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Abstract This paper is on the resource allocation problem for pilot-assisted multi-user massive multiple-
input-multiple-output (MIMO) uplink with linear minimum mean-squared error (MMSE) channel estimation
and detection. We utilize the angular domain channel representation for uniform linear antenna arrays, and
adopt its equivalent independent and nonidentical distributed channel model. For a given coherence interval
and total energy budget, we study the joint optimization of the training length and the training power to
maximize the achievable sum-rate. For tractable analysis and low-complexity solution, a tight approximation on
the achievable sum-rate is derived first. Then the training length optimization for fixed training power and the
training power optimization for fixed training length with respect to the approximate sum-rate maximization
are both shown to be concave. An alternative optimization that solves the training length and power iteratively
is proposed for the joint resource allocation. In addition, for the special case that the training and data
transmission powers are equal, we derive the optimal training lengths for both high and low signal-to-noise-
ratio (SNR) regions. Numerical results show the tightness of the derived sum-rate approximation and also the
significant performance advantage of the proposed resource allocation.
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1 Introduction

Massive multiple-input-multiple-output (MIMO) configuration is considered to be a key enabler for the
5th generation (5G) wireless systems [1]. By employing a large number (usually hundreds) of antennas
at the base station (BS) to simultaneously and jointly serve multiple (i.e., dozens) mobile user terminals
(UTs), massive MIMO can greatly improve the performance of cellular networks, including spectral ef-
ficiency and energy efficiency. For the evaluation of spectral efficiency, the independent and identically
distributed (i.i.d.) Rayleigh fading channels were adopted in the paper by Marzetta [2]. Due to unlim-
ited numbers of antennas at the BS and the asymptotically orthogonality between propagation beam
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vectors of different users, the matched filter (MF) receiver becomes optimal, and the effect of noise and
intra-cell interference diminishes. Furthermore, the transmit power can be made arbitrarily low without
performance loss. By exploiting the uplink-donwlink reciprocity in time-division duplex (TDD) systems,
the required channel state information (CSI) for downlink at the BS can be acquired via uplink train-
ing. Nevertheless, because of pilot sequence reuse among cells, pilot contamination persists for multicell
systems [3,4].

In the practical case of BS equipped with a large, but finite number of antennas, pilot contamination
has a more severe impact on system performance relative to the effect of additive white noise [5]. The
performance of MF and more complex linear receivers has been analyzed in [3,6]. For finite number
of antennas, minimum mean-squared error (MMSE) scheme can provide better performance than MF
scheme [6]. However, compared with the physical channel model adopt in [6], the statistical channel
models obtained from the physical angular domain analysis are more plausible for the design and per-
formance analysis of practical communication systems [7]. Moreover, the system performance largely
depends on the resource allocation between training and data transmission phases and the quality of the
estimated CSI.

In [8], the linear MMSE channel estimation with fixed training length and training power was de-
rived and shown to provide near-optimal performance for multicell systems. However, we bring out the
channel estimation research based on the background of single-cell system with frequency-division duplex
(FDD) operation. FDD system has spurred much recent research interest [1]. Joint Spatial Division
and Multiplexing (JSDM) proposed in [9], offers strong potential to achieve massive MIMO link gains.
Furthermore, Beam Domain Multiple Access (BDMA) proposed in [10], can even be qualified for medium
or high-mobility user applications in single-cell system.

There are very few work on the evaluation of achievable rate with linear MMSE receiver for the
statistical channel models obtained from the physical angular domain, as well as, the resource allocation
for pilot-assisted massive MIMO communications. Regarding the training length design, an early study
for the tradition point-to-point MIMO system showed that if the optimization over the training and
data powers is allowed, the optimal training length equals the number of transmit antennas [11]. This
conclusion is based on a lower bound on the information-theoretic capacity. For uplink massive MIMO
transmission with maximum-ratio combining detection, in a recent work [12], a similar result that the
optimal training length equals the number of UTs was obtained based on the nonasymptotic sum-rate
maximization under i.i.d. channels. Notice that, some recent work on resource allocation, such as [13],
adopts this setting in the training phase.

In this paper, we analyze the achievable sum-rate of pilot-assisted massive MIMO uplink with linear
MMSE detection and channel estimation, and derive training resource allocation policies to maximize
the achievable sum-rate. We further use the angular domain channel representation for uniform linear
antenna arrays, and adopt its equivalent independent and nonidentical distributed (i.n.d.) channel model.
The analysis are for asymptotically large number of BS antennas, while the number of UTs are assumed
to be fixed and small [3,9]. We first derive an approximation on the achievable sum-rate of the pilot-
assisted massive MIMO uplink. Unlike the sum-rate results in [6] whose evaluation requires iterative
numerical procedure, ours is in closed-form. Based on this analytical sum-rate result, we study the joint
optimization of the training length and training power. By proving the concavity of the training power
optimization for fixed training length and the training length optimization for fixed training power, we
propose a low-complexity alternative optimization algorithm for the joint optimization. Simulations are
conducted to validate the analytical result and to show the advantage of the proposed resource allocation
solution.

2 System model and problem formulation

In this section, the model of the multi-user pilot-assisted massive MIMO system is elaborated, including
the channel model and the pilot-assisted uplink transmission scheme. Then the joint training length and
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power optimization problem is formulated.
2.1 Channel model

We consider a single-cell multi-user massive MIMO system that consists of one BS and K UTs. The BS
is equipped with a uniform linear array (ULA) of M antennas spaced with a half wavelength distance.
All UTs have single antenna. Denote the M x 1 channel vector from the kth UT to the BS as g;. Using
the channel model in [14], we have

9e = /B Vi by, (1)

where (i represents the large scale fading, hy is a complex vector of i.i.d. zero-mean unit variance
complex Gaussian elements and Vj is an M x M diagonal matrix that represents the variance profile of
the channels between the kth UT and the BS. The mth diagonal element of Vj, (which we denote as v,
to help the presentation) is given by

Vkm = [Vil,,,, = M - S, (arcsin (,—1)) [arcsin (¢,,) — arcsin (Y,—1)], for m=1,...,M, (2)

where ¢, = n/M forn =0,1,..., M and Si(0) represents the channel power angle spectrum (PAS) which
models the channel power distribution in the angular domain [15]. The channel PAS is normalization as
ffooo Sk(6)do = 1.

We employ E{-} to denote the expectation operation, and the superscript (-)! to denote the conjugate-
transpose operation, respectively. With the aforementioned channel model, from (1), the covariance
matrix of g can be calculated as E{gkg;i} = Bk Vi. We define that G = [g1 92 -+ gk], which is the
M x K channel matrix between all UTs and the BS. We employ the operator diag{a} to denote the
diagonal matrix whose diagonal entries are elements of a, and tr(A) to denote the trace of the matrix
A, respectively. Let R 2 E{G'G}. It can be shown straightforwardly that R is diagonal and its kth
diagonal element is [R]xx = Sirtr(Vi) = S M. That is R = Mdiag{f,...,Bk}-

2.2 Pilot-assisted uplink transmission scheme

We consider a pilot-assisted uplink transmission scheme, where a coherence interval is composed of two
phases: the uplink training phase and the uplink data transmission phase.

2.2.1 Uplink training phase

In the uplink training phase, pilots are sent from the UTs to the BS for the BS to learn the channel
matrix G. Let T} be the length of the training phase measured in the number of symbol transmissions,
p: be the training power per training symbol for all UTs, and /p; 138 be the K x T} pilot matrix. Thus
the kth UT sends the kth row of v/p; 138 and all UTs transmit simultaneously. S is assumed to satisfy

SSt = I. (3)

This implies that the pilot vectors of different UTs are mutually orthogonal and T; > K.
The M x T; received matrix at the BS in the uplink training phase is given by

Y: = VpiI:GS + Ny, (4)

where IN; is the M x T; noise matrix with i.i.d. zero-mean unit variance complex Gaussian elements.
Following the results in [16,17], the linear MMSE estimate of G at the BS is written as

1
Vil

G

M -1
Y, (sTRS+ —ITt) S'R
Ty

(@) 1 ey T ot (1, 2Ty - +
= N, Iy, — —1
(GS+ — t> ip, - PLst (R 2lrc) S| SR
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—(G+ ! NST)(MI +R)_1R
Vpily i oy K

1 . 181 1y Bk
= G—F—NST)dla { ey . 5
( N S+ pTB T+ pTiBr (5)

In the above derivations, (a) is obtained by using the matrix inversion identity (A + BCD)™' = A™' —
A'B(DAT'B+ C ')"'DA ' [18] and the transceiver equation in (4). For any pilot satisfying (3),
it can be shown that N;S' is an M x K random matrix with ii.d. zero-mean unit variance complex

Gaussian elements. Define gi as the kth column of G, and K, as the covariance matrix of gi. Thus,
gy, satisfies

Qk ~ CN(Oa ng)’ (6)

where CN (0, Kg,) represents the circularly symmetric complex Gaussian distribution whose mean vector
is 0 and whose covariance matrix is

o ;17 B Vi + T35
P (1 + peTiBr)? (14 peTiBr)?

M-

Define that G £ G — é, which is the channel estimation error. The covariance matrix of G can be
calculated to be

(1 + 2pe T3 Br) B - p T, >
(1 + pTiBk)’ (1 + pTiBk)’

66} -3

k=1

f—/h\

(7)

2.2.2  Uplink data transmission phase

After the training phase in which the BS obtains the channel estimate é, the uplink data transmission
phase follows. Let T (in symbol transmissions) be the length of the coherence interval. Since the
length of the training phase is T}, the length of the data transmission phase is T — T;. Without loss
of generality, we consider an arbitrary time slot of the data transmission phase. Let & be the vector
containing the information symbols of all users. « is assumed to have zero mean and its covariance
matrix is E{zz'} = Ix. Let the transmit power for all UTs be p,. The M x 1 received vector at the BS
can be written as

= /PuGz+n= \/p,Gz+ \/p.Gx +n, (8)

where 1 is the M x 1 noise vector following CN (0, 1).

We define that w2 Gz + \/—n As nand G are independent circularly symmetric complex Gaussian
random vectors, w is also a circularly symmetric complex Gaussian random vector. It is straightforward
to show that its mean is zero and its covariance matrix is

(1+2p. T T,8;
Z + 2py tﬁk)ﬁkvk_ P13, Ty |+ —Iy
- (1+ ptTtﬁk) (1 + pTiBr) Du
K
— diagd — + Z ]. + 2ptTtﬂk Brvr — ptTtﬂk - Z ]. + 2ptTtﬂk BrVpr — ptTtﬂk (9)
Du 1+ peTeBe)? Pu 135 (1+ peTeBr)’
As in [7], we define that
L X
K.x= > 69+ Ku (10)
i=1,i£k

Under linear MMSE detection, the received signal-to-interference-plus-noise-ratio (SINR) for the kth UT
is thus given by

Pk = gk ;kgk (11)
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The average achievable uplink rate for the kth UT is thus

R 2 (1= ) B Qg (o + 1), (12)

where the coefficient 1 — T} /T takes into consideration the length of the training phase. The achievable
sum-rate of overall system is

K
Rsum é ZRk (13)

2.3 Problem formulation
Let P be the total transmit energy constraint for each UT within a coherence interval. Then, we have
Tipe + (T — Tt) pu = P. (14)

Intuitively, with given coherence length and total transmit energy constraint for the coherence interval, the
designs of the training length T; and the training power p; can significantly affect the system performance.
In this work, we consider the joint optimization of the training length and the training power to maximize
the total sum-rate. By noticing the equality in (14), the problem can be formulated as follows:

ma%{imize Reum, s.t. 0<p; < %, K<LT;<T, T; €N, (15)
t,Pt )

where N denotes the positive integer set. Notice that, we assume that the coherence interval satisfies the
condition: K < T.

3 Achievable sum-rate analysis and resource allocation

In this section, we solve the resource allocation problem formulated in Subsection 2.3. Due to the complex
nature of the sum-rate formula in (10)—(13), to find a solution, we first derive a tractable approximate
on the system sum-rate; then conduct the optimization over the approximate sum-rate.

3.1 Achievable sum-rate analysis

In this subsection, we derive an approximate probability density function (PDF) for the SINR following
the framework presented in [19]. Then an approximation of the achievable sum-rate for the pilot-aided
multi-user massive MIMO uplink is obtained.

By using the matrix inversion identity repetitively, we can rewrite the received SINR for the kth UT
given by (11) as

Pk = {[(G‘TK;léJr IK>_1} kk}l —1. (16)

Define G = M%K;%G'. Thus the SINR in (16) can be rewritten as

Pk = { (%é*é +IK)_11 }1 — 1. (17)
kk

The covariance matrix of kth column of G can be calculated to be

Vi, =MK_ 'K,

K -1

(1+2pT351) By T} ) 1 ]

=M | Vi— Iy | +—I
L=1 ( (1+peTiB)° l 1+ pTB1)° " w
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piTEB; Vi + T332 I
(1 +ptTt5k)2 (1 +ptTt5k)2

K

(14 2p:T; — T p2T2638 T, 32

—Md1ag{[ +Z + 2p T2 81) Bron — piTi B} ] piTEBvet + pe Ty 37
=1

(1+p T8 (1 + pTiB)?

)

K
[i n Z (1 +2p1:31) Broi — ptTtﬂ?:| pIT2 B vk + ptTtﬁk } (18)
Pu = 1+ pT33)° 1+ pe T Be)?
The kth column of G can be represented
_ 1
gr = V,* [, (19)

where fis an M x 1 random vector whose entries are i.i.d. CAV/(0,1).

Following the work in [19], we can approximate p; by a Gamma distribution with a shape parameter
ay, and a scale parameter (. To have the first two moments of p; match with the corresponding moments
of the Gamma distribution, the parametere values can be calculated via the following procedures.

Define T (z) recursively as

lI>

T (2)

M ~ —1
Vi
[Z - zIm] , (20)
i—1 1 +tr(Vi(_k)T(z))

1>

where V; 2 L. diag{[Vil;;s-- -, [Vil;;} and Vi(_y is V; with the kth column removed. Let s,
tr (T'(—1))/(K — 1) and o2 2 tr(T"(—1))/(K — 1), where T"(z) denotes the first derivative of T'(z). It
can be solved numerically by

M v -2
T (2) = k) —z2IK 4 . (21)
; 1+ tr(Vi—iT'(2))
The shape parameter and the scale parameter of the Gamma distribution approximation are

M —K+1+ (K —1)p.)>
M—-K+1+(K—-1)02, "’

o = (22)

and

Gk =

M—-K+1+ (K- )Ui,c Z 2T252Uki +ptTt51§ (23)
i .

M—K+1+ (K —1) iy (1 +ptTtﬁk Ly Zz . (1+2pt(T1tf;)t/¥:gj)—2ptTtﬂ?

With this approximation on the distribution of py, the following approximate result on the system
achievable rate is obtained from (12):

Ry = (1 - Z) E {log, (pr + 1)}

(2 (1 - %) logy (E{px} +1)

Q

(1 - %) log, (akCr + 1), (24)

where (a) is obtained by using Jensen’s inequality E{log,(pr + 1)} < logy(E{px} + 1) [20,21]. In accor-
dance with [2,3,22], we assume that the number of terminals K remains fixed while the number of BS
antennas M grows without bound. In this case, following the deterministic equivalence analysis of the
SINR [6], the right-hand-side of (a) is also a tight approximation of Rj and represents its asymptotic
behavior for large M. From (24), we obtain an asymptotic approximation of achievable rate of the kth
UT as stated in the following proposition.
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Proposition 1. When the number of terminals K remains fixed and the number of BS antennas M
grows without bound, i.e., M — oo, the achievable rate for the kth UT can be approximated by

M

272 53 2
= Dy Tt ﬁkvki + ptTtﬁk
Rk approx — <]- - _t) 1Og2 Z + ]‘ : (25)
’ T 2 1 K (14+2p: Ty B1) Brvri —pe Ti B
(14 peTeBe)” i pe 2= (1+p:TeB1)? L
An approximation on the achievable sum-rate Rsmmapprox is thus given by
K
Rsum,approx = Z Rk,approx
k=1
K M
T; 1 T2 Bk + pe T4}
- (1 B T) R rwwend Dhun sk Optimm g T 0
k=1 e =1 p, =1 (1+p:T:B1)?
Proof. Lety= (K —1)/M. From (22) and (23),
M -
1 piTEBor + pe Ty 57
arGr = (1 =7+ Ytby.c) > e . (27)

1 T, 24 1 K (142p:TeB1) Broii—pe T 57
(L4 peTuBe)” i Pu + 2 (14+p:Te 1)?

In [19], it has been shown that 0 < p,, < 1. Thus when K is finite and M — oo, we have v — 0 and

pITEB3 vk + pe T 57

1 T, 24 1 K (142p:Te 1) Broii—pe Te 57
(L4 peTeBe)” i pe T2z (1+p: T2 B1)?

Oéka — (28)

This completes the proof.

Compared with the sum-rate expression in Subsection 2.3, Proposition 1 provides a tractable closed-
form asymptotic approximation for the achievable sum-rate. In addition, Proposition 1 indicates that
the derived asymptotic approximation of the achievable sum-rate avoids the computations of ., and 03,
which have to be solved numerically and need tens of iterations. This reduces the computation complexity
in the sum-rate calculations.

3.2 Training length and training power optimization

In this subsection, we solve the optimization of the training length T} and the training power p;. For the
tractability of the problem and to find low-complexity designs, the asymptotic sum-rate approximation
derived in Proposition 1 replaces the exact average sum-rate as the objective function for the optimization
problem in (15). Moreover, the problem is a joint optimization with respect to p; and T}, and is therefore
difficult to tackle. We decompose the problem into two subproblems: (1) for a given p;, find the optimal
T; that maximizes the achievable sum-rate, and (2) for a given T}, find p; that maximizes the achievable
sum-rate. The two subproblems are solved in Subsections 3.2.1 and 3.2.2, respectively. Then the overall
optimization algorithm is provided in Subsection 3.2.3 via alternative optimization.

3.2.1 Pilot length optimization

For an arbitrarily given data transmission power p, and pilot transmission power p;, the pilot length
optimization problem can be formulated as

max%mize Rsum,approx7 (29)
t

st. KT, <T,
T: € N.
Since T; takes discrete integer value with finite possibilities, it is obvious that exhaustive search can be

used to find the optimal solution. But such method is computationally expensive. For a low computation
solution we prove the following proposition.
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Proposition 2. The asymptotic sum-rate approximation Rsum,approx is a concave function of T} for
T; € R, with R being the real number set.
Proof. Define that

ari = piTEBvw: + peTiBE, (30)
b 2 (1 +pTeBr)’, (31)
K
1 1+ 2p:T; i T.
Chi é - 4 Z ( + Dt t/Bk)/Bkvk‘ — Pt tﬂk (32)
T 1 + b))’

Thus,

— [
R approx = (1 - _) log, (Z bkik ) (33)

The second derivative of Rhawrox over T} is given by

M M ) M ) M 2
R [(1 - %) 21:1 (bZ’Z;l )” - %Zrﬂ%)l](Zi:l b:i,l” + 1) - (1 - %)[2121 (bZ’Z;l )I]
k,approx — .

" 2
(1n2)(zz e T 1)

After tedious but straightforward calculations, we can show that Rk Japprox < 0. Therefore, Rhawrox is
a concave function in K < T3 < T. Finally, using the fact that the summation of concave functions is
concave, we conclude the proof.

Since the objective function is concave, its optimization can be solved via one-dimensional linear search,
such as the golden section search [23]. The ceiling and floor functions of T} are written as [1}*] and |T}],
respectively. As the optimal value for the training length must be an integer, we first find the real value
T} that maximizes Rsum,approx, then compare the sum-rates obtained by using |T}*| and [7}]. The

optimal training length is thus the one results in the larger sum-rate.

3.2.2 Data transmission power optimization

For an arbitrarily given training length 73, the data transmission power optimization problem can be
formulated as

maxgmize Rsum,approx, St. 0 < p; < T%. (34)
t

The following proposition is proved.

Proposition 3. The asymptotic sum-rate approximation Rsum,appmx is a concave function of p;.
Proof. With the definitions in (30)—(32), the asymptotic sum-rate approximation is given in (33). Since
the coefficient 1 — T3 /T is independent of p; and the logarithm is also a concave function, it is sufficient
to show that ZZ 1 Efjk_ is concave in p; for 0 < pr < P/T;.

The second derivative of Ry approx OVer p; is given by

M
Z ki " — _T,82% Qb Z dii W b—l Z s Qdkzc,“/c;m
brCri vk g ok 2

i=1 i=1 Chi i=1 Chi
where
dii = [PTiBr (20ki — 1) + 1] ek + pe (0 Ty Bvni + 1) (14 peTifBr) -
After tedious but straightforward calculations, we can show that Zf‘il (ki )" < 0. Therefore, ZZ R

is a concave function of p; for 0 < p; < P/T;. This concludes the proof.
With the result in Proposition 3, the optimization in (34) can be solved via one-dimensional linear
search, such as the golden section search [23].
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3.2.3  Owverall optimization algorithm

The overall joint training length and training power optimization problem with respect to maximizing
the asymptotic approximate average sum-rate can be expressed as follows:

maj}gimize Rgum,approx, s.t. 0<py < T%, KT, <T, T; €N. (35)
t,Pt

We solve this problem by iteratively and alternatively optimizing 7} and p,, as explained in Subsections
3.2.1 and 3.2.2. The propose algorithm in provided in Algorithm 1.

Algorithm 1 Iterative optimization algorithm for (35).

: Initialization: Tt( ) — =K, p(o) pgo) = P/T. Calculate Rgﬂ)m,appmx based on (26). Let ¢ = 1.
: Given pgf D and pi’ 1), find the optimal real value Ty*(®) via one-dimensional linear search.
: Update T3 «— |T,*@ | or T1(V « [T3*(], depending on which results in the large approximate sum-rate.

: Given T3 find the optimal p( 9 via one-dimensional linear search. Calculate p(z) using (14).

: Given p( ), p(i) and Tz( ), calculate Réu)myappmx based on (26).
i (1)

If |R£u)m,approx — Rgf;nl,;ppmx\ is less than the tolerance €, output T,"
and go to Step 2.

©)

oA SN R

and p;’ as the solution. Otherwise, i = i + 1

3.3 Training length design with equal power allocation

Depending on the applications, some communication systems may not have the luxury of adjusting
the powers for the training and data transmission phases [11]. Thus in this section, we consider fixed
transmission power where the training power p; and the data transmission power p,, are the same, and
study the optimization of the training length. Define that p £ P/T. Since P is the total transmit energy
spent in a coherence interval T and the noise variance is 1, p has the interpretation of average transmit
signal-to-noise-ratio (SNR) and is therefore dimensionless. For this simpler case, closed-form solutions
on the training length for both high SNR and low SNR scenarios are obtained. The results are stated in
the following proposition.

Proposition 4. Assume that p; = p, = p. If p > 1, the optimal length of the training interval is
T, = K. If p < 1, the optimal length of the training interval is T3 = T'/2.

Proof. To facilitate the proof, we denote the length of the data transmission phase as T),. Thus T, £
T — T;. Then rewriting Rk,appmx yields

- T, Tu)*Bvki + p (T = Tu) B}
Ry, approx — 108;2 Z k k = +1]. (36)
’ T 2 [14+2p(T—Tu) B Brvii —p(T—Tu) B
[1 +p (T T.) + Zl 1 [1+p(T—Tu)BkI?
Next we show that if p > 1, Ry approx i an increasing function of T, by proving that R%’appmx £
de,approx /dT,, > 0. Under the aforementioned SNR condition, Rk,approx can be approximated as
M
= p (T —Ty) Broki
Ry.approx ~ — logy Z 7 +1 (37)
T —T-T,— K+2>,_, vk
Differentiating Rk,approx in (37) over T,, yields
T) Brvki I
b anprox X 1og p +1| — =, 38
k,appro 2 ZT T, K+2Zk | Vki T (38)

where

M -1 K
1, & o8z (e) T <Z Uki ) 3 (22 k=1 Oki = K)o (39)
i 37
T—Tu \IGT-Tu—K+2Y,_, vk =1 (T_Tu_K+2Z£{:1Uki)
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We have R!

k,approx > 0 because
,

-1
. 2l — 1 i ks
(T' = 1) Br T—T,—K+2Y 0 vk

i=1

This shows that Rhawrox is an increasing function of T;,. Thus Rsum,approx = Zle Rhawrox is also an
increasing function of T},. To maximize Rsum,approx, T, takes its maximum value, and equivalently T}
takes its smallest value which is K.

Next, we show that if p < 1, Ty, = T/2 is the optimal solution. Under this low SNR condition,
expanding the sum-rate (36) in a Taylor series for p, we have

de,approx p + 1 dQRk,approx 2 Tu (T - Tu)

R p? = = "olog, (e) MBZ (40)

* T

Rk,approx ~ Rk,approx|p20 dp

p=0 p=0

Notice that T, only appears in the coefficient in front of the log-function. It is straightforward to see
that the optimal solution for T, is T'/2. This completes the proof.

Proposition 4 provides useful insights for the high SNR and low SNR scenarios. At high SNR, the
smallest training length, K, is enough to have good channel estimation. On the other hand, when the
SNR is low, longer training period is needed to improve the channel estimation quality for high spectral
efficiency in data transmission. In this case, half of the coherence interval should be devoted to training.

4 Numerical results

In this section, the achievable sum-rate analysis and the resource allocation solution presented in Section 3
are validated through Monte-Carlo simulations. We consider a hexagonal cell with a radius of 1000 m and
assume a distance-based path-loss model S = zi, (1x/ rh)l’, where z;, is a log-normal random variable with
standard deviation 8 dB, rj is the distance between the kth UT and the BS, and v = 4 is the path-loss
exponent. We distribute K = 5 UTs uniformly in the cell and assume that the BS-UT distance is no
smaller than r, = 100 m. The typical outdoor wireless propagation environment is considered, where the
channel PAS can be modeled as the truncated Laplacian distribution [15,24]. The channel PAS is

B 1 . (—\/5|9—9k|
= Von(l —exp(—v2n/oy)) ¥

Sk (0)

),for(ge[ek—ﬂi,ek-f—ﬂf], (41)
Ok

where o, and 6, represent the channel angular spread (AS) and the mean angle of arrival (AoA) of the
kth UT channel, respectively. We assume that channel ASs are the same for all UTs, so that o = o.
The channel covariance matrices of the UTs are generated according to the model given by (2). We set
o = 0.175 and the mean AoAs of the UTs from UT 1 to UT 5 are [—0.7812, —0.4639, 0.0982, 0.6952, 0.9737]
in radian.

We first validate the tightness of the asymptotic approximate achievable rate and the use of Gamma
distribution to approximate the SINR. Figure 1 plots (1) the simulated achievable rate of each user
in (12), (2) the analytical approximate achievable rate of each user in (24) where Gamma distribution
approximation is used, and (3) the asymptotic closed-form achievable rate in (25). We can see that the
derived asymptotic closed-form approximation tightly matches the simulated achievable sum-rate, even
when M is as small as 40. The approximation gets tighter as M increases. The figure also validates the
use of Gamma distribution to approximate the received SINR in the achievable rate calculation.

To show the advantage of the proposed optimal power allocation, in Figure 2, the cumulative distri-
bution of the sum-rate obtained from 2000 snapshots of large-scale fading are shown for equal power
allocation and the proposed optimal power allocation, where the training length is set to be T; = K. As
expected, the optimal power allocation improves the sum-rate by about 3 bits/s/Hz. The corresponding
ratio of the optimal training power to the optimal data power for M = 50 and M = 100 is shown in
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Figure 3. We can see that at low SNR, we spend more power during the training phase, and vice versa
at high SNR.

In Figure 4, the system sum-rates are shown for the following cases: (1) the optimal solution of
problem (35), (2) the optimal pilot length in (29) and equal power allocation, and (3) the pilot length
is K and equal power allocation. We can see that the joint optimization of training length and training
power can achieve considerably higher sum-rate than the uplink transmission with equal power and
T; = K, and improves the sum-rate by about 4 bits/s/Hz.

Figure 5 displays the optimal training length that maximizes the asymptotic approximate sum-rate
for different lengths of coherence interval. The training power and the data transmission power are set
to be the same, i.e., pr = p, = p. The number of BS antennas is set as 128. We see that as the SNR p
decreases, the optimal training length increases. When the SNR is set to be 20 dB, T; = K = 5 is the
optimal training length as the coherence interval changes from 5 to 178.

5 Conclusion

This paper addressed the optimal resource allocation problem for the pilot-aided single-cell multi-user
massive MIMO system uplink to jointly select the training length and the training power for given coher-
ence interval and total energy budget during the coherence interval. Under angular domain representation
of the channels, a tight asymptotic achievable sum-rate was derived in closed-form. Then the separate
training interval and training power optimization problems that maximize the derived sum-rate were
shown to be concave, based on which a low-complexity alternative optimization algorithm for the joint
design was proposed. For the special case that the training power and data transmission power are
the same, the optimal training lengths were show to be the same as the UT number for asymptotically
high SNR and equals half the coherence interval for asymptotically low SNR. Numerical results shown
appreciable benefits of the proposed optimal resource allocation.
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