertainties are efficiently compensated by the proposed neural networks.

To better show the efficiency of the proposed saturated coordinated controller (9), (14), (16), (22), (24),
(29), comparison study with the predictor-based neural control method [41] is made. The coordinated
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Figure 7 (Color online) Comparisons of control inputs using different methods. (a) Control inputs of the control method
in [41]; (b) control inputs of the proposed method.
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Figure 8 (Color online) Comparisons of tracking errors.
controller using the predictor-based neural control method is given by (16), (24), (29) and

Oy, = i + arctan( — %»
A

ay, = —ki1Tie + ufdel + 2Uisin2 (M) — Ziu,

ar, = —kioVie — Bia + Qp; — Yieli _ Zirs (45)
. wie

Tiw = —kizZiu — Winoiu (Ein),

Tir = —kiaZir — Wiroir (&ir).

Figure 7 depicts the comparison of control inputs using the predictor-based neural control method
in [41] and the proposed method. Figure 7(a) shows that the control inputs of the predictor-based neural
control may exceed the desired bound in transient process. This may be not implementable by actuators
with limited energy. By contrast, Figure 7(b) verifies that control inputs of the proposed controller are
bounded within 2 N and 1.5 N - m. The comparison of tracking errors using the predictor-based neural
control method in [41] and the proposed method is shown in Figure 8. It can be observed that in the
steady state, the tracking errors of both methods are almost the same; in the transient state, the tracking
errors of the method in [41] are a little smaller than those of the proposed method. However, compared
with the method given in [41], the proposed method is able to obtain acceptable performance without
violating the input constraints.
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5 Conclusion

This paper addressed the coordinated control problem of multiple underactuated USVs over a closed
curve while holding a symmetric formation. The kinematic control law is designed based on a reduced-
order extended state observer, which is utilized to compensate for the effort of the sideslip. The bounded
kinetic control law is developed by combining the saturated function, the projection operator, and the
dynamic surface control design method. The parameter cyclic pursuit approach is proposed to guarantee
that the vehicles are evenly spaced over the closed curve. The input-to-state stability of the closed-
loop system is analyzed via cascade theory. Comparison studies are given to illustrate the efficacy of the
proposed method. We discuss some possible further works. First, time delays are pervasive in engineering
systems, and it is desirable to investigate the coordinated control problem of USVs in the presence of
time delays. Second, it will be interesting to implement the proposed coordinated algorithm in a real
world multi-vehicle system.
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