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Abstract This paper investigates the stability of second-order stochastic neutral partial functional differential

equations driven by impulsive noises. Some sufficient conditions ensuring pth moment exponential stability of the

second-order stochastic neutral partial functional differential equations driven by impulsive noises are obtained

by establishing a new impulsive-integral inequality. These existing results are generalized and improved by the

present study. Finally, an example is given to show the effectiveness of our results.
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1 Introduction

The study of existence, uniqueness, and stability of solutions of stochastic partial differential equations

(SPDEs) in Hilbert or Banach space has attracted great interest due to their applications in many fields

such as biological systems, physical phenomena, electricity and engineering [1–5].

Unlike the strong solutions of SPDEs in infinite dimensions, the Itô formula of infinite dimensions [5]

does not directly apply to the mild solutions of SPDEs. Therefore new techniques and methods need to

be developed for the mild solutions. Nevertheless, the study of the mild solutions of stochastic partial

differential equations has been developed by the fixed point theory and some integral inequalities. For

example, Luo [6, 7] discussed the stability of stochastic partial differential equations with delays based

on fixed point theory. Taniguchi [8] discussed exponential stability for stochastic delay partial differen-

tial equations. Sakthivel et al. [9] studied the existence of solutions to nonlinear fractional stochastic

differential equations. Chen [10] discussed exponential stability for neutral stochastic partial differential

equations with delays by establishing integral inequality.

In addition, impulsive effects often exist in real world [11–13], which can lead to mutations of dynamic

systems and affect the system stability. For example, exponential stability of mild solutions to impulsive
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stochastic neutral partial differential equations was investigated by establishing new impulsive-integral

inequalities [14–16]. Arthi et al. [17] studied the existence and exponential stability of neutral impulsive

stochastic integrodifferential equations driven by a fractional Brownian motion. Zhang et al. [18] studied

the stability of neutral impulsive stochastic evolution equations with time-varying delays. The asymptotic

stability of impulsive SPDEs has been studied by fixed point theory [19,20]. Besides, impulsive stochastic

partial functional differential equations (SPFDEs) have been also examined extensively [21–24].

On the other hand, second-order partial differential equations [25–27] have recently gained popularity

because of their applications in modeling the charge on a capacitor and mechanical vibrations. The

interest of studying second-order systems is to directly deal with them, not to convert them to first-

order systems. Recently, the existence, stability, and controllability of mild solutions of second-order

SPDEs have been discussed extensively. For example, there are reports on the existence of mild solutions

of non-autonomous stochastic second-order differential equations [28, 29] and the dynamic behavior of

second-order stochastic evolution equations [30–32]. Furthermore, Arora and Sukavanam [33] discussed

the approximate controllability of second order semilinear stochastic system with nonlocal conditions.

Chen [34] discussed the stability of second-order neutral SPDEs with infinite delay by using integral-

inequality. Arthi et al. [35] discussed exponential stability of second-order neutral stochastic differential

equations with impulses. Motivated by the above studies, in this paper, we investigate second-order

stochastic neutral partial functional differential equations driven by impulsive noises by establishing a

new integral inequality.

The paper is organized as follows. In Section 2, some preliminaries are introduced. In Section 3, we

first establish a new integral inequality, which improves the inequality presented in [35] and then we

give the stability of second-order stochastic neutral partial functional differential equations driven by

impulsive noises by using the new integral inequality. In Section 4, an example is offered to illustrate the

effectiveness of our results. Section 5 concludes the paper.

2 Preliminaries

Throughout this paper let (Ω,F , {Ft}t�0, P ) be a complete probability space with the filtration {Ft}t�0

satisfying the usual conditions (i.e., the filtration is right continuous while F0 contains all P -null sets).

Let Υ and Γ be the two real separable Hilbert space with norm ‖ · ‖. L(Γ,Υ) is the space of all bounded

linear operators from Υ to Γ with the norm ‖ · ‖. {w(t) : t � 0} is a Γ-valued Wiener process defined

on the probability space with covariance operator Q, which is a positive, self-adjoint and trace class

operator on Γ. Let Γ0 = Q1/2Γ be the Hilbert space with respect to the Q-Wiener process w(t) and

L0
2 = L2(Γ0,Υ) be the space of all Q-Hilbert-Schmidt operators from Γ0 to Υ, which is a separable

Hilbert space with the norm ‖φ‖2
L0

2
= tr(φQ1/2(φQ1/2)∗) for any φ ∈ L0

2. For any bounded operator

φ ∈ L(Γ,Υ), ‖φ‖2
L0

2
= tr(φQφ∗). For details, see [2] and the references therein.

Let R+ = [0,+∞), τ > 0 and C = C([−τ, 0],Υ) be the family of all right continuous function η defined

on [−τ, 0] with the norm ‖η‖τ = sup−τ�ϑ�0 ‖η(ϑ)‖. For all � = 1, 2, . . . , C([−τ, 0],Υ) is the space of

the functions ζ : [−τ, 0] → Υ such that ζ is continuous at t �= t�, ζ(t
−
� ) = ζ(t�) and ζ(t+� ) exist. Let

Cb
F0

([−τ, 0],Υ) be the family of all bounded F0-measurable, C([−τ, 0],Υ) -valued random variables ς with

the norm ‖ς‖pC = sup−τ�ϑ�0E‖ς(ϑ)‖pΥ.
Consider the following second-order stochastic neutral partial functional differential equations driven

by impulsive noises:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

d[x′(t)−D(t, xt)] = [Ax(t) + f(t, xt)]dt+ g(t, xt)dw(t), t � 0, t �= t�, � = 1, 2, . . . ,

Δx(t�) = Î�(x(t
−
� )), � = 1, 2, . . . ,

Δx′(t�) = Ǐ�(x(t
−
� )), � = 1, 2, . . . ,

x(s) = ϕ(s) ∈ Cb
F0
, s ∈ [−τ, 0], x′(0) = ψ,

(1)

where A : D(A) ⊂ Υ → Υ is the infinitesimal generator of a strongly continuous cosine family of bounded
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linear operators (C(t))t∈R defined on Υ. xt : [−τ, 0] → Υ, xt(ϑ) = x(t + ϑ) for t � 0. ψ is a F0-

measurable Υ-valued random variable independent of w(t). f,D : R+ × C → C, g : R+ × C → L0
2(Γ,Υ),

0 < t1 < t2 < · · · < t� < · · · and lim�→+∞ t� = +∞. Î�, Ǐ� : C → Υ, Δξ(t) = ξ(t+) − ξ(t−), where ξ(t+)
and ξ(t−) are the right and left limits of ξ at t, respectively.

Definition 1 ([34]). A one-parameter family of bounded linear operators (C(t))t∈R ∈ L(Υ,Υ) is called

a strongly continuous cosine family if

(i) for all v, t ∈ R, C(v + t) + C(v − t) = 2C(v)C(t);

(ii) C(0) = I;

(iii) C(t)x is continuous in t on R, for each fixed x ∈ Υ.

AssumeA : Υ → Υ is the infinitesimal generator of (C(t))t∈R, which is defined byAx = d2

dt2C(t)|t=0, x ∈
D(A), where D(A) = {x ∈ Υ : C(t)x is twice continuously differential in t}. The corresponding strongly

continuous sine family (S(t))t∈R is defined by S(t)x =
∫ t

0
C(s)xds, for x ∈ Υ.

Lemma 1 ([25]). Let A be the infinitesimal generator of a cosine family of operators (C(t))t∈R. Then,

the following properties hold.

(i) There exists M∗ � 1 and δ � 0 such that ‖C(t)‖ �M∗eδt and therefore ‖S(t)‖ �M∗eδt.
(ii) For all 0 � s � t < +∞, A

∫ t

s
S(v)xdv = (C(t) − C(s))x.

(iii) For all 0 � s � t < +∞, there exists M∗∗ � 1 such that ‖S(s)− S(t)‖ �M∗∗| ∫ t

s
eδsds|.

Definition 2. A stochastic process {x(t), t ∈ R+}, is called a mild solution of (1) if

(i) x(t) is an Ft(t � 0)-adapted process;

(ii) x(t) ∈ Υ has a càdlàg path on t � 0 almost surely and for any t ∈ R+, x(t) satisfies

x(t) = C(t)ϕ(0) + S(t)(ψ −D(0, ϕ)) +

∫ t

0

C(t− υ)D(υ, xt)dυ +

∫ t

0

S(t− υ)f(υ, xt)dυ

+

∫ t

0

S(t− υ)g(υ, xt)dw(υ) +
∑

0<t�<t

C(t− t�)Î�(x(t
−
� )) +

∑

0<t�<t

S(t− t�)Ǐ�(x(t
−
� )). (2)

Definition 3. The mild solution (2) of (1), or simply (1), is said to be pth moment exponentially stable

for p � 2, if there exist two constants μ > 0 and M � 1 such that

E‖x(t)‖p �Me−μt, t � 0, p � 2.

Especially, if p = 2, Eq. (1) is said to be mean square exponentially stable.

In order to gain stability of (1), we impose the following hypotheses:

(H1) There exist constants M � 1 and α > 0, β > 0 such that for t � 0, ‖C(t)‖ � Me−αt, and

‖S(t)‖ �Me−βt.

(H2) There exist constants κ � 0, K1 > 0, K2 > 0, and K3 > 0 such that

‖D(t, x)−D(t, y)‖ � K1‖x− y‖,

‖f(t, x)− f(t, y)‖ � K2‖x− y‖,

‖g(t, x)− g(t, y)‖L0
2
� K3‖x− y‖,

and ‖D(t, 0)‖ = ‖f(t, 0)‖ = ‖g(t, 0)‖L0
2
� κ.

(H3) For x, y ∈ Υ and
∑+∞

�=1 a� < +∞,
∑+∞

�=1 b� < +∞, there exist positive numbers a�, and b� (� =

1, 2, . . . ) such that

‖Î�(x) − Î�(y)‖ � a�‖x− y‖,

‖Ǐ�(x) − Ǐ�(y)‖ � b�‖x− y‖,
and Î�(0) = Ǐ�(0) = 0.
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3 Main results

In this section, we will establish the stability criterion of the mild solutions of (1). First, we establish the

following impulsive integral inequality to overcome the interference of impulses.

Lemma 2. Let τ > 0, Ψ(t) : [−τ,+∞) → [0,∞) be Borel measurable and assume that there exist

nonnegative constants �i (i = 1, 2, 3, 4), ζ�, ς� (� = 1, 2, 3, . . . ) and σ such that

Ψ(t) � �1e
−η1t + �2e

−η2t, t ∈ [−τ, 0], (3)

and

Ψ(t) � �1e
−η1t + �2e

−η2t + �3

∫ t

0

e−η1(t−s) sup
ϑ∈[−τ,0]

Ψ(s+ ϑ)ds+ �4

∫ t

0

e−η2(t−s) sup
ϑ∈[−τ,0]

Ψ(s+ ϑ)ds

+
∑

t�<t

ζ�e
−η1(t−t�)Ψ(t−� ) +

∑

t�<t

ς�e
−η2(t−t�)Ψ(t−� ) + σ, t � 0, (4)

for η1, η2 > 0. If

� � �3
η1

+
�4
η2

+

+∞∑

�=1

ζ� +

+∞∑

�=1

ς� < 1. (5)

Then there exist constants λ ∈ (0, η1 ∧ η2) and ℵ � �1 + �2 such that

Ψ(t) � ℵe−λt +
σ

1− �
, for t � −τ, (6)

where λ and ℵ satisfy that

�λ � �3e
λτ

η1 − λ
+
�4e

λτ

η2 − λ
+

+∞∑

�=1

ζ� +

+∞∑

�=1

ς� < 1 and ℵ � �1 + �2
1− �λ

; (7)

or

�λ � 1 and ℵ �
(η1 − λ)(η2 − λ)[(�1 + �2)− (
3

η1
+ 
4

η2
) σ
1−
 ]

eλτ (�3(η2 − λ)− �4(η1 − λ))
, (8)

where �3(η2 − λ) �= �4(η1 − λ).

Proof. From (5), there exists a constant λ ∈ (0, η1 ∧ η2) such that �λ < 1 or �λ � 1. Then there exists

a constant ℵ � �1 + �2 such that ℵ in (7) or (8) can be defined well for given �1 and �2. For any ℵ̃ > ℵ,
we firstly claim that

Ψ(t) < ℵ̃e−λt +
σ

1− �
= z(t), for t � −τ. (9)

Obviously, Eq. (9) holds for any t ∈ [−τ, 0]. By reductio ad absurdum, if Eq. (9) is not true, then we

affirm that there exists a t̃ > 0 such that

Ψ(t̃) � z(t̃), Ψ(t) < z(t), for t ∈ [−τ, t̃). (10)

In what follows, we will obtain a contradiction to the above conditions.

From (4) and (9), we have

Ψ(t̃) � �1e
−η1˜t + �2e

−η2˜t + �3

∫
˜t

0

e−η1(˜t−s)

[

ℵ̃e−λseλτ +
σ

1− �

]

ds

+ �4

∫
˜t

0

e−η2(˜t−s)

[

ℵ̃e−λseλτ +
σ

1− �

]

ds+
∑

t�<˜t

ζ�e
−η1(˜t−t�)

[

ℵ̃e−λt� +
σ

1− �

]
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+
∑

t�<˜t

ς�e
−η2(˜t−t�)

[

ℵ̃e−λt� +
σ

1− �

]

+ σ

� �1e
−η1˜t + �2e

−η2˜t +

(
�3
η1

+
�4
η2

+
+∞∑

�=1

ζ� +
+∞∑

�=1

ς�

)
σ

1− �

+

(
�3e

λτ

η1 − λ
+
�4e

λτ

η2 − λ
+

+∞∑

�=1

ζ� +

+∞∑

�=1

ς�

)

ℵ̃e−λ˜t − �3σ

(1 − �)η1
e−η1˜t − �4σ

(1 − �)η2
e−η2˜t + σ. (11)

If Eq. (7) holds, i.e. �λ < 1, then Eq. (11) together with (5) and (7) yields

Ψ(t̃) � (�1 + �2)e
−λ˜t + �λℵ̃e−λ˜t +

σ

1− �
� ℵ̃e−λ˜t +

σ

1− �
, (12)

which contradicts to (10).

If Eq. (8) holds, i.e. �λ � 1, then Eq. (11) together with (5) and (8) yields

Ψ(t̃) �
(

�1 − σ�3
(1− �)η1

− �3ℵ̃eλτ
η1 − λ

)

e−η1˜t +

(

�2 − σ�4
(1− �)η2

− �4ℵ̃eλτ
η2 − λ

)

e−η2˜t + �λℵ̃e−λ˜t +
σ

1− �

�
(

�1 + �2 − σ�3
(1− �)η1

− �3ℵ̃eλτ
η1 − λ

− σ�4
(1 − �)η2

− �4ℵ̃eλτ
η2 − λ

)

e−λ˜t + �λℵ̃e−λ˜t +
σ

1− �

� �λℵ̃e−λ˜t +
σ

1− �
� ℵ̃e−λ˜t +

σ

1− �
, (13)

which contradicts to (10). Therefore, Eq. (9) is true. As ℵ̃ → ℵ, (6) holds. The proof is completed.

Remark 1. Let �i > 0 (i = 1, 2, 3, 4), σ = 0 and �3(η2 − λ) �= �4(η1 − λ) in Lemma 2, then we can

obtain Lemma 2.4 in [35]. In Lemma 2, we only need to find λ from �λ � 1 or �λ < 1. In [35] the

conditions �λ = 1 and �i > 0 (i = 1, 2, 3, 4) are too harsh, which are relaxed in Lemma 2. In this sense,

Ref. [35] is generalized and improved.

Remark 2. Lemma 2, which is different from the lemmas of [16,17], plays an important role here. The

main lemmas in [16, 17] cannot stand in the present study, because their conditions are stronger than

those of Lemma 2. That is, the conditions in the lemmas of [16,17,35] need to satisfy equalities, whereas

our lemma aims to meet inequalities (7) or (8), which are more effective and calculated easily. Thus, the

present study improves the existing results.

Theorem 1. Assume that (H1)–(H3) hold. Then Eq. (1) is the pth moment exponentially stable for

p � 2 if the following inequality holds:

4p−12(p−1)sgn(κ)MpKp
1α

−p + 4p−12(p−1)sgn(κ)MpKp
2β

−p

+4p−1cp2
(p−1)sgn(κ)MpKp

3β
− p

2

(
2(p− 1)

p− 2

)1− p
2

+ 16p−1Mp

(
+∞∑

�=1

a�

)p

+ 16p−1Mp

(
+∞∑

�=1

b�

)p

< 1, (14)

where cp = (p(p− 1)/2)p/2.

Proof. From (2), we have

E‖x(t)‖p � 4p−1E‖C(t)ϕ(0) + S(t)(ψ −D(0, ϕ))

+
∑

0<t�<t

C(t− t�)Î�(x(t
−
� )) +

∑

0<t�<t

S(t− t�)Ǐ�(x(t
−
� ))‖p

+4p−1E

∥
∥
∥
∥

∫ t

0

C(t− v)D(v, xt)dv

∥
∥
∥
∥

p

+ 4p−1E

∥
∥
∥
∥

∫ t

0

S(t− v)f(v, xt)dv

∥
∥
∥
∥

p

+4p−1E

∥
∥
∥
∥

∫ t

0

S(t− v)g(v, xt)dw(v)

∥
∥
∥
∥

p

� 16p−1E‖C(t)ϕ(0)‖p + 16p−1E‖S(t)(ψ −D(0, ϕ))‖p
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+16p−1E‖
∑

0<t�<t

C(t− t�)Î�(x(t
−
� ))‖p + 16p−1E‖

∑

0<t�<t

S(t− t�)Ǐ�(x(t
−
� ))‖p

+4p−1E

∥
∥
∥
∥

∫ t

0

C(t− v)D(v, xt)dv

∥
∥
∥
∥

p

+ 4p−1E

∥
∥
∥
∥

∫ t

0

S(t− v)f(v, xt)dv

∥
∥
∥
∥

p

+4p−1E

∥
∥
∥
∥

∫ t

0

S(t− v)g(v, xt)dw(v)

∥
∥
∥
∥

p

:= 16p−1
4∑

i=1

Fi + 4p−1
7∑

i=5

Fi. (15)

By (H1) and (H2), we have F1 � MpE‖ϕ‖pe−pαt � MpE‖ϕ‖pe−αt and F2 � Mp2p−1(E‖ψ‖p +

Kp
1E‖ϕ‖p)e−βt. By (H1) and (H3), we have

F3 � MpE

(
∑

0<t�<t

e−α(t−t�)a�‖x(t−� )‖
)p

� MpE

(
+∞∑

�=1

a
p−1
p

� a
1
p

� e
−α(t−t�)‖x(t−� )‖

)p

� Mp

(
+∞∑

�=1

a�

)p−1
∑

0<t�<t

q�e
−pα(t−t�)E‖x(t−� )‖p

� Mp

(
+∞∑

�=1

a�

)p−1
∑

0<t�<t

a�e
−α(t−t�)E‖x(t−� )‖p,

and

F4 � Mp

(
+∞∑

�=1

b�

)p−1
∑

0<t�<t

b�e
−β(t−t�)E‖x(t−� )‖p.

By (H1), (H2) and the Hölder inequality, we have

F5 � E

(∫ t

0

Me−α(t−v)‖D(v, xv)‖dvf
)p

� Mp

(∫ t

0

(
e−α(t−v)+−α(t−v)

p

) p
p−1

dv

)p−1 ∫ t

0

e−α(t−v)E‖D(v, xv)‖pdv

� Mpα1−p

∫ t

0

e−α(t−v)E‖D(v, xv)−D(v, 0) +D(v, 0)‖pdv.

When κ > 0,

F5 � 2p−1MpKp
1α

1−p

∫ t

0

e−α(t−v) sup
−τ�ϑ�0

E‖x(v + ϑ)‖pdv + 2p−1Mpκpα−p.

When κ = 0,

F5 �MpKp
1α

1−p

∫ t

0

e−α(t−v) sup
−τ�ϑ�0

E‖x(v + ϑ)‖pdv.

That is,

F5 � 2(p−1)sgn(κ)MpKp
1α

1−p

∫ t

0

e−α(t−v) sup
−τ�ϑ�0

E‖x(v + ϑ)‖pdv + 2p−1Mpκpα−p,

where sgn(·) is a sign function. Similarly, by (H1), (H2) and the Hölder inequality, we have

F6 � Mpβ1−p

(∫ t

0

e−β(t−v)E‖f(v, xv)− f(v, 0) + f(v, 0)‖pdv
)
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� 2(p−1)sgn(κ)MpKp
2β

1−p

∫ t

0

e−β(t−v) sup
−τ�ϑ�0

E‖x(v + ϑ)‖pdv + 2p−1Mpκpβ−p.

According to Prato and Zabczyk [2, Lemma 7.7, p. 194], (H1) and (H2), we have

F7 � cpM
p

(∫ t

0

(
e−βp(t−v)E‖g(v, xv)− g(v, 0) + g(v, 0)‖p

L0
2

) p
2

dv

) p
2

� cp2
(p−1)sgn(κ)MpKp

3

(
2β(p− 1)

p− 2

)1− p
2
∫ t

0

e−β(t−v) sup
ϑ∈[−τ,0]

E|x(v + ϑ)|pdv

+ cp2
p−1β−1Mpκp

(
2β(p− 1)

p− 2

)1− p
2

,

where cp = (p(p− 1)/2)p/2. These, together with (15) yield

E‖x(t)‖p � 16p−1MpE‖ϕ‖pe−αt + 16p−1Mp2p−1(E‖ψ‖p +Kp
1E‖ϕ‖p)e−βt

+4p−12(p−1)sgn(κ)MpKp
1α

1−p

∫ t

0

e−α(t−v) sup
−τ�ϑ�0

E‖x(v + ϑ)‖pdv

+4p−12(p−1)sgn(κ)MpKp
2β

1−p

∫ t

0

e−β(t−v) sup
−τ�ϑ�0

E‖x(v + ϑ)‖pdv

+4p−1cp2
(p−1)sgn(κ)MpKp

3

(
2β(p− 1)

p− 2

)1− p
2
∫ t

0

e−β(t−v) sup
ϑ∈[−τ,0]

E‖x(v + ϑ)‖pdv

+16p−1Mp

(
+∞∑

�=1

a�

)p−1
∑

0<t�<t

a�e
−α(t−t�)E‖x(t−� )‖p

+16p−1Mp

(
+∞∑

�=1

b�

)p−1
∑

0<t�<t

b�e
−β(t−t�)E‖x(t−� )‖p

+8p−1Mpκpα−p + 8p−1Mpκpβ−p + 8p−1cpβ
−1Mpκp

(
2β(p− 1)

p− 2

)1− p
2

� 16p−1MpE‖ϕ‖pe−αt + 16p−1Mp2p−1(E‖ψ‖p +Kp
1E‖ϕ‖p)e−βt

+ 4p−12(p−1)sgn(κ)MpKp
1α

1−p

∫ t

0

e−α(t−v) sup
−τ�ϑ�0

E‖x(v + ϑ)‖pdv

+

[

4p−12(p−1)sgn(κ)MpKp
2β

1−p + 4p−1cp2
(p−1)sgn(κ)MpKp

3

(
2β(p− 1)

p− 2

)1− p
2

]

×
∫ t

0

e−β(t−v) sup
ϑ∈[−τ,0]

E‖x(v + ϑ)‖pdv

+16p−1Mp

(
+∞∑

�=1

a�

)p−1
∑

0<t�<t

a�e
−α(t−t�)E‖x(t−� )‖p

+16p−1Mp

(
+∞∑

�=1

b�

)p−1
∑

0<t�<t

b�e
−β(t−t�)E‖x(t−� )‖p

+8p−1Mpκpα−p + 8p−1Mpκpβ−p + 8p−1cpβ
−1Mpκp

(
2β(p− 1)

p− 2

)1− p
2

.

Let �̃1 := MpE‖ϕ‖p, �̃2 := 16p−1Mp2p−1(E‖ψ‖p +Kp
1E‖ϕ‖p), �̃3 := 4p−12(p−1)sgn(κ)MpKp

1α
1−p, �̃4 :=

4p−12(p−1)sgn(κ)MpKp
2β

1−p + 4p−1cp2
(p−1)sgn(κ)MpKp

3 (
2β(p−1)

p−2 )1−
p
2 , δ̂� = 16p−1Mp(

∑+∞
�=1 a�)

p−1a�, δ̌� =

16p−1Mp(
∑+∞

�=1 b�)
p−1b�. If Eq. (14) holds, i.e., 
̃3

α + 
̃4

β +
∑+∞

�=1 δ̂� +
∑+∞

�=1 δ̌� < 1, then by (16) and

Lemma 2 there exist λ ∈ (0, α ∧ β) and M̂ such that E‖x(t)‖p � M̂e−λt. The proof is completed.
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Corollary 1. Assume that (H1)–(H3) hold. Then Eq. (1) is mean square exponentially stable for p = 2,

provided

4× 2sgn(κ)M2K2
1α

−2 + 4× 2sgn(κ)M2K2
2β

−2 + 4× 2sgn(κ)M2K2
3β

−1

+16M2

(
+∞∑

�=1

a�

)2

+ 16M2

(
+∞∑

�=1

b�

)2

< 1. (16)

Moreover, if κ = 0, then Eq. (1) is mean square exponentially stable for p = 2, provided

4M2K2
1α

−2 + 4M2K2
2β

−2 + 4M2K2
3β

−1 + 16M2

(
+∞∑

�=1

a�

)2

+ 16M2

(
+∞∑

�=1

b�

)2

< 1.

If Eq. (1) has no impulsive effects, Eq. (1) is transformed into the following second-order neutral

stochastic partial functional differential equations:
{
d[x′(t)−D(t, xt)] = [Ax(t) + f(t, xt)]dt+ g(t, xt)dw(t), t � 0,

x(s) = ϕ(s) ∈ Cb
F0
, s ∈ [−τ, 0], x′(0) = ψ.

(17)

By using the technique of Theorem 1, we can obtain the following result.

Corollary 2. Assume that (H1) and (H2) hold. Then Eq. (17) is the pth moment exponentially stable

for p � 2, provided

4p−12(p−1)sgn(κ)MpKp
1α

−p + 4p−12(p−1)sgn(κ)MpKp
2β

−p

+4p−1(p(p− 1)/2)p/22(p−1)sgn(κ)MpKp
3β

− p
2

(2(p− 1)

p− 2

)1− p
2

< 1.

If D(t, xt) = 0, Eq. (1) becomes the following second-order impulsive stochastic partial functional

differential equations:
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dx′(t) = [Ax(t) + f(t, xt)]dt+ g(t, xt)dw(t), t � 0, t �= t�, � = 1, 2, . . . ,

Δx(t�) = Î�(t
−
� ), � = 1, 2, . . . ,

Δx′(t�) = Ǐ�(t
−
� ), � = 1, 2, . . . ,

x(s) = ϕ(s) ∈ Cb
F0
, s ∈ [−τ, 0], x′(0) = ψ.

(18)

Corollary 3. Assume that (H1)–(H3) hold. Then Eq. (18) is pth moment exponentially stable for

p � 2, provided

3p−12(p−1)sgn(κ)MpKp
2β

−p + 3p−1(p(p− 1)/2)p/22(p−1)sgn(κ)MpKp
3β

− p
2

(2(p− 1)

p− 2

)1− p
2

+12p−1Mp

(
+∞∑

�=1

a�

)p

+ 12p−1Mp

(
+∞∑

�=1

b�

)p

< 1.

If Eq. (1) has no impulsive effects and neutral term, Eq. (1) becomes the following second-order

stochastic partial functional differential equations:
{
dx′(t) = [Ax(t) + f(t, xt)]dt+ g(t, xt)dw(t), t � 0,

x(s) = ϕ(s) ∈ Cb
F0
, s ∈ [−τ, 0], x′(0) = ψ.

(19)

By using the technique in Theorem 1, we can obtain the following result.

Corollary 4. Assume that (H1) and (H2) hold. Then Eq. (19) is pth moment exponentially stable for

p � 2, provided

3p−12(p−1)sgn(κ)MpKp
1α

−p + 3p−12(p−1)sgn(κ)MpKp
2β

−p

+3p−1(p(p− 1)/2)p/22(p−1)sgn(κ)MpKp
3β

− p
2

(
2(p− 1)

p− 2

)1− p
2

< 1.
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Remark 3. It should be pointed out that Theorem 3.4 of [34] could be given by Corollary 2. It is

important that if κ > 0, Theorem 3.1 in [35] cannot be obtained by their lemma, which is improved in

our paper. When κ = 0 and the delays of system (1) are constant, Theorem 3.1 of [35] can be directly

obtained as a special case of our results. The conditions of our results are weaker. In this sense, our

results generalize and improve the existing results.

Remark 4. In [14–17], first-order stochastic partial differential equations have been discussed by es-

tablishing integral inequalities. In [18–20], first-order stochastic partial differential equations have been

studied by the fixed point theory. This paper focuses on second-order systems, which are different from

the previously studied systems. In addition, the inequalities established in [14–17] cannot be applied here.

Instead, we generalize the first-order systems to second-order stochastic partial differential equations and

discuss the stability of the second-order systems by establishing a new integral inequality. Essentially, we

generalize these existing results to cover more general high-order systems.

4 Example

In the section, we give an example to verify the effectiveness of the results. Consider the following

second-order stochastic neutral partial functional differential equations driven by impulsive noises:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

d[x′(t)− u1xt − v1] =

[
∂2

∂z2
x(t) + u2xt + v2

]

dt+ (u3xt + v3)dw(t), 0 � z � π, t � 0, t �= t�,

Δx(t�) =
v4
�2
x(t−� ), � = 1, 2, . . . ,

Δx′(t�) =
v5
�2
x(t−� ), � = 1, 2, . . . ,

x(s) = ϕ(s) ∈ Cb
F0

([−τ, 0], L0[0,π]), x′(0) = ψ, x(t, 0) = x(t,π) = 0,

(20)

where uk > 0, k = 1, 2, 3, 4, and vl � 0, l = 1, 2, . . . , 5 are constants. w(t) is the standard one-dimensional

Wiener process.

Let Υ = L2[0,π] and Γ = Υ1
0(0,π)∩Υ2(0,π). Now we define the operator A : Υ → Υ by Ax = ∂2x

∂z2 ∈ Υ

with domain D(A) = Υ1
0(0,π) ∩Υ2(0,π), where Υ1

0(0,π) = {ω ∈ L2[0,π] : ∂ω
∂z ∈ L2[0,π], ω(0) = ω(π) =

0} and Υ2(0,π) = {ω ∈ L2[0,π] : ∂ω
∂z ,

∂2ω
∂z2 ∈ L2[0,π]}. Then A is the infinitesimal generator of a strongly

continuous cosine family of bounded linear operators C(t), t � 0 and the corresponding sine family

S(t), t � 0 in Υ, that satisfies ‖C(t)|| � e−π2t and ‖S(t)|| � e−π2t for t � 0. Thus it is easy to see

that all the conditions are satisfied with M = 1, τ = 1, α = β = π, K1 = u1, K2 = u2, K3 = u3,

κ = max{v1, v2, v3} = v, a� = v4
�2 , and b� = v5

�2 . Thus by Corollary 1, system (20) is mean square

exponentially stable provided

4× 2sgn(κ)u21π
−2 + 4× 2sgn(κ)u22π

−2 + 4× 2sgn(κ)u23π
−1 +

4v24π
4

9
+

4v25π
4

9
< 1.

Especially, if κ = v = 0, then system (20) is mean square exponentially stable provided 4u21π
−2 +

4u22π
−2 + 4u23π

−1 +
4v2

4π
4

9 +
4v2

5π
4

9 < 1. If κ = v = v4 = v5 = 0, then by Corollary 2 system (20) without

impulses is mean square exponentially stable provided 4u21π
−2 + 4u22π

−2 + 4u23π
−1 < 1.

5 Conclusion

In this paper, we have examined second-order stochastic neutral partial functional differential equations

driven by impulsive noises. We first establish a new integral inequality, which is effective for studying

impulsive systems. Based on the new inequality, we establish the exponential stability criteria. Our

results generalize and improve some existing work.
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