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Abstract In squinted synthetic aperture radar (SAR) imaging, the range-azimuth coupling requires precise

range cell migration correction (RCMC). Moreover, for high-resolution airborne SAR, motion compensation

(MOCO) becomes complicated as the squint angle increases, thereby degrading the performance of Doppler-

domain imaging algorithms. On the other hand, time-domain back-projection (BP) SAR imaging approaches are

considered as optimal solutions to performing precise image focusing and MOCO. Among current BP algorithms,

the fast factorized back-projection (FFBP) algorithm is one of the most essential representatives that achieve

high-resolution images in an efficient manner. In this paper, the principle and applications of the FFBP algorithm

are investigated through the derivation of the azimuth impulse response function (AIRF) of the resulting image.

The phenomenon of spectrum displacement induced by motion errors in the BP image is presented and analyzed.

Based on rigorous mathematical derivations, a modified FFBP algorithm is proposed to facilitate a seamless

integration with motion compensation and accurate imagery of high-resolution highly squinted airborne SAR.

Real data results confirm the effectiveness of the proposed approaches.
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1 Introduction

Synthetic aperture radar (SAR) is a well-established powerful microwave remote sensing technique that

enables high-resolution observation in both range and azimuth directions. The high range and azimuth

resolutions are determined by the bandwidth of the transmitted signal and the size of the synthetic

aperture, respectively. SAR has been a capable and effective means for the retrieval of geographical

information. In a SAR configuration, the angle between the pointing direction of the antenna beam

center and the direction perpendicular to the flight path is defined as the squint angle [1,2]. SAR systems
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can be operated in different modes depending on how the antenna beams scan the scene. Among them,

squint mode is an important one which not only increases the flexibility of trajectory design, but also

equips the SAR system with the forward-looking ability. However, precisely focusing of squinted SAR data

is a difficult task due to the fact that the coupling between range and azimuth is much more significant

than that in the broadside mode. As such, the precision of range cell migration correction (RCMC) is

compromised when using conventional SAR algorithms. The range-azimuth coupling can be resolved, or

at least substantially reduced, by Doppler-domain RCMC processing, which includes scaling using the

chirp-scaling algorithms (CSAs) [3–10] and the Stolt mapping using the Omega-k algorithms [11–14]. Note

that all these methods utilize the “azimuth-shift-invariance” property of the ideal SAR transfer function

and perform RCMC in the Doppler domain. We refer to them as the Doppler-domain algorithms. In

handling squinted SAR data, precise RCMC becomes difficult for the Doppler-domain algorithms as the

range-azimuth coupling becomes more significant.

In addition to the coupling effects, motion compensation (MOCO) is another crucial issue for high-

resolution airborne squinted SAR imaging. Motion errors are inevitable due to the atmospheric turbulence

and platform vibration, especially when small-size unmanned aerial vehicle (UAV) SAR platforms are

considered. In general, MOCO mainly relies on the high-accuracy measurements of the trajectory devia-

tions by the mounted position system (POS). One of the important MOCO approaches is the “two-step”

method [5,14]. In this method, the spatial-invariant part of the motion error is corrected in the raw data,

where as the RCMC is performed in the Doppler domain and is then followed by the correction of the

range-dependent part. The “two-step” MOCO is based on the center-beam assumption [15], it works

well in the broadside SAR or when the squint angle is small. Some novel topography- and aperture-

dependent MOCO algorithms [16–19] have been developed recently to handle the residual phase errors

after the “two-step” MOCO and, subsequently, achieve enhanced focusing performance. However, those

MOCO approaches are not directly applicable to highly squinted airborne SAR when the motion er-

ror is large. In this case, the spatial variance of motion error becomes significant [20] and, therefore,

Doppler-domain RCMC processing algorithms become very sensitive and fragile to motion errors. It has

been revealed in [21] that, in highly squinted SAR imaging, direct application of Doppler-domain RCMC

algorithms may not be tolerable to even a very small motion error. It was also pointed out in [22] that

a small motion error would yield a crucial influence on RCMC in the polar formation algorithm (PFA).

In order to handle the azimuth-dependent terms in focusing high-squint SAR data with motion errors,

advanced strategies, like azimuth frequency subaperture processing [23], are necessary to reduce the prob-

lem in range-azimuth de-coupling and motion compensation. It is clear from the above discussion that

conventional MOCO approaches that incorporate Doppler-domain imaging algorithms may not work in

high-resolution imaging for squinted airborne SAR, especially in the presence of severe motion errors.

Those difficulties in both precise RCMC and MOCO for high-resolution highly squinted airborne SAR

imaging motivate our work in this paper.

On the other hand, time-domain back-projection (BP) algorithms have been investigated as a promising

alternative for SAR imaging [24]. Rooted in the basic principle of wideband beam-forming, the BP

algorithm, in theory, offers a number of advantages over the Doppler-domain counterparts, such as its

capability of precisely compensating the curved wave-front effects for arbitrary SAR configurations, and

optimal compatibility of topography- and aperture-dependent MOCO [25,26]. Different from the Doppler-

domain algorithms that first transform the data into the Doppler domain, BP distinguishes itself by

performing the BP integral directly in the time domain. As such, the trajectory deviations can be

precisely accounted for by utilizing the measured POS information. Despite of these advantages, the

direct application of BP often finds difficult in practice due to its low efficiency because the point-to-

point integral is highly time-consuming. Great efforts have been devoted to accelerate the BP processing

by developing fast BP (FBP) algorithms [27–31]. These algorithms achieve a higher efficiency while

inheriting the advantages of the original BP algorithm. Among them, the fast factorized back-projection

(FFBP) algorithm [30] is one of the most useful techniques which divide a long synthetic aperture into a

series of short sub-apertures (SAs), each being focused in the BP integral to generate an SA image with

a coarse angular resolution. These coarse images are then recursively fused to yield a high-resolution
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Figure 1 (Color online) Squinted SAR geometry.

SAR image. The FFBP is of prominent potential in focusing high-resolution SAR data due to its high

precision, while its efficiency is close to that of the conventional Doppler-domain algorithms [32].

The high precision and efficiency of the FFBP make it a desirable solution to different SAR formations.

Nevertheless, as we will see later in this paper, direct application of the FFBP still encounters challenges

in dealing with highly squinted SAR data when the motion errors are severe. In particular, the FFBP may

fail in the SA fusion stages if the spectrum displacements in the SA BP images due to the motion errors are

not properly accounted for. This fact motivates us to develop the modified FFBP for improved airborne

highly squinted SAR imagery. Our main contributions can be specified as follows. The applicability of

the FFBP algorithm for squinted airborne SAR imaging is investigated, and significant modifications are

proposed to make the SA fusion applicable to severe motion compensation. It is revealed that, in the

standard FFBP formation for highly squinted SAR imaging, severe motion errors easily induce a special

spectrum displacement in the SA images even after they are compensated in the SA BP integral. The

spectrum displacement should be carefully accounted for to ensure the success of SA fusion within the

SA fusion recursion. Real measured data with severe trajectory deviations are used to show the validity

of the modification to FFBP application on focusing highly squinted SAR data.

This paper is organized as follows. Section 2 reviews the signal model of an airborne squinted SAR

and the principle of the FFBP algorithm. The application of FFBP in the airborne squinted SAR data

processing is addressed in Section 3. The combined use of accurate MOCO and FFBP is presented, and

the specific issue of spectrum shift is analyzed in detail. Section 4 provides processed results for real-data

experiments. Finally, Section 5 concludes this paper.

2 Squinted SAR signal model and BP algorithms

2.1 Squinted SAR signal model

Figure 1 shows an ideal geometry of a squinted SAR. In this figure, the SAR sensor travels along the

x axis with a constant velocity v. Referring the aperture center as the coordinate origin, the polar

coordinate of the scene center P0 can be defined as (r0, θ0), where θ0 is the center squint angle. Consider

an arbitrary point target P, located at (rp, θp), with a unit scattering amplitude. For the convenience

of the introduction of the BP integral, we define Θp = sin θp. Similarly, we also define Θ0 = sin θ0 and

Φ0 = cos θ0. During the data acquisition, the slant range between the radar and the target P is given by

R (rp,Θp;X) =
√

r2p +X2 − 2rpXΘp, −
L

2
< X 6

L

2
, (1)

where X is the instantaneous position of the radar, whereas the corresponding time delay is tp =

2R (rp,Θp;X)/c, and c is the propagation velocity of light. Assume that a linear frequency modulated

(LFM) signal with pulse width Tp and chirp rate γ is transmitted from the radar. Then, the demodulated

echoes from target P can be expressed as

s (τ,X) = rect

(

τ − tp
Tp

)

· rect

(

X

L

)

· exp
[

jπγ(τ − tp)
2
]

· exp

[

−j
4π

λ
R (X ; rp,Θp)

]

, (2)
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where τ is the fast time, λ is the wavelength, and

rect
(

X
L

)

=

{

1, −
L
2 6 X < L

2 ,

0, elsewhere.

Applying the Fourier transform (FT) with respect to the fast time, we transfer (2) into the range frequency

domain, expressed as

S (fr, X) = rect

[

fr
Tp · γ

]

· rect

[

X

L

]

· exp

[

−j
4π

c
(fc + fr)R (rp,Θp;X)

]

· exp

(

−jπ
fr

2

γ

)

, (3)

where fr is the range frequency and fc is the carrier frequency. Applying the matched-filtering in the

range direction, the range-compressed signal is given by

sMF (τ,X) = sinc [B · (τ − tp)] · rect

(

X

L

)

· exp

[

−j4π
R (X ; rp,Θp)

λ

]

, (4)

where sinc (x) = sin (πx)/πx is the sinc function.

2.2 Azimuth impulse response function in the back-projected image

In this subsection, the principle of BP algorithm is first introduced. Our particular focus is the derivation

of the azimuth impulse response function (AIRF) of the back-projected image. The obtained analytic

expression of the AIRF reveals that there exists an approximate but sufficiently accurate FT relationship

between the BP image and its corresponding range-compressed phase history. As we mentioned earlier,

the derivation of the AIRF expression is important to form a theoretic basis for the analysis of the BP

mechanism. The AIRF also paves a way to the modification of the original FFBP algorithm so that

highly squinted SAR data in the presence of severe motion error can be processed. The extension of the

AIRF to the cases with motion errors and the modification of the FFBP formulation are described in the

next section.

The time-domain BP algorithm is implemented by a coherent integral along the range history corre-

sponding of the target. This BP integral is performed in the range-compressed and azimuth time domain.

In order to obtain an analytic expression of BP AIRF, the BP integral that renders the back-projected

pixel at a polar coordinate (rp,Θp) is given by

I (rp,Θp) =

L/2
∫

−L/2

sMF

(

τ =
2R (rp,Θp;X)

c
,X

)

· exp

[

j4π
R (rp,Θp;X)

λ

]

dX. (5)

This simple BP formulation performs a coherent integral along a specific range history corresponding to

each pixel to calculate its scattering coefficient. Without any complex assumption and approximation,

the BP algorithm is inherently suitable to precisely solve the range-azimuth coupling problem in SAR

systems, including the highly squint mode. In a point-by-point manner, the BP can achieve the optimal

focusing capability of SAR images. On the contrary, conventional Doppler-domain algorithms suffer from

focus degradation due to the approximations involved in their formulations, which ultimately prevent

Doppler-domain algorithms from the generation of high accuracy images. In this sense, the BP algorithm

would be an effective solution to high-resolution highly squinted SAR imaging. The AIRF of sub-aperture

BP image has been introduced in [31], and herein we extend it to the highly squinted case. In order to

achieve an analytic expression of the AIRF in the BP image, the BP integral for a certain pixel at

coordinate (rp,Θ) is calculated as

I(rp,Θ) =

L/2
∫

−L/2

sMF

(

τ =
2R (rp,Θ;X)

c
;X

)

· exp

[

j
4π

λ
R (rp,Θ;X)

]

dX
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=

L/2
∫

−L/2

exp

{

j
4π

λ
[R (rp,Θ;X) - R (rp,Θp;X)]

}

dX

=

L/2
∫

−L/2

exp

[

j
4π

λ
∆R (rp,Θ;X)

]

dX, (6)

where ∆R (rp,Θ;X) is defined as the difference between range histories R (rp,Θ;X) and R (rp,Θp;X)

whose Taylor series expansion is expressed as

∆R (rp,Θ;X) = R (rp,Θ;X)−R (rp,Θp;X) = − (Θ−Θp) ·X −

Θ2
−Θ2

p

2rp
·X2 + σ

(

X3
)

. (7)

If the second- and high-order terms in (7) are negligible, the BP AIRF in (6) becomes

I (rp,Θ) ≈

L/2
∫

−L/2

exp

[

−j
4π

λ
(Θ−Θp)X

]

dX = L · sinc

[

2L

λ
(Θ−Θp)

]

. (8)

Eq. (8) clearly shows that, in this case, the AIRF is approximately a sinc function. This result is

important to derive an expression for the angular WN. Before presenting this content, we first investigate

the precision aspect of the approximated AIRF below.

Given a certain aperture length L, the magnitude of the quadratic term in (7) increases as ∆Θ = Θ−Θp

deviates from zero. In general, the vast majority of the energy of AIRF is intensively concentrated within

a very small region around Θp, and the region size corresponds to the angular resolution. Taking the

angle coordinate of the point into account, the angular resolution across the beam center is given by [30]

δΘ =
λ

2L
. (9)

To analyze the effect of the quadratic term in (7) on the shape of the AIRF, the quadratic term corre-

sponding to the neighboring region around Θp is rewritten as

(

Θ2
p −Θ2

)

2rp
·X2 =

[Θ2
p − (Θp +∆Θ)

2
]

2rp
·X2

≈ −
∆Θ ·Θp

rp
·X2. (10)

This term induces the following quadratic phase error (QPE) in (6),

QPE = 4π
∆Θ ·Θp

λrp
·X2, (11)

whose magnitude is linearly proportional to ∆Θ. When the magnitude of QPE is sufficiently small, e.g.,

small than π/8, its effect on (8) is negligible. Similar to the impulse response functions of conventional

SAR, the energy of the BP AIRF is highly concentrated in the several nearby pixels around grid Θp. As

a result, the shape of AIRF is determined by its magnitude within a limited range of [Θp − δΘ,Θp + δΘ].

If the QPE is sufficiently small at the boundaries, its effect on AIRF is minimal. Substituting ∆Θ =

δΘ = λ/(2L) into (11), we have QPE = 2π
Θp

L·rp
·

(

L
2

)2
. By constraining QPE to be smaller than π/8, we

obtain the condition for QPE to have negligible effects on the AIRF, i.e.,

QPE = 2π
Θp

L · rp
·

(

L

2

)2

6
π

8
, (12)

or ΘpL 6 rp/4. That is, the approximation in (8) is precise to ensure the FT pair in (8) if ΘpL is shorter

than a quarter of rp. This constraint is generally satisfied in practice. For the sake of quantitatively

understanding, consider an X-band SAR operating with a squint angle of 50◦ for a target with range
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Figure 2 (Color online) Angular spectrum of BP image.

10 km and an synthetic aperture of 3.26 km. In this case, the constraint in (12) is satisfied when

the azimuth resolution across the beam center is smaller than 0.1 m. Note that the above π/8 QPE

constraint is a strict threshold in practice and can be relaxed without compromising the precision of the

sinc approximation of the AIRF in general SAR scenarios, including a highly squint mode.

The analytic expression of the BP AIRF in (8) is very important to understand the angular spectrum

characteristics of BP images. For simplicity, we only consider the image line along r = rp and rewrite (8)

as I(Θ) = L · sinc[ 2Lλ (Θ−Θp)]. By applying the FT to I(Θ), we arrive at the expression of the angular

WN spectrum, given by

I(kΘ) =

∫

I (Θ) · exp (−jkΘΘ)dΘ = rect

(

kΘ
KΘ

)

· exp (−jkΘΘp) , kΘ ∈

[

−
KΘ

2
,
KΘ

2

)

, (13)

where kΘ is defined as the angular WN corresponding to Θ and KΘ = 4π
λ · L is the angular WN width.

The above expression is informative in revealing the properties of BP images. It is clear from (8) and

(13) that the angular WN kΘ and the azimuth sampling position X are bridged by the following simple

relationship:

kΘ =
4π

λ
X, kΘ ∈

[

−
KΘ

2
,
KΘ

2

)

.

That is, in the ideal case of a straight and evenly sampled synthetic aperture, a linear relationship

exists between kΘ and X, and the spectrum center exactly corresponds to the aperture center. This

relationship clearly reveals the underlying relationship between azimuth time and angular WN domains

when performing BP imaging. According to (13), one can also easily derive the angular resolution as

δΘ = λ
2L , which coincides with the definitions of the angular resolution as shown in references [30] As a

result, spectrum ambiguity can be avoided through azimuth over-sampling, i.e., by setting a small width

of the angular grid in the BP image, namely, ∆Θ set to be smaller than δΘ. In general, considerable

azimuth over-sampling is necessary, leading to a significant margin in the spectrum domain. As we

will describe in the next section, azimuth over-sampling is useful to avoid spectrum distortions and

aliasing in the presence of severe motion errors. The angular spectrum and sampling rate requirement

are demonstrated in Figure 2. It should be emphasized that over-sampling is especially crucial in FBP

algorithms [28–31, 33], where the image-domain interpolation for SA image fusion does not allow any

spectrum aliasing or folding. As we will show in the next section, the relationship in (13) will no longer

hold when significant motion errors are present in the airborne SAR scenarios.

2.3 Fast factorized back-projection algorithm

Although the BP algorithm is flexible and precise for SAR imaging, it is generally impractical due to

its prohibitive computational complexity. Inheriting the precision merits of the BP algorithm, FBP

algorithms [28–30] accelerate the BP integral by dividing it into multiple SA BP integrals. The coarse

images formed with the SAs are then fused to yield the high-resolution final image. Due to the fact

that SA images with a coarse angular resolution are back-projected in different local polar coordinates,

two-dimensional (2D) interpolation in the image domain is necessary in the fusion of the SA images. As

such, the local polar coordinate (LPC), rather than rectangular coordinates, is more useful since successful

interpolation requires no aliasing and folding in the corresponding angular spectrum domain [28]. Among
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FBP algorithms, FFBP is an important representative. The basic principle behind the FFBP lies in that

the grid of the coordinate can be sparsely designed without losing any information in the BP imaging

of a short SA, whereas the computational load can be dramatically reduced. Assume that we split the

full aperture into N SAs of an equal length of l = L/N . In order to achieve a high efficiency, a small

SA length l should be used. In the first stage of FFBP, each SA data is back-projected onto the LPC.

According to (5), for the nth SA, n = 1, . . . , N , the obtained coarse image In is computed from the BP

integral as

In (r,Θ) =

l/2
∫

−l/2

sMF

[

τ =
2R (X ; r,Θ)

c
,X

]

· exp

[

j
4π

λ
R (X ; r,Θ)

]

dX. (14)

For clear understanding of the SA imaging in FFBP, we use Figure 3 to illuminate the SAR geometry

of the SA LPC. In Figure 3, Xn =
(

n−
1
2

)

· l denotes the center of the nth SA and is used as the LPC

origin corresponding to this SA. Clearly, the AIRF and the corresponding angular WN spectrum of the

SA BP image can be obtained from (8) and (13) and are expressed as

In (Θ) = l · sinc [KΘSA (Θ−Θp)] and In (kΘ) = rect

(

kΘ
KΘ

)

· exp (−jkΘΘp) , (15)

where KΘSA = 4π
λ · l is the angular WN width of the SA image. Due to the short SA length, the sinc

approximation of the AIRF would be much more accurate, and the given properties of the BP AIRF

described in (12) and (13) remain valid. The FT relationship in (15) is very useful to derive the angular

grid requirement for SA BP image. In order to avoid spectrum ambiguity, the Nyquist sampling criterion

requires the grid of the SA image to be restricted by

δΘSA 6
λ

2l
. (16)

In the SA fusion of FFBP, several (usually two) neighboring SA images from the previous recursion are

then fused into one SA image corresponding to new LPC with a finer angular resolution. Correspondingly,

the azimuth sampling rate is increased in each stage of the FFBP recursion until all SAs are fused together.

For the gth FFBP recursion, we assume that there are Ug SA images corresponding to the Ug LPCs.

For the nth SA image, the corresponding SA length is defined by l(g) and the LPC are denoted by

(r
(g)
n ,Θ

(g)
n ) with SA center Xn. For clarity, we use superscript “(g)” to express the gth FFBP recursion

and subscript “n” to denote the nth SA. Figure 4 illustrates the FFBP recursion. Detailed principle and

implementation of FFBP can be found in [30].

Regarding the BP AIRF and the spectrum expression in (15), we emphasize two important issues in

FFBP implementation to clearly understand SAR imaging with FFBP. The first issue lies in the selection

of back-projected coordinate for SA image. That is, Eq. (15) provides a simple but clear interpretation

of the fact that the LPC is an optimal choice for SA BP image, as revealed in [30], where the angular
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grid can be set by (16) to ensure that angular spectrum aliasing is avoided in the resulting SA image.

The second issue is related to the SA fusion. In general, SA fusion in the FFBP is implemented by

a 2D interpolation in the image domain. A primary condition for successful interpolation is that no

spectrum aliasing or folding occurs in the SA images. Actually, any interpolation kernel is deemed to

fail in the presence of spectrum aliasing or folding. The optimal interpolation kernels can be used in the

FFBP [34, 35] are not an exception. As a result, the FFBP algorithm usually requires a considerable

angular over-sampling in practice to ensure a high performance of the interpolation.

3 Modified FFBP for the focusing of squint-modeairborne SAR

Although the FFBP algorithm can, in theory, effectively focus SAR data with an arbitrary aperture

geometry, it may fail in squint-mode airborne SAR imaging, as addressed in the sequel. Based on

the derivation presented in the last section, we will first introduce the spectrum aliasing effect caused

by spectrum displacement because of the motion errors in the SA BP integrals involved in the FFBP

algorithm. It should be emphasized that this aliasing effect is generally inevitable in airborne SAR

operations, and may become significant and result in SA fusion failures in the original FFBP. If the

spectrum displacement is not properly accounted for, the quality of FFBP image degrades significantly,

resulting in severe false targets and resolution loss in azimuth. In this section, in order to integrating

MOCO with FFBP seamlessly, a modified FFBP scheme is established to obtain high-quality imagery of

squint-mode airborne SAR.

3.1 Spectrum displacement of SA BP image caused by motion errors

A three-dimensional (3D) airborne SAR data acquisition geometry is shown in Figure 5, where the

solid red horizontal line along the X-axis denotes the nominal trajectory of the radar platform, and the

dashed blue curve denotes its true trajectory. Denote tm as the slow time. The ideal antenna phase

center (APC) is located at X = V tm along the X -axis at a reference height of H. The true and the

nominal APC positions at slow time tm are [X +∆X (tm) ,∆y (tm) ,∆z (tm)] and [X, 0, 0], respectively,
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and the corresponding instantaneous motion error vector d = [∆X (tm) ,∆y (tm) ,∆z (tm)] is defined

as the displacement between the true and nominal trajectories. Consider a point target P located at

Cartesian coordinate (xp, yp,−H), where xp = rpΘp, Φp =
√

1−Θ2
p, and yp =

√

r2pΦ
2
p −H2. Taking the

motion error into account, we rewrite the instantaneous range from the actual APC to the target as

R(X ; rp,Θp) =

√

(X +∆X − rpΘp)
2
+ (

√

r2pΦ
2
p −H2 −∆Y )

2

+ (H +∆Z)
2
. (17)

For the recorded squint-mode SAR data corrupted by the motion error, we can obtain N SA images

after the first-stage FFBP procedure is accomplished for each SA. In order to investigate the influence of

motion errors on SA images in FFBP, we derive the AIRF in the motion error case.

For the nth SA image with SA time interval tm ∈ [− l
2v ,

l
2v ]+

Xn

v , for instance, the SA BP integral can

also be expressed by (14). The difference of the range histories is expressed as

∆R (X ; rp,Θ) = R (X ; rp,Θ = Θp +∆Θ)−R (X ; rp,Θp) . (18)

Substituting (17) into (18) and applying the first-order Taylor series expansion with respect to ∆Θ, we

approximate (18) as

∆R (X ; rp,Θ) ≈ −X ·∆Θ+XF ·∆Θ, (19a)

where

XF = −∆X ·
rpΦp

Rp0
+∆Y ·

r2pβpΘp

ypRp0
≈

(

−∆X +∆Y ·
rp
yp

Θp

)

Φp, (19b)

yp =
√

r2pΦ
2
p −H2, and Rp0 =

√

(rpΘp −X)
2
+ r2pΦ

2
p. In order to overcome the motion error in the

FFBP imaging, the SA BP integrals are performed along the range history in (17). As a result, precise

MOCO is obtained inherently without increasing the complexity of the BP procedure. By exploiting the

results of (19) into (14), the AIRF can be rewritten for the nth SA image as

In (rp,Θ) =

l/2
∫

−l/2

exp

[

j
4π

λ
∆R (rp,Θ;X)

]

dX

≈

l/2
∫

−l/2

exp

[

−j
4π

λ
X · (Θ−Θp)

]

· exp

[

j
4π

λ
XF · (Θ−Θp)

]

dX. (20)

In general, the exponential term exp
[

j4πλ XF · (Θ−Θp)
]

in (20) caused by the motion error is usually not

negligible for airborne SAR imaging and, hereby, induces both spectrum displacement and distortion in

the BP AIRF. In order to investigate the spectrum displacement, we divide XF into a constant term XFC

and a time-varying term XFT, i.e., XF = XFC +XFT, where XFC yields a large spectrum displacement

whereas XFT causes an insignificant spectrum distortion. To compensate these effects, we first focus on

the spectrum displacement induced by the constant term XFC, which is expressed as

XFC =

(

−∆Xcn +∆Ycn ·
rp
yp

Θp

)

· Φp, (21)

where ∆Xcn and ∆Ycn respectively represent the mean value of ∆Xn (tm) and ∆Yn (tm) within the SA.

For a clear explanation, Figure 6 shows the deviation from the nominal SA center to the true SA center,

and the deviation vector is denoted by
−−→
onôn(∆Xcn,∆Ycn,∆Zcn). In real airborne SAR scenarios, the

existence of XFC will introduce a significant spectrum displacement to the SA BP image.

In addition to the angular spectrum displacement, spectrum distortion would also occur due to the

presence of XFT. The exponential term corresponding to the time-varying part XFT in (20) causes small

distortions in the AIRF, including an insignificant spectrum extension. Actually, the effects of XFT on
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Figure 6 (Color online) Motion error geometry.

the FFBP image is negligible if a high angular over-sampling rate is used, making the resulting image to

be more tolerate to such a spectrum distortion. In this case, the AIRF becomes

In (rp,Θ) ≈

l/2
∫

−l/2

exp

[

−j
4π

λ
X · (Θ−Θp)

]

dX · exp

[

j
4π

λ
XFC · (Θ−Θp)

]

= l · sinc

[

2l

λ
(Θ −Θp)

]

· exp

[

j
4π

λ
XFC · (Θ−Θp)

]

. (22)

Subsequently, by applying the FT to In (rp,Θ), the angular WN spectrum can be expressed as

In (rp, kΘ) =

∫

In (rp,Θ) · exp (−jkΘΘ) dΘ

= rect

(

kΘ − kΘF

KΘSA

)

· exp [−j (kΘ − kΘF ) Θp] , kΘ ∈

[

−
KΘSA

2
,
KΘSA

2

)

, (23)

where

kΘF =
4π

λ
XFC. (24)

The derivation of (23) is analogous to that of (14).

Ideally, the center of the angular WN spectrum is always located at the zero WN. When motion error

is accounted in the BP SA image, however, additional spectrum displacement definitely occurs. Figure 7

illustrates the difference between the ideal and the actual MOCO angular spectra. On the other hand, the

expression of spectrum shift also reveal a fact that, if the coordinate origin of the sub-aperture coordinate

is set at the real SA center, the spectrum shift can be eliminated significantly. Of course, additional

computation burden involves in the SA image fusion stage as we have to specifically calculating the

back-projected image coordinate for each SA image. This may not suitable for the real implementation

of FFBP in reality. In the following, we introduce some modification but without changing the standard

FFBP procedure to effectively solve the spectrum shift problem.

In the first stage of FFBP, although the trajectory deviations are well accounted for by using the

exact range history in the SA BP integral, they induce additional spectrum displacements in SA BP

images. Those spectrum displacements would cause SA spectrums aliasing and folding, even when a

high oversampling rate is used to achieve a sufficiently small angular grid, leading to failures of the

interpolation-based SA fusion in the following FFBP stages. Notably, as we desire a high-efficiency FFBP

formation, the SA length should be kept very short, e.g., 16 pulses, in real-data processing. The spectrum

width boundary π

δΘ in Figure 6 is usually very small in the first stage of FFBP. On the other hand, the

track deviations, ∆Xcn and ∆Ycn, may be in the order of several meters. They yield a substantial value

of kΘF and, in turn, cause the aliasing and folding effects as shown in Figure 6(b). In order to ensure

a successful SA fusion in FFBP image formation of squinted airborne SAR, the spectrum displacement

should be handled appropriately.

3.2 Modified FFBP algorithm

The above discussion of spectrum displacement in FFBP motivates us to develop a modified FFBP frame-

work for high-resolution squinted airborne SAR imaging. In the first stage, conventional SA BP integrals

are performed to generate a series of SA images with a coarse angular resolution. The key modification
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Figure 7 (Color online) SA BP image spectrums. (a) Ideal SA spectrum; (b) aliasing SA spectrum.

lies in that, in the recursion of SA fusion, neighboring SA images are first multiplied by an exponential

function to remove the angular spectrum displacement before fusing the images through the interpolation.

When the interpolated component is obtained, the corresponding phase term is subsequently corrected.

The proposed algorithm is termed as the modified FFBP (MFFBP), which is described in the following

major steps:

1. Similar to the first stage of the original FFBP, the full aperture is split into N SAs, and SA

BP integrals are performed by combining the auxiliary position measurements from POS. In this step,

we can also easily calculate the spectrum displacements for each SA image according to the position

measurements described in (21) and (24). Denote kΘFn as the amount of the spectrum displacement

of the nth SA image. We emphasize that the range dependence of variable kΘFn is usually negligible

in typical airborne SAR scenarios. That implies that kΘFn can be evaluated at the range center for all

range blocks of the image, leading to significant reduction of the computation complexity.

2. Before we perform SA fusion with the angular interpolation, the SA images are multiplied by an

exponential function to remove the angular spectrum displacement. That is,

În (r,Θ) = In (r,Θ) · exp (jkΘFn ·Θ) , (25)

where In (r,Θ) is the nth SA image and În (r,Θ) denotes the one after correcting the spectrum displace-

ment. Then, angular interpolation is performed on În (r,Θ) rather than In (r,Θ) to mitigate the effects

of the spectrum aliasing on SA fusion. The corresponding phase term should be compensated back in

each angular bin after the image at that bin is interpolated. For example, we obtain an arbitrary angular

component at angular coordinate Θ = Θa as În (r,Θa). The phase term in (25) on that angular bin

should be removed before fusing it into a high-resolution SA image for the next recursion, i.e.,

In (r,Θa) = În (r,Θa) · exp (−jkΘFn ·Θa) . (26)

3. We perform SA fusion recursively like the original FFBP, but the important distinction between

them is that the proposed method accounts the spectrum displacements in each stage according to the

real sub-aperture measured by auxiliary position systems mounted in the platform. The phase correction

in (25) and (26) is performed for each SA in all FFBP recursions until the full-resolution image is obtained

in the polar coordinate. In this scheme, motion compensation can be embedded in FFBP seamlessly. It

should be emphasized that, additional computation required for the spectrum displacement correction

is only a small fraction of the entire computational load of FFBP. As a result, the proposed MFFBP

maintains the same high efficiency as the original FFBP when dealing with high-resolution highly squinted

airborne SAR data.
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Table 1 Main system parameters

Wave band X-band

Pulse duration 5

Pulse bandwidth 600 MHz

Platform velocity 132 m/s

Pulse repetition frequency (PRF) 2000 Hz

Squint angle 40.2◦

Center line of scene 15.2 km
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Figure 8 (Color online) Trajectory deviations measured by a position system.

4 Experimental results

To validate the effectiveness of the proposed approach, a real data example is presented in this section.

Real airborne data collected from an experimental X-band SAR with the squinted spotlight mode is

used to verify the performance of the proposed MFFBP and compare it with that of the original FFBP

formation.

The main parameters of the SAR system are tabulated in Table 1. In the experiment, the synthetic

aperture time was 8.2 s acquiring 16384 pulses with each pulse containing 16384 range bins. The 3D

motion errors in the Cartesian coordinate are plotted in Figure 8. Those measurements are recorded

by a position system mounted on the radar, and are utilized to compute the instantaneous range in the

following FFBP formations. Severe motion errors are observed in Figure 8. Especially, the deviation in

the Z direction is up to 30 m, whereas those in the Y and X directions are as high as several meters.

Such large motion deviations are challenging to current Doppler-domain MOCO algorithms. As we will

show, however, such situation can be properly processed by the proposed MFFBP algorithm.

We produce high-resolution and wide-swath SAR imageries by both the original FFBP and the proposed

MFFBP with the spectrum displacement correction. In the first stage, both algorithms generate identical

coarse-resolution SA images from a data set with a 25% oversampling ratio, where the entire synthetic

aperture is equally divided into 512 SAs, each of 32 pulses. Note that certain oversampling ratio is

necessary to ensure the performance of the FFBP algorithms at an expense of increased computational

burden. It can also alleviate the influence of spectrum displacement in a certain extent when the original

FFBP is used to focus airborne SAR data in the presence of insignificant motion errors. Without loss of

generality, we always combine two neighboring SA images into one image in each FFBP recursion. As

a result, the FFBP formations require 9 recursions to fuse the coarse SA images into a full-resolution

image in the polar coordinate. It should also be emphasized that the spectrum displacement affects all

interpolators, including the novel interpolation kernels developed in [34]. For the sake of simplicity and

clarity, herein, the nearest neighbor interpolation with the 8-point FFT is utilized in both range and

angular directions within the SA fusion stages. While the nearest neighbor interpolation is not the most

efficient one for FFBP, it is very reliable to provide a high precision in this experiment. The generated
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Figure 9 (Color online) WN spectra before and after shift removal in the first FFBP stage. (a) WN spectrum of the first

SA image; (b) WN spectrum of the 256th SA image; (c) WN spectrum after shift removal of the first SA image; (d) WN

spectrum after shift removal of the 256th SA image.

polar coordinate image is about 3 km × 2.4 km in the range and cross-range directions with a nominal

range and cross-range resolution of approximate 0.3 m× 0.3 m.

At first, we present the angular WN spectrum of the first-stage SA images of FFBP to show the

spectrum displacement phenomenon. As there are 1024 SA images, we only show in Figures 9 (a) and

(b) the typical WN spectra of the first and the 256th SA images by applying the Fourier transform to

them. Notably, the spectra are folded even oversampling is adapted in the FFBP formation. These folding

effects will surly result failures in the interpolation of the following SA fusion procedure. According to the

motion deviations illustrated in Figure 7, we can also interpret the phenomenon that spectrum aliasing

and folding more possibly occurs in the first and last SA images because the corresponding deviations in

the first and the last synthetic apertures are more severe than those in the other apertures. Figures 9

(c) and (d) show the results after applying (26) to remove the spectrum shifts within each SA image.

Clearly, the spectrum folding is removed in an optimal manner. As a result, the negative effects on the

SA fusion can be eliminated.

The full-scene images obtained from the original FFBP and the MFFBP are respectively presented in

Figures 10 (a) and (b). While the same motion measurements are used, the modified and the original

FFBP algorithms provide distinct results. Without accounting for the spectrum shifts in SA images, the

original FFBP image has a number of false targets due to the discontinuity in the angular spectrum of

the fused image. In the same time, the azimuth resolution is also decreased. In contrary, the modified

FFBP algorithm provides significantly improved image which achieves ideal focusing without any false

targets yielded. It is clear from Figure 10(a) that the MFFBP successfully generates an image with higher

contrast and clearness, and various types of targets, such as bridges, trees, and farmlands, are shown

clearly.

To provide a more clear comparison between the modified and the original FFBP algorithms, the

magnified sub-scenes ACE, marked in Figure 10(a), are respectively shown in Figures 11 (a)–(e). In each
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Figure 10 (Color online) Images with the modified and the original FFBP formations. (a) MFFBP image; (b) original

FFBP image.

pair of sub-scene images compared in Figure 11, the right image is obtained using the original FFBP,

whereas the left one is obtained by the modified FFBP approach. We note in Figure 11 that all sub-

scene images generated by the proposed approach are well focused. In these figures, different types of

targets are concentrated and the farmland texture is distinctive. On the other hand, since the spectrum

displacement problem is not accounted for in the original FFBP formation, it yields serious false targets,

such as the strong points in the center of sub-scenes D and E. Those false targets are resulted from the

discontinuities in the angular spectrum of the full scene image. Such false targets are not observed in the

results processed by the proposed technique that achieves a high focusing quality.

To analyze the azimuth resolution loss of the original FFBP in dealing with this data, we also give the

azimuth response of two point-like scatterers in Figure 12. The two scatterers are circled in Figure 11(a),

and interpolation is applied in rendering Figure 12 for the clarity of comparison. The response of an idea

point-like target obtained by both the proposal and original FFBP approaches approximately represents

their respective azimuth resolutions. As expected, the main-lobes of the responses obtained by MFFBP

are narrower than those by the original one and the peak values are higher, indicating a higher azimuth

resolution being achieved. In Figure 12(b), the 3 dB main-lobe width of the responses obtained from

the proposed method is 0.33 m, which is very close to the ideal value. However, the main-lobe width of
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Figure 12 (Color online) Azimuth response of two point-like scatterers obtained using the modified and the original

FFBP algorithms. (a) Results of scatterer 1; (b) results of scatterer 2.



Zhang L, et al. Sci China Inf Sci June 2017 Vol. 60 062301:16

the azimuth response obtained from the original FFBP is approximately 0.472 m, implying a noticeable

resolution loss. The low peak values in the original FFBP image responses also imply the in effective

coherent integral in the angular direction. As a result, inevitable losses of radiometric resolution occur.

All the above results evidently verify the effectiveness of the proposed MFFBP method in focusing the

squinted airborne SAR data.

5 Conclusion

Focusing highly squinted airborne SAR data is a challenging task for conventional Doppler-domain imag-

ing algorithms due to the difficulties of the severe range-azimuth coupling effects as well as the precise

motion compensation. In this paper, we investigated the application of fast factorization back-projection

(FFBP) to solve those difficulties. We gave the analytic expression of the angular impulse response func-

tion of a highly squinted SAR BP image, which provides a new way to interpret the application of BP and

FFBP. Along with the extension of AIRF by concerning severe motion errors, the relation between the

spectrum displacement and trajectory deviations is revealed. And crucial modification is introduced into

FFBP to successfully mitigate the motion error-induced wavenumber spectrum displacement within the

sub-aperture (SA) fusion. Real data results are presented to demonstrate the spectrum displacement and

verify the effectiveness of MFFBP for squinted airborne SAR imaging. The major limitation of MFFBP

in real airborne SAR application is the dependence on high-precision trajectory measurements. Highly

accurate real-time trajectory information would be difficult to obtain without mounting a high-quality

navigation and position system. Effective combination of MFFBP and novel autofocus techniques, like

map-drift algorithm [35, 36], phase gradient autofocus algorithm [37], minimum entropy algorithm [38],

is worthy of deep investigation in the future work.
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