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In recent years, a series of subspace methods, named the collaborative representation based
methods, have aroused researchers’ interests. Inspired by the idea of sparse coding, Wright et al. [1]
proposed the sparse representation based classification (SRC) method. SRC encodes a query sample as a linear combination of all subjects’ training
samples with sparsity constraint and then classifies it by evaluating which class has the minimal
coding residual. This mechanism is named Collaborative Representation. When the training dictionary is overcomplete, SRC can achieve stateof-the-art recognition accuracy and is proven robust to occlusion and corruption. Based on SRC,
Zhang et al. [2] emphasized the collaborative representation mechanism’s importance and replaced
the sparsity constraint by other loose constraints
in SRC. A more general method, named collaborative representation based classification (CRC), was
then proposed, which achieves similar recognition
accuracy as SRC with much higher computational
efficiency. CRC consists of two major parts: the
collaborative representation model and the residual model. The collaborative representation model
is defined in
α̂ = arg min ky − Xαk22 + λkαkp ,
α

(1)

where, y is the query sample, X = [X1 , X2 ,

. . . , XC ] is the training dictionary set of C subT
T T
jects, and α = [αT
is the corre1 , α2 , . . . , αC ]
sponding representation coefficients. When p = 1,
CRC turns to SRC [1]. When p = 2, CRC turns
to collaborative representation based classification
with regularized least square (CRC-RLS) [2].
Collaborative representation is a competitive
mechanism. Samples of all classes contribute competitively to represent y. If one class contributes
more, the other classes contribute less. With
sparse constraint, lower reconstruction error will
be achieved with less elements by the class y truly
belongs to. Moreover, the collaborative representation can be viewed as a double-check mechanism
for classification. When computing the residuals
of the ith class for classification, the collaborative representation mechanism considers not only
the correlation between the associated representation and the intra-class representation, but also
the correlation between intra-class representation
and inter-class representation. Such double checking mechanism makes CRC more effective and robust for classification.
Limitations of CRC’s residual model.
SRC
uses the value of representation residual norm over
each class as criterion for classification. Zhang et
al. [2] proposed an improving residual criterion by
dividing the l2 norm sparsity of representation coefficients as normalization. The two classification
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residual criterions are quite similar as shown in
′

C (ri ) = (y − Xi α̂i )T (y − Xi α̂i ),
′′

C (ri ) =

(y − Xi α̂i )T (y − Xi α̂i )
.
kα̂i k22

(2)
(3)

When the training dictionary is overcomplete,
the above Euclidean residual criterions are effective. The ith class’s query sample y can be represented by Xi α̂i faithfully. The intra-class residuals tend to be white noise (here we suppose the
noise component in face sample is a Gaussiandistributed white noise) and the inter-class residuals tend to be the query image itself as shown in
Figure 1(a). The intra-class residual norms are significantly smaller than inter-class residual norms.
The simple Euclidean criterions would result in
good classification results in this case.
However, when the training samples are undercomplete, especially in undersampled cases with
highly variable interferences caused by illumination misalignment, expression and occlusion, the
Euclidean criterions may have some limitations.
Suppose y is a query sample from class i, and the
query sample has some types of variations which
the ith class’s training dictionary does not contain. If the jth class’s training dictionary contains the same type of variations with y, y may
be represented by Xj αˆj more faithfully than Xi α̂i
in the collaborative representation mancinism. As
shown in Figure 1(b), the intra-class residuals no
more tend to be a simple white noise. Intra-class
residual norms may be similar as or larger than
inter-class residual norms. In these cases, it is not
proper to use the Euclidean residual criterions.
The collaborative representation Bayesian recognition (CRB) method. The residual criterions for
classification in SRC or CRC-RLS can be seen as
an Euclidean similarity measure between y and the
associated representation Xi α̂i . By considering
the information of whether the residual is characteristic of intra-class variations, a Bayesian residual model [3, 4] is exploited giving a novel probabilistic interpretation to the residual model in
CRC. If y belongs to class i, residual ri = y − Xi α̂i
is characteristic of the intra-class variation ΩI ,
where ΩI corresponds to variations of the same
individual, caused by illumination, poses and expressions. Then, the MAP Bayesian residual measure is defined as
CMAP (ri ) = P (ΩI |ri ).

(4)

Suppose the intra-class residuals of ΩI are
Gaussian-distributed, an alternative ML Bayesian
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residual measure is defined as
1

P (ri |ΩI ) =

e− 2 (y−Xi αˆi )

T

Σr−1 (y−Xi αˆi )
i

1

D
2

,

(2π) |Σri | 2

(5)

where D is the dimension of residual ri , Σri is the
covariance matrix of the ith class’s residual. Suppose all the intra-class residuals share the same
residual covariance matrix Σr = Σri , i ∈ C. The
Bayesian residual criterion can be simplified as
CML (ri ) = (y − Xi α̂i )T Σr−1 (y − Xi α̂i ).

(6)

However, the intra-class residual samples are
quite difficult to capture. As face images are assumed to lie in a linear subspace [5–7], all the linear combinations of face images, including the reconstruction terms Xi α̂i , also lie in the face linear subspace. If y belongs to class i, the intraclass representation residual ri = y − Xi αi can
also be regarded as intra-class difference. In this
article, we use the intra-class intensity differences
from generic data to estimate Σr .
Combining the two models: the collaborative representation model for stable representation and the Bayesian residual model for robust
classification, a novel collaborative representation
Bayesian recognition (CRB) method is proposed.
The detailed procedure of CRC is included in
Appendix A.
The classification criterions in CRC are expressed as the ML forms of Bayesian residual criterions in CRB as
C ′ (ri ) = (y − Xi α̂i )T (λI)−1 (y − Xi α̂i ),
C ′′ (ri ) =



y − Xi α̂i
kα̂i k2

T

(λI)

−1



(7)


y − Xi α̂i
. (8)
kα̂i k2

As the formulae above, the original collaborative representation based classification methods (including SRC and CRC-RLS) are the special cases of CRB when Σr = λI, implying the
items of intra-class residual vectors are independently and identically distributed. For criterions without normalization, the residuals are defined as ri′ = y − Xi α̂i (i ∈ C). For criterions
with normalization, the residuals are defined as
ˆi
iα
ri′′ = y−X
kαˆi k2 (i ∈ C).
Back to the problem in the above, we will further discuss why CRB can achieve better performances in undersampled cases with highly variable
intra-class variations. When the training dictionary is over-complete, the intra-class residual ri
tends to be a Gaussian-distributed white noise. So
the independent-distributed assumption for intraclass residuals is reasonable in these cases. The
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(a)

(b)
Figure 1 Reconstructions and residuals of collaborative representation based methods with over-completed (a) and undercompleted dictionaries (b). From left to right: query image y, total reconstruction X α̂, total residual
P (reconstruction error)
y − X α̂, intra-class reconstruction Xi αˆi , intra-class residual y − Xi α̂i , inter-class reconstruction
j(j6=i) Xj αˆj , inter-class
P
residual y − j(j6=i) Xj αˆj .

original collaborative representation methods can
achieve similar (or even better) performances comparing to CRB.
While in the undersampled cases with highly
variable intra-class variations, Xi is undercomplete to reconstruct the query image. The
intra-class residual ri no more tends to be a
Gaussian-distributed white noise as shown in Figure 1(b). As face images under varying illumination or pose variation approximately lie in a
low dimensional linear subspace, items of highdimensional residual vector are usually highly relevant and have different probabilistic distributions
(Take faces images with varying poses as an example. Pixels lying on the rotation axis vary much
more slightly compared to the pixels lying on the
edge. There are correlations among them by the
pose-transform model). The simple independent
and identical distribution assumption on residual
criterions is not quite reasonable in these cases.
A more precise probabilistic model for describing
the intra-class variations is needed. That is why
the Bayesian residual model in CRB is more effective to distinguish the intra- and inter-class variations and make a better classification, especially
in under-sampled cases.
Another advantage of CRB is its universality. For practical problems, the Bayesian residual model training process and face recognition
process can be handled separately in two different databases. The universal Bayesian residual
model is trained from large number of generic data,
which makes full use of the prior knowledge contained in face samples. A series of experiments are
conducted to demonstrate the efficacy of the proposed CRB method and validate the claims. The
detailed experiment results are illustrated in Appendix B. The proposed CRB method can achieve

about 5% improvement compared with the original
collaborative representation based methods.
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