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Appendix A The Algorithm of Collaborative Representation Bayesian Face Recognition.

Algorithm A1 Collaborative Representation Bayesian Representation (CRB)

1: Estimate the intra-class residual covariance matrix Σr;

2: Normalize the columns of X to have the unit l2 norm;

3: Code y over X by solving the following optimization problem:

(α̂) = arg min
α
‖y −Xα‖22 + λ‖α‖p. (A1)

where lp = 1 or 2;

4: Compute the Bayesian residual criterion of each class

CCRB(ri) = (y −Xiα̂i)
TΣ−1

r (y −Xiα̂i). (A2)

where α̂i is the coefficient vector associated with class i;

5: return the identity of y as

indentity(y) = arg min
i
CCRB(ri) (A3)

Appendix B Experimental Verification

In this section, face recognition experiments on several benchmark databases are conducted to examine CRB’s performances

mainly in undersampled cases. We try to validate the efficacy of CRB’s Bayesian residual model by comparing with the

SRC and CRC-RLS in Section Appendix B.1, and the efficacy of CRB’s collaborative representation model by comparing

with Bayesian classification method [?,?] in Section Appendix B.2.

To estimate the universality of CRB, samples are divided into two subsets: source-domain set and target-domain set.

The source-domain set is used to estimate the intra-class residual model with generic data, and target-domain set is used to

conduct face recognition experiments (as training and query samples). All experiments in target-domain set use the same

CRB residual model pre-trained in the source-domain set. The source-domain set includes four generic databases as follows:

sheffield (UMIST):The UMIST database consists of 221 images of 20 individuals (rejecting the images with large pose

variations). All face images are captured under frontal illumination with different poses.

CBCL-MIT:The MIT-CBCL face recognition database contains about 2000 face images of 10 subjects including the

illumination, poses (up to about 30 degrees of rotation in depth) and background variations.
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Figure B1 Recognition rates on Extended Yale B database under various sizes of training set, comparing

with SRC, CRC-RLS, CRB with l1 norm regularizer (CRB-L1), CRB with l2 norm regularizer (CRB-L2).

Gallery 2 3 4 5 6 7 8

CRC-RLS 40.47 54.45 65.93 73.34 78.54 82.36 84.96

CRB-L2 49.59 62.12 71.05 76.48 80.31 82.97 84.76

SRC 40.20 54.03 64.48 71.66 77.02 80.76 83.53

CRB-L1 49.52 61.70 70.38 75.67 79.23 81.79 83.70

Table B1 Recognition rates on Extended Yale B in undersampled cases.

Georgia Tech face database: Georgia Tech face database contains images of 50 people taken in two or three sessions

between 06/01/99 and 11/15/99 at the Center for Signal and Image Processing at Georgia Institute of Technology. The

pictures show frontal and/or tilted faces with different facial expressions, lighting conditions and scale.

bioID: The bioID dataset contains 1521 gray level images of 23 individuals with a resolution of 384 × 286 pixel. All

face images are captured with various interferences caused by illumination, misalignment, expression and occlusion. For

comparison reasons the set also contains manually set eye positions.

Appendix B.1 Experiments on the residual models

The target-domain set includes three databases: Extended Yale B, AR, CMU-PIE, corresponding to different types of

intra-class variations. For fair comparisons, all residual criterions used in Section Appendix B.1.1 - Appendix B.1.3 won’t

divide the l2 norm sparsities as normalization. Define regularization parameter as λ = 0.01 in this paper.

Appendix B.1.1 Face recognition on Extended Yale B database

The Extended Yale B database consists of 2414 frontal-face images of 38 individuals. The cropped and normalized 192×168

size face images are captured under 43 types of laboratory-controlled illumination conditions. There are about 70 images

for each class. We randomly choose 2 to 30 of images per person as training dictionary, and use all the others for testing.

Experiments are repeated 10 times. Recognition results (averaged) are shown in Figure B1 and Table B1.

As shown in Figure B1, with the same norm constraint, Bayesian residual model based methods outperform the Euclidean

residual based models in undersampled cases. CRB-L1 achieves 2%-9% improvement comparing to SRC, and CRB-L2

achieves similar 2%-9% improvement comparing to CRC-RLS. The general Bayesian probabilistic residual model can better

characterize the intra-class variations. The prior knowledge induced by the Bayesian residual model also plays an important

role in these cases.

As the number of training samples per person increases and the training dictionary tends to be over-complete, the

gap between CRB-L1 and SRC and the gap between CRB-L2 and CRC-RLS both narrow. The recognition results of all

methods continue to grow. In this case, the intra-class reconstruction can faithfully represent the query image. The intra-

class residuals tend to be a i.i.d Gaussian white noise and can be easily distinguished with a simple Euclidean similarity

residual model. The original SRC and CRC-RLS methods can also achieve good recognition accuracy as CRB.
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Figure B2 Recognition rates on AR database under various sizes of training set, comparing with SRC, CRC-

RLS, CRB-L1, CRB-L2.

Gallery 2 3 4 5 6 7 8

CRC-RLS 28.29 36.28 41.35 46.71 53.53 59.39 64.65

CRB-L2 35.50 43.67 49.81 54.92 60.09 64.99 68.97

SRC 29.28 39.53 47.84 54.30 59.18 63.91 67.77

CRB-L1 36.90 47.15 54.52 60.29 64.70 68.98 72.08

Table B2 Recognition rates on AR in undersampled cases.

Gallery 2 3 4 5 6 7 8

CRC-RLS 37.82 45.63 51.68 54.41 55.85 57.32 60.21

CRB-L2 45.81 53.75 59.62 62.78 64.60 66.13 68.66

SRC 38.79 47.65 54.81 58.99 62.58 65.82 68.79

CRB-L1 46.60 54.92 61.40 65.32 68.38 71.47 74.02

Table B3 Recognition rates on CMU-PIE in undersampled cases.

Appendix B.1.2 Face recognition on AR database

The AR database contains 100 individuals’ color images (about 50 images per person) with illumination, occlusion and

expression variations. We randomly choose 2 to 25 images per person as dictionaries, and use the others for testing.

Experiments are repeated 10 times. Recognition results (averaged) are shown in Figure B2 and Table B2.

As shown in Figure B2, the results are quite similar to that in the Section Appendix B.1.1. With the same norm constraint,

CRB-L1 achieves 3%-7% improvement comparing with SRC, and CRB-L2 achieves similarly 2%-8% improvement comparing

with CRC-RLS in undersampled cases. As the training dictionary being overcomplete, the gap between CRB-L1 and SRC

narrows, similar with the results between CRB-L2 and CRC-RLS.

Appendix B.1.3 Face recognition on CMU-PIE database

The CMU-PIE database consists of 41,368 images of 68 individuals, with mixed intra-class variations introduced by three

types of interferences (13 poses, 43 illuminations conditions, and 4 expressions). Mixed variations are very common in

practical face recognition systems. We randomly choose 2 to 25 of images per person as training dictionaries, and use the

others for testing. Experiments are repeated 10 times. Recognition results (averaged) are shown in Figure B3 and Table B3.

As shown in Figure B3, the proposed CRB-L1 with Bayesian residual criterion outperforms SRC by 5%-8% in under-

sampled cases. Similar results can be concluded from the comparison between CRB-L2 and CRC-RLS. It proves that CRB

has certain universality in practical systems.

The regularization terms in the collaborative representation methods play a role of enhancing the solutions’ stability.

In AR and CMU-PIE, the occlusion, expression and poses variations can hardly be represented by facial dictionaries. A
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Figure B3 Recognition rates on CMU-PIE database under various training set sizes, comparing with SRC,

CRC-RLS, CRB-L1 CRB-L2.

stricter constraint is required to enhance the solutions’ stability. The l1 norm based methods are usually inferior to the l2
norm based methods, as illustrated in above subsections.

Appendix B.1.4 Recognition results with normalized residual criterions

Experiments with normalized residual criterions are conducted in this section. Recognition results are illustrated in Figure

B4 .

As shown in the additional experiments, recognitions with normalized residual criterions also result in similar results with

classification accuracies slightly improving. CRB-L1 outperforms the SRC by about 1%-5%, while CRB-L2 outperforms

CRC-RLS by about 2%-5%. These experiments also verify the efficacy of the proposed CRB methods.

Appendix B.2 More evaluations on the representation models

Appendix B.2.1 Comparison to the Bayesian classification method

In this section, we compare the proposed CRB with the Bayesian Classification method [?] [?]. The Bayesian Classification

method uses the similar Bayesian intra-class criterion as CRB, but it doesn’t own a collaborative representation model. The

residuals of the Bayesian Classification method are also computed from generic samples’ intra-class differences. Both CRB

and the Bayesian Classification take advantage of the prior knowledge introduced by the covariance matrix estimated in

Averaged Intra-class Subspace (AIS). Experiments are conducted on Extended Yale B, AR, CMU-PIE databases, comparing

CRB with Bayesian classification. The experimental setting follows Section Appendix B.1.

Experimental results are illustrated in Figure B5. It turns out the proposed CRB methods outperform Bayesian classi-

fication methods in all training set sizes, which verifies the collaborative representation mechanism’s importance .

Appendix B.2.2 Further discussion on collaborative representation in CRB

To further discuss the collaborative representation model of CRB, we focuss on its influence on the residual criterions with

different norm constraints. The distributions of the intra-class and inter-class residual criterions in SRC and CRC-RLS

methods are illustrated in Figure B6 (above). The distribution of the intra-class and inter-class residual criterions in the

proposed CRB-L1 and CRB-L2 methods are illustrated in Figure B6 (below). The residuals are both computed in ORL

database with Bayesian residual model estimated in UMIST database.

As shown in Figure B6, the gap between the residual distributions with different lp norm regularizer narrows in Bayesian

residual models. The covariance matrix Σr in the Bayesian residual model can be seen as a weight matrix added to the

items of residual vectors. Larger values in Σr correspond to the unstable items with large intra-class variations. These

items will have smaller weights and contribute less to the final Bayesian residual criterion in CRB method. Therefore, the

essential information for classification will play a more important role and are more dominated in CRB. Because residuals

computed by methods with different norm regularizer share similar essential information for classification, the intra-class

or inter-class residuals in CRB-L1 and CRB-L2 tend to have similar distributions.

In Section Appendix B.1, we can also find CRB-L1 and CRB-L2 have similar performances, which verifies the assumption

we proposed above.
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Figure B4 Recognition rates with normalized residual criterions on Extended Yale B, AR and PIE.

Time per sample Representation Residual Model Total

CRC-RLS 1.7200s 0.0020s 1.7220s

CRB-L2 1.7200s 0.0140s 1.7340s

SRC 0.0280s 0.0040s 0.0320s

CRB-L1 0.0280s 0.0160s 0.0440s

Table B4 Computational efficiencies of different methods (the averaged computational times per query

image).

Appendix B.3 Efficiency

The collaborative representation based methods consist of a collaborative representation model and a residual model. The

efficiency of CRC mainly depends on its representation model. For the sparse representation based methods such as SRC

and CRB-L1, a lasso optimization is exploited in the representation stage, which is usually quite time-consuming.

Experiments are then conducted to compare the efficiencies of these methods, which are implemented on a PC system

with Intel i7-4710 2.5GHz CPU and 8G RAM. For each person the first 10 samples are used for training data with the

remaining samples for testing. The averaged computational efficiencies are illustrated in Table B4

As illustrated in Table B4, though the Bayesian residual model’s computational complexity is about 4-7 times over the

Euclidean residual model, the total efficiency between CRB and the original methods are still quite close.
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Figure B5 Recognition rates comparing Bayesian classification method [?] with CRB-L1, CRB-L2 methods,

respectively on Extended Yale B, AR, CMU-PIE.
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Figure B6 Residual criterions’ distribution with different norm regularizer in SRC/CRC-RLS (above) and CRB-L1/CRB-

L2 (below)
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