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Abstract The global stabilization control of arbitrary eigenstates for finite dimensional stochastic quantum
systems with non-diagonal free Hamiltonian and non-regular measurement operator is studied in this paper.
We propose a switching feedback control law, in which a constant control is used to steer the system state
to a convergence domain, and another control law designed based on Lyapunov stability theorem, is used to
attract the states in the convergence domain to the desired target state. The convergence to an arbitrary
target eigenstate from any initial state is strictly proved. Moreover, numerical simulation experiments on a
three-dimensional stochastic quantum system are implemented to demonstrate the effectiveness of the proposed

control.

Keywords eigenstate, stochastic quantum systems, global stabilization, switching control, Lyapunov stability

theorem

Citation Cong S, Wen J, Kuang S, et al. Global stabilization control of stochastic quantum systems. Sci China
Inf Sci, 2016, 59(11): 112502, doi: 10.1007/s11432-015-0911-7

1 Introduction

Although quantum mechanics has been established for more than 100 years, relative researches are still
active in microscopic fields [1], and the state transfer control of quantum systems is one of the important
aspects. In order to steer the system state to a desired target state, lots of control strategies have been
developed [2-7], in which feedback control has higher accuracy and stronger robustness but involves
the measurement of the system output [7]. The measurements in quantum systems, either projective
measurement [8] or continuous measurement [9-12] will lead to a non-classical property. The system
state will change inevitably in a probabilistic way, which is called quantum state reduction [13]. In the
1980s, Belavkinet et al. proposed the feedback control based on the measurement for quantum systems
by combining continuous measurement and feedback control [10, 14, 15], that is, the quantum system
is measured continuously and the system information can be obtained by the quantum filter, and one
can use the state information in feedback control to change the system dynamics [13]. According to the
quantum filter theory [10, 16-18], the feedback control based on measurement can be regarded as the
state feedback control with the quantum filter [19]. The dynamical model of the quantum filter with
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continuous measurement follows a classical stochastic differential equation: stochastic master equation
(SME) [10,11,19]. In order to obtain a deterministic manner by means of the control of stochastic quantum
systems, van Handel et al. explored the use of stochastic Lyapunov techniques for the design of feedback
controllers. They indicated that the global stabilization of the system state was difficult even for two-
dimensional systems, and the design method of the proposed control was hard to be adopted widely due
to the increase of computational complexity with higher dimensions [11]. For finite dimensional angular
moment systems, Mirrahimi et al. proposed a switching control to achieve the global stabilization of
eigenstates. The proof was done by the strict analysis on the sample paths of the quantum state [20].
Hereafter, Tsumura et al. proposed a continuous control to achieve the same task [1]. Recently, Ge et
al. expanded finite dimensional angular moment systems to more general finite dimensional stochastic
quantum systems. They designed a non-smooth state feedback control based on a non-smooth Lyapunov-
like technique to solve the global stabilization problem of eigenstates. Moreover, the effectiveness of the
feedback control strategies proposed based on SME was verified by the actual experiments [21-23]. The
great challenge in the global stabilization of quantum SME states is: the system contains uncountable
equilibriums, which include the eigenstates. The system state may converge to any one of the uncountable
system equilibriums without control laws. Simultaneously, SME is a nonlinear stochastic differential
equation, and the methods of designing control which are only suitable for linear systems are invalid at all.
The adopted method of designing control needs to be suitable for nonlinear systems. The measurement
operators of the stochastic quantum systems considered in the existing researches [3, 13,20, 24-26] are
all regular, which requires the eigenstates be all the system equilibriums in the setting of diagonal free
Hamiltonian. We will loosen this restriction of the measurement operator to solve the problem of the
stochastic systems with non-regular measurement operator and non-diagonal free Hamiltonian.

In this paper, we design a switching feedback control to make the quantum SME states converge to
arbitrary target eigenstates. For deterministic systems, the Lyapunov stability theorem and LaSalle’s
invariance theorem are important tools in the analysis and design of control laws [20]. Similarly, these
two theorems’ stochastic counterparts also play essential roles in our work. To solve the problem of
uncountable equilibrium points, the Lyapunov function proposed in this paper is used to distinguish the
desired target state from other equilibrium points. Then, we design a switching feedback control which
is composed of two parts: one is a constant control used to steer the state to a convergence domain from
the outside of the convergence domain; the other one is the control designed based on Lyapunov stability
theorem, which is used to steer the state in the convergence domain to the target state. The proposed
control laws steer the system state to the desired target state rather than other equilibrium points from
an arbitrary initial state in the state space. The convergence is analyzed and proved in detail.

The rest of this paper is organized as follows. The mathematical models of the controlled system
and the control problem are described in Section 2. In Section 3, the switching control strategy which
makes the target state globally stable is designed, and the main results of this paper are also given in
this section. In Section 4, the proof of the main results is given. Furthermore, the numerical simulation
experiments are performed on a three-dimensional system in Section 5. Finally, Section 6 concludes this

paper.

2 Description of the system model and control problem

The state of a finite dimensional quantum filter can be described by the density matrix, and the state p;
follows SME [11,20],

dpi = (=i [Ho, pi) + Lot Lt — 1L Lp, — Lp LTL) At — i [Hy, py] wydt
+1 (Lpt + pe LT — tr (Lpe + pe L) p) dwy
= a(p) dt + 5 (pr) dt + 6 (pr) dewr,
dy; = dwy + /ntr (Lpt + ptLT) dt,
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where, i = v/—1 is the imaginary; p; is the density matrix of the system obtained by the filter, and p; € S =
{pt ceC™ ™ ipp=pt = 0,tr(p) = 1,tr (th) < 1}7 in which C represents the set of complex numbers,
p¢! is the conjugate transpose of p;, and S represents the state space; w; is the 1-dimensional Wiener
process defined on the classical complete probability space (£, F,P) with a filtration {F;}+>0, in which Q
is a sample space, F is a o-algebra and a set of subsets of €2, P is a probability measure; dw; is the Wiener
increment with E (dw;) = 0 and E((dw;)?) = dt, where E (-) represents the expected value of a random
variable; y; is the measurement record of the output; Hy and H; are n x n Hermitian matrices, called
the free Hamiltonian and control Hamiltonian, respectively; L € C™*™ is the Hermitian measurement
operator which determines the way of the system interacting with the measurement apparatus; n € (0, 1]
is the measurement efficiency; u; € R is the control input, where R represents the set of real numbers;
[Ho, pt] = Hop: — p+Hp represents the commutator of Hy and py.

The control problem can be described as: to design control laws to globally asymptotically render the
stochastic quantum system (1) from any initial state to the desired target state almost surely, i.e.,

P (tlilgpt = Pf) =1, Vpo €S, (2)

where, P (-) represents the probability of events.
In order to interpret the control problem more clearly, we introduce the definition of “globally stable”
first.

Definition 1. Let p. be an equilibrium of (1), i.e., dp¢|p,=p. = 0, so if the equilibrium p. satisfies
limp, . P (SUPgoyc oo [Pt — pe| = €) = 0,Ve > 0, then p, is said to be stable in probability; if the equilib-
rium p,. is stable in probability and satisfies P (lim;—oopr = pe) = 1, Vpo € Si, S C S, then p, is said to
be locally stable. Moreover, p, is said to be globally stable when S; = S [27].

According to Definition 1, the control problem can be denoted as global stabilization via state feedback
control. In this paper, the measurement operator L = diag (I1,12,...,l,) is non-regular, i.e., at least two
diagonal elements of L are the same. Further, we set that [y = Iy # [y for k = 3,...,n as well as
Iy + 1y # l; +1j for i,j # 1,2. The free Hamiltonian Hy = [ " }], where Hoy = [;°1! 1°-12 | with

0o D ho_21 ho—_22
ho—12 # 0 and D represents a diagonal matrix. The control Hamiltonian H; = [Z; Z;z] = {hij},un
is connected, i.e., h;;q11) # 0 for i = 1,...,n — 1. Moreover, hj1 = hjo or hj1 = —hip, Vi = 3,...,n
cannot hold simultaneously, and hy; # 0 and hy; # 0 for i = 3,...,n. Then, we investigate the global
stabilization of an arbitrary eigenstate including py = p; = diag{wlo -0} for ¢ = 3,...,n and
i—1
pF = [”él z], in which ps = [b'l ! a] with b # 0 and a (1 — a) = bb*, where b* is the conjugate complex
number of b. It is obvious that py satisfies [Ho, ps] = 0, tr (py) = 1 and tr (ps?) = 1. It is easy to prove
that py is a controllable equilibrium. Because a can be selected as any real value, ps is an arbitrary

eigenstate.

3 Control design and main results

In this section, we design control laws to steer the system state to the given target eigenstate p; from an
arbitrary initial state, and derive the main results of this paper.

3.1 Control design

The idea of control design in this paper is from the Lyapunov stability theorem and LaSalle’s invariance
theorem for SME. The Lyapunov stability theorem is used to determine whether the target state is stable
in probability, while the LaSalle’s invariance theorem is used to determine whether p; converges to the
target state py. Namely, we need to construct a suitable Lyapunov function V', and design the control
law u (p¢) to ensure LV < 0 and V (py) = 0, where £ represents the infinitesimal generator [8, 28, 29),
and thereby the target state py is stable in probability. Then, we analyze the largest invariant set and
determine the convergence domain Q.q, so that the target state is locally stable in Q.q under u (p;). In
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order to make the target state globally stable, we need to design another control: a constant control, to
ensure the system state enters Q.q in a finite time when the system state is not in Q.q. Then, the control
u (pt) and the constant control compose the control us, under which the target state is globally stable.

Now, we focus on the target eigenstates with the form py = ["gl 3} We design the control law u (p¢)
with the Lyapunov method. Here, the Lyapunov function is constructed as

V(pe) = Vi (pe) + ctr® (Ppy) (3)

where, Vi (p1) = 1 —tr(pepyg); P = [ o] is a Hermitian matrix and satisfies tr (Ppy) = 0, in which

0 0

P = [z; Z;ﬂ with p11 # 0. According to tr (Ppys) = 0, R (p12b*) = %((a— 1) p11z — ap11) with
x = poa/p11 # £1, in which () represents the real part of a complex number.

It should be noticed that the matrix P in V plays an important role in solving the problem of un-
countable system equilibrium points. We can reduce and know determinately the states in the invariant
set by designing P, which is one of our tasks in this paper. The control u; is also realized by designing
P. The parameter ¢ € R and ¢ > 0, which is used to make sure that only the target state is contained in
the convergence domain Q.q for the states in invariant set.

We perform a straightforward computation and obtain the infinitesimal operator of p; acting on V' (p;),

LV (pr) = G (pt) +weg (pr) » (4)

where, G (pt) = 2ctr (Ppy) tr (Pa) + ctr? (P§), g (pt) = tr (—iH; [pt, 2ctr (Ppt) P — pg]).
Design the control law as

G (pt)
U = U =—————k, , 5
in which k, € R and k, > 0, and
LV (pi) = —kvg*(pt) <O, (6)

According to LaSalle’s invariance theorem, for any initial state, the system state p; converges to the
invariant set R as

R ={pr : LV (pr) =0} = {pr : g (pr) = 0}, (7)

in probability under u (p;). Notice that the states pg in R are included in the equilibrium points, so pr
has the form pr = [’”jl 2] with pr1 = [Zz; Zziz }, or pr is an eigenstate.

For the target state py, it is obvious that g (py) = 0, so p; € R. Based on Lyapunov stability theorem
and LaSalle’s invariance theorem for SME, if R only contains pf, u (p;) will make p; converge to py from
any initial state, and py is globally stable. However, R may contain other states besides py¢, and the
number of the states in invariant set R is even uncountable. In this case, p, may converge to any one
state in R rather than py under u (p;). Namely, u (p;) can only make the target state locally stable rather
than globally stable. Thus, we need to analyze the states in R, and change u (p;) to make the target

state globally stable.
3.2 Analysis of invariant set and main results

We analyze the state pr in R first. Because pr is included in equilibrium points, pr satisfies the condition
[Ho, pr] = 0. Based on (7), g(pr) = 0. According to [Hoy, pr] = 0, one can get a general form of pr
as pr = [’”jl 3}, where pgp; = [’;z; 1f2;§11} and priz = %b (a # 0.5) while pr11 = proe =
0.5 and S (ho—12pr21) = 0 (@ = 0.5), in which J(-) represents the imaginary of a complex number.
Since [Hy, py] = 0, we have hg_a2 = Xho_11 or ho_12 = 21;—3(1() when a # 0.5, and hg_22 = hg_11 or
S (ho—120*) = 0 when a = 0.5. Then, there are three types of states which make g (pgr) = 0:

(1) pr € R1 = {pr : tr (H1 [pr,ps]) =0 and tr (Ppr) - tr (H1 [pr, P]) = 0}, i.e.,

S (hi2pra1) - (2a = 1) + S (ha1b) - (2pr11 — 1) = 0, (8)
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S (hi2pre1) - (P11 — p22) + S (haip12) - (2pr11 — 1) = 0. 9)

Because tr (Ppr) # 0 for pr # pys, tr (Ppr) in (9) is omitted.

(2) pr € Re = {pr : tr (H1 [pr,ps]) # 0 and 2ctr (Ppr) tr (H1 [pr, P]) = tr (Hi1 [pr, ps])}-

(3) pr €ER3 ={pi:i=3,...,nand g(p;) = 0}.
Then, R =R1 UR2 UR3 Upy.

For different target states, we divide py into four cases according to ¥ (b) and a, and analyze the states
which make g (pr) = 0, respectively.

Case 1. ¥ (b) =0 and a # 0.5. In this case, pro1 = %b € R, so Eq. (8) can be written as

pr21S (h12) - (2a — 1) = b5 (ha2) - (2pr11 — 1), (10)
and Eq. (9) can be written as
pPr21SS (h12) - (p11 — p22) + S (h21p12) - (2pr11 — 1) = 0. (11)

When S (h12) = 0 and pr11 # 0.5, Eq. (11) becomes ho1S (p12) - (2p0r11 — 1) = 0. Letting S (p12) # 0,
then Eq. (11) does not hold. When S (hi2) # 0 and pgri1 # 0.5, Eq. (11) becomes pra = —% .

%Skh(?hlf;lf)' Let ggzllf;lf) # B2BLp then Eq. (11) does not hold, either. Moreover, when pri; = 0.5

PIy1

and pr21 = 0, the state is denoted as py,, i.e., pr, = [72* ] with pr,1 = [%" . ]. For pr,, Eq. (11)
necessarily holds. Thus py, € R in this case.

Case 2. §(b) =0 and a # 0.5. In this case, when prii # 0.5 and S (pri2) = %%(b) # 0, Eq.
(8) becomes (2pr11 — 1) S (h12b™ 4 ha1b) = 0. Due to

S (h12b" + ho1b) =0,

Eq. (8) holds and Eq. (9) becomes P52 (hipb*) + S (hoipia) = 0. Let Z—£22 ,%((’;21121;1*2)) by
designing Py, and Eq. (9) does not hold. On the other hand, when pri; = 0.5 and S (pri12) = 0, Egs.
(8) and (9) hold due to I (h12pr21) = 0 and (2pr11 — 1) = 0. Thus, py, also belongs to R4 in this case.

Case 3. §(b) = 0 and a = 0.5. In this case, S (ho—12) = 0, S(pr21) = 0, and pgri1 = 0.5. When
R (pr21) # 0, Eq. (8) becomes & (ha1b)-(2pr11 — 1) = 0, which means that Eq. (8) holds. Simultaneously,
Eq. (9) becomes pro1S (hi2) - (p11 — p22) = 0. Letting S (h12) # 0 and p11 # p22, Eq. (9) does not hold.
On the other hand, when R (pr21) =0, pro1 =0, i.e., pr = p1,, it is obvious that Egs. (8) and (9) hold,
and thereby pr, € R; in this case.

Case 4. 3 (b) # 0 and a = 0.5. In this case, S (ho—12) # 0. When S (pr21) # 0, Eq. (8) becomes
S (ha1b) - (2pr11 — 1) = 0, which means (8) holds. Simultaneously, Eq. (9) becomes

S (hi2pra1) - (P11 — p22) = 0. (12)

When S (hi2pre1) # 0, i.e., hia # prie, and p11 # pao, Eq. (12) does not hold. When his = pri2, Eq.
(12) holds, i.e., pr € Ry in which pry = [:2? w12 ], This state is denoted as pr. When S (pro1) = 0 and
R (pr21) = 0, we have pr = pr, € R1. Moreover, when S (pro1) = 0 and R (pro1) # 0, the state has the
general form of pg.

According to Cases 1-4, pr € Ry only when pr = pr, as long as P; in P satisfies certain condi-
tions, otherwise pgr ¢ Ri. Because Eq. (8) holds, we know that pr ¢ R. With Rg, the invariant
set R = {pyf,pr, and p;,i =3,...,n} for Cases 1-3. According to the analyses in Cases 4, pr € R1
only when pr = pr, or p; as long as P; satisfies certain conditions, otherwise pr ¢ Ri. Simi-
larly, because Eq. (8) must hold, there is no state pr € Ro. Combined with R3, the invariant set
R = {ps,pn,pr, and p;,i =3,...,n} for Case 4. Based on the analyses for R, the process of reducing
the states in invariant set contains two steps: (1) reducing the system equilibriums to pr based on
[Ho, pf) = 0 and [Hy, pr] = 0; (2) reducing the state from pr to ps, or ps by designing P.

Thus, a main result of this paper, which gives a solution of the control problem, is described in the
Theorem 1.
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Theorem 1. For system (1) with the same settings in Section 2, the system state p; converges to the
target eigenstate py = ["fl 3} with pp1 = [ o

! w1 a} from an arbitrary initial state under the switching

control

if py € Q> pr4+qya or pr € @ when p; last
enters ® through the boundary Q1 q/4, (13)
U+ =
' if pr € Q¢py or pr € ¢ when p; last enters
u (pt)a

® through the boundary Q,,,

in which @ = min {V (p¢)} =V (pr,) with p; € R and p; # py; p1,, = ~1I,,, where I,, is the identity matrix;
M=V (pr,)+2>0;05={p:V(p) =\ with A\ = M and A = M +Q/4; Osnsr = {ps : V (p) > M}
and Qenrrgra = 1ot Vip) <M +Q/4); @ = Qenpgra N Qom = {pe: M <V (pr) < M+ Q/4}.

u(pr) = 75((5:)) — kyg (pt), where G (pi) = 2ctr (Ppy) - tr (Pa) + ctr? (P§) and g(p;) = tr(—iHi|pt,
2ctr(Ppy) P — py]), in which P = [7! 0] with P| = [Z; o |. The conditions for designing P are: (1) If
S (b) =0and a # 0.5, %gl(:’hllp;f) # P2Blp (2) If S(b) # 0and a # 0.5, BL—L2 o ‘z((h}f;;;lf)), otherwise,

P11 # paa. Moreover, the conditions for determining ¢ are: if S (b) # 0 and a = 0.5, ¢ is a constant which
satisfies max{(nL+2 — %)N, %HN} <c¢< N with N = %, otherwise, %HN <c¢<N.

In Theorem 1, @ and M are used to divide the state space S into three parts: Qs n4q/4, Q<mr and
®. For different target states, R = {py, pr, and p;,i =3,...,n} or {ps, pn, pr, and p;,i = 3,...,n}. The
convergence domain Qcq is Q<as in Theorem 1, and we will give the proof of Theorem 1 in Section 4 in
detail.

4 Proof of main results

We denote by M; and M, two state domains in which the constant control u; = u. and the control
uy = u (p;) are applied, respectively. For Cases 1-3, R = {py, p1, and p;,i = 3,...,n} and

min{V (pr,),V (p;) fori =3,....,n} =V (p1,) .

The diagram of the proof is shown in Figure 1, in which Q> /14 C M1 and Q< C My, Moreover,
if p; enters ® through the boundary Qjs, then & C M,,; otherwise & C M;. Theorem 1 is proved
through the following three steps:

Step 1. The state in M is steered to M, in a finite time almost surely.

Step 2. The switching number of the system state between M; and M, is finite, and the system state
stays in M,, finally.

Step 3. The states in M, permanently converge to the target state ps almost surely.

Step 1 can be finished under the constant control wu., i.e., for any initial state pg € Qs s, the state
exits Qs s and evolves to M, in a finite time with probability 1. The proof of Step 1 contains two parts:
(1) The system state p; converges to a determined state which is included in M,, under the control u; = 1
from M. This conclusion will be given in detail by Lemma 1. (2) The transfer of the system state from
M to M, under the control u; = 1 is completed in a finite time. This conclusion will be given in detail
by Lemma 2.

Lemma 1. Under the control u; = 1, lim; o E (p:) = pr,, -
Proof.  Let p, = E(p;), and then p, under the control u; = 1 follows the equation:
SO i [Ho,p — 5 (L, L]l — [ ). (14)

Consider the function

W (o) =t (o~ p1,)?) = (0?) — = (15)
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Pt 1ts,alﬁlosts ely
=]

Figure 1 Diagram for the proof of Theorem 1.

According to (14), the time derivative of W (p¢) is

dw (p . L s : L
WP _ gt 3 0. ) ) — b (L. (L. )] ) — 28 [ 2] )
= —tr (1L, 2] [L,1]) = =L 2 <0, (16)
where ||-|| represents the Frobenius norm.

Under the control uy = 1, p; converges to the largest invariant set M contained in the set {p; : ||[L, p4]||
= 0}. The state trajectories in M are denoted as p/'. According to ||[L, p*]|| = 0, we have [L, p] = 0.

Since L is a diagonal matrix with [; = ly # I for k # 1,2, we obtain p;”"' = [”f ;}, in which pp =

[rr11 rmz ] and D = diag(ds, . .., dy).

PF21 PF22
ho—11  ho—12 0 hi2
+u
ho—21 Xho—11 ha1 0

From Section 2, we have
ho-11 0 0 hyg + o1
= + U
0 ho-1n1

u
0 hi2 +

Ho1 +uHypy

ho—12

11 }, then Hy and H; can be written as
(X =1 ==

hoy + ho;m (X _ 1) ho;n
ho—21

Letting Hy; = [h‘)*“ 0 ] and H{y

Y ho—11

s +

HY = [Hgﬁ g] and H{" = [gi Zii]’ respectively, in which D represents a diagonal matrix. It should
be noted that H{i; = [hm +0h0721 &lit)’f{:i} with u; = 1. H} is also a diagonal matrix. Therefore,
[HE, pM] = 0. The mathematical expression of dp is the same as that of p{*!, so that the expression of
[H{, pM] is the same of that p/! on the basis of (14). Because of

[Hiy, pr] HioD — ppHio

Hla_M = ~ ~ )
i Hopr — DHoy {H22,D}

[Haa, D] is a diagonal matrix and HisD = prHis. Hoo is connected, so Disa diagonal matrix with the

same diagonal elements and denoted as D = kI, 5. At this point,

his --- h 0 -0
H12D—IiH12—Ii 1 n + K s
0 0 has han
his3 h ho h 0 -0 0O ---0
prHi2 = pri1 e PF12 4 PF21 + pra2 .
0 hiz - hiy has --- hay




Cong S, et al. Sci China Inf Sci  November 2016 Vol. 59 112502:8

Since hry = hge and hiy = —hge, Vk = 3, ..., n cannot hold simultaneously, we have
hiz - hyip hoz -+ hay 0 -..0 0 ..-0
o ! #++ s ’ and #+ .
0 ... 0 0 ... 0 his -+ hip has -+ hop
In view of hiy # 0 and hog # 0 for k= 3,...,n, HisD = prHis holds only when pp11 = proo = k and

) 1

pri2 = pro1 = 0, i.e., pp = [O J Due to D = kl,,_o and the fact that tr(ﬁ{‘/‘) =1, we have Kk = -
and p' = %In, namely M = {p;, }. Thus, lim;E (p;) = lim;—,o0pr = pr,,. The proof of Lemma 1 is
completed.

Lemma 1 indicates that the system state will converge to the state p;, under the constant control
uy = 1. Since py,, is included in Q¢pr C My, the proof of the first part of Step 1 is finished. Next, we
prove the second part of Step 1 by Lemma 2.

Lemma 2. Let 7,, (Q>n) be the first exit time from the set Qs of the system trajectories starting
from po, and then 7,, (Qs ) < 0o holds almost surely.

Proof.  Because V (p;) is continuous and lim;—,E (p+) = pr, , we have

time o (V (p0) = V (o (90)) = 1= =+ cta? (Ppy, ), (17)

M —V (p1,) = Q/2 > 0, thus there exists T > 0 so that |[E(V (p;)) =V (pr1,,)| < Q/2 for all t > T.
Consequently, for all t > T,

B(V (o) <V (por,) + % = M. (18)

Define T (po) = inf{T:E(V (p;)) < M,t>T} and T = sup, sT (po). Due to the continuity of
E(V(pt)), T (po) is continuous with respect to pg, so T' < co must hold, i.e., there exists T < oo so that
E(V (p)) < M, Vt > T, ¥po € S under the control u; = 1. Then we can show 7,, (Q= ) < oo almost
surely by the similar analysis in [26]. Lemma 2 holds.

Lemma 2 indicates that p; will leave the set Q< s under the control u; = 1 in a finite time. According
to Lemmas 1 and 2, Step 1 holds and the proof of Step 1 is completed.

Next, we prove Step 2. Step 1 indicates that the system state transfers to M, from M in a finite time
Tist. For t > T, there are two cases: the state stays in M, permanently (the occurrence probability
of this case is denoted as Py, ); and the state returns to My with probability 1 — Py, . Furthermore,
the state p; may transit back and forth between M; and M,, repeatedly. Thus the proof of Step 2 also
contains two parts: (1) The switching number of the state p; between My and M, is finite under the
control u;. This conclusion will be given accurately by Proposition 1. (2) After finite switches, the system
state p; will stay in M,, finally. In the premise that the switching number is finite, this conclusion can
be obtained by combining Step 1. Now, we give Proposition 1 and its proof.

Proposition 1. The system state switches between M; and M, have a finite number of times.

Proof.  According to the Lyapunov stability theorem for SME, we have

V (po)
A

Taking A\ = M + %, then P(supgc; ooV (pt) = M + %) < %Q/‘l =1—-p <1 Vi(py) < M leads
to P(supgci<ooV (pt) < M + %) > p. Therefore, when the system state is located in Q«yy, it stays in
cQcar+q/a With a probability more than or equal to p =1 — #@/4'

Denoting the event B, = {switch m times between M, and M1}, m = 1,2,..., then the probability
of By, satisfies P (B,,) < (1 —p)™. Thus, we have

P (Sup0§t<oov (pt) = )\) <

S PG <Y 1-p" =L, (19)

which indicates that the switching number between M, and M; is finite from the Borel-Cantelli lemma
[30]. The proof of Proposition 1 is completed.
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Finally, we finish the proof of Step 3. Steps 1 and 2 show that the system state will stay in M,
permanently after a finite time. According to the LaSalle’s invariance theorem for SME, the state p; will
converge to the invariant set R under the control u; = u (p:) (see Subsection 3.2). Here, we show that
M in Theorem 1 exists as long as that ¢ in (3) satisfies certain conditions. For the states in R, we have

Vo) =1- +c(%)2tr2 (P),

V(pl):]-a i=3,...,m,

Vo) =11 +(§> 0 (Py). (20)

1 1 °
V(ph) =1- 5 — 2R (hlgb*) + C<§‘EI‘ (Pl) + 21 (P12h21)> .

According to V (pr,,) < V (pt) with p, € R, the following conditions hold.

(1) For Cases 1-3, R = {pys, p1, and p;,i =3,...,n},

(a) In the light of V' (ps,) <V (p;), one can get that ¢ < N, where N = n/tr? (P);

(b) In the light of V (pr1,) < V (p1,), one can get that ¢ > 2N /(n + 2).

Thus, the constraint for ¢ is 2N /(n +2) < ¢ < N in this case. Owing to 2/(n + 2) < 1, ¢ exists, which
guarantees the existence of M.

(2) For Case 4, R = {py, pn,p1, and p;,i =3,...,n},

(a) In the light of V (pr,) < min{V (p;),V (p1,)}, one can get that 2N/(n +2) < ¢ < N;

(b) In the light of V (pr1,,) < V (pn), one can get that

max n 78n§R(h12b) N,0p <c<N.
n+2 4 + n?

Therefore, the constraint for ¢ is max{ (nL_|r2 - %)N, %HN} < ¢ < N. When #7% <1,

ie, R (hi2b*) > —8%:;—1;), ¢ exists, which also guarantees the existence of M.
Based on the constraints for ¢, we have

min{V (p:),pe € Rand p; # ps} =V (pr,) + Q=M+ § > M + ¢,
and p; ¢ Q<44 for any state p; # py in R. Thus,

{pt pr €ERN Q§M+Q/4} ={pr}, (21)

which means that there is only the target state in the domain Q.4 for the states in R, and p; converges
to py under the control u (p¢), i.e., P (limyo0pr = py) = 1.

Combining the three steps, one knows that the system state p; is steered to M, from M; under the
constant control u, in a finite time. Although p; may move between M; and M,,, the switching number
is finite, the state stays in M, finally under switching control u;, and finally p; converges to target state
ps under the control u (p;), i.e., the target state ps is globally asymptotically stable in probability under
the control u; for any initial state. The proof of Theorem 1 is completed.

Remark. The Lyapunov function (3) and the switching control u; in Theorem 1 can also be applied to
the case of eigenstates p; for i = 3,...,n. When the target state ps is an eigenstate p; for j € {3,...,n},
V (pf) = 0. We analyze the states pg which make g (pr) = 0. Considering that [pr,ps] = 0, we have
tr (Hy [pr, ps]) = 0, which means that there is no state pg in Ro. Combined with R3, the invariant set
R C Rumax = {R1,p¢,pi,i=3,...,nand i # j}. In order to make [pr, P] = 0, one can take P; = kpls.
Then, R = Ryax Wwhen P = kpls, otherwise R C Ruax. Since V (pr) = 1+ ctr? (P1pr1), the constraint
for ¢ can be obtained as 0 < ¢ < N according to V (p1,) <V (pr,) and V (pr,,) <V (p;) for i =3,...,n
with ¢ # j. Thereby, M in Theorem 1 exists for the case of the eigenstate p;. Under the switching control
in Theorem 1, the target eigenstate is globally stable, which can be proved by using a proof similar to
that of Theorem 1. Thus, either py = [pf ! 2] or py = p; is globally stable under the switching control

0
us in Theorem 1.
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5 Numerical simulation experiments

The numerical experiments are performed on a three-dimensional stochastic quantum system (n = 3) in
this section, in which the switching control proposed in Section 3 is used to make the target state globally
stable.

The system parameters in the experiment are set as

1 =2/3 0 0 1 1
Hy = 72/3 2 0|, Hi= 1 0 0.5i],
0 0 -1 —i—0.51 0

L = diag{1,1,2}, and n = 0.5. It is obvious that the system parameters satisfy the settings in Section 2.
So, Theorem 1 is applicable to this system.
The initial and target states are given as py = diag {0, 1,0} and

0.80.40
pr=104020],
0 00

respectively. In this setting, py is included in the case of & (b) =0 and a # 0.5. P is designed as

1 -241i0
P=02-|-2—-i 4 0],
0 0 O

which satisfies the condition (1) for P; in Theorem 1, i.e., ggﬁ;ﬁf) # P2BLp. cis designed as ¢ = 1.5 €

(04N, N) with N = % = 3, in which n = 3, and k, = 5, so that M = 0.85 and @ = 0.42. For the
selected system, the control (13) in Theorem 1 becomes

(1) If V(pt) = 0.91 or when p; € & = Q.91 N Q=085 and p; enters @ through the boundary Qg o1,
the control law is uy = u. = 1;

(2) If V (p:) < 0.85 or when p; € & and p; enters ® through the boundary Qg g5 the control law is

_2ctr (Ppy) tr (Pa) + ctr® (P9)
o (T, [pr, 2¢tx (Pp) P — py))

ur =u(pe) = — kytr (—1H1 [ps, 2ctr (Ppy) P — pyl) .

The experiments results are shown in Figure 2, in which Figure 2(a)—(e) are the functions of uy, p11,
P12, p22 and V over time in 5 experiments, respectively, while Figure 2(f) is the average value of V' in 10
experiments. From Figure 2(a) one can see that under the control u;, the functions of p11, p12 and pao
with time tend to be 0.8, 0.4, and 0.2, respectively, while the curves of u;, V' and the average value of V'
all tend to be zero, which demonstrate that the system state is steered to the desired target state, and
the control is effective. According to the results in 5 experiments, the state paths in every experiment are
different for the same initial state and target state, which shows the randomness of the controlled system.
Notice that the curves of V do not decrease monotonously, which is different from the deterministic
system.

6 Conclusion

The global stabilization control of arbitrary eigenstates for finite dimensional stochastic quantum systems
with non-diagonal free Hamiltonian and non-regular measurement operator has been studied in this paper.
We have adopted a switching feedback control combined with the control designed based on the Lyapunov
stability theorem and a constant control to steer the system state to the target eigenstate from any initial



Cong S, et al. Sci China Inf Sci  November 2016 Vol. 59 112502:11

10 1.0
(@) (b)
0
- o= 0.5
-10
-20 . . . . 0 . . . .
0 2 4 6 8 10 0 2 4 6 8 10
Time (a.u.) Time (a.u.)
0.4 1.0
(d)
0.3
- 0.2 & 05
0.1
0
" " " " 0 n I I "
0 2 4 6 8 10 0 2 4 6 8 10
Time (a.u.) Time (a.u.)
15 (e) 2.0 ©
SS
10 % 1.5
5]
=~ 0 1.0
0.5 §
< 0.5
0 o
1 I I 1 0 L
0 2 4 6 8 10 0 2 4 6 8 10
Time (a.u.) Time (a.u.)

Figure 2 Experiments results. Functions of (a) wu¢, (b) p11, (¢) pi2, (d) p22, and (e) V over time in 5 experiments;
(f) average value of V' in 10 experiments.

state in the state space. The convergence of the control has been proved based on the Lyapunov stability
theorem and LaSalle invariance principle for the quantum SME. Moreover, we have used the switching
control to steer system state to the target state for a three-dimensional stochastic quantum system in the
simulation experiments, which have verified the effectiveness of the proposed control laws.
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