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Abstract The effect of amplifier nonlinearity is analyzed for M -QAM full-duplex communications in additive

white Gaussian noise channels. Two classical memoryless nonlinear amplifier models, i.e., a traveling-wave

tube amplifier and a solid-state power amplifier, are considered. An analytical expression for the bit error

ratio is derived using a characteristic function and numerical integration. Theoretical results show perfect

agreement with those obtained by simulation. The analytical results could be used to evaluate the degradation

in performance of an M -QAM full-duplex system caused by amplifier nonlinearity, and will be helpful in finding

the optimal static operating point of an amplifier.
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1 Introduction

The radio spectrum has become one of the scarcest resources with the rapid development of wireless

communication technologies [1, 2]. Full-duplex wireless communications can simultaneously transmit

and receive signals in the same band. Compared with a traditional half-duplex system, an ideal full-

duplex system can obtain double the throughput, which has attracted significant attention recently in

academia and industry, and work is now in progress to include full-duplex technology in future 5G mobile

standards [3].

However, full-duplex wireless communications suffer from strong self-interference [4], and the key point

is how to remove the strong self-interference perfectly (e.g., 100 dB higher than the desired signal) [3].

Three types of self-interference cancellation (SIC) method are considered: antenna cancellation [5–8],

analog cancellation [5, 8, 9] and digital cancellation [5–12]. By using a Wi-Fi signal and combining with

three cancellation methods [9], a maximum of 100 dB SIC can be achieved.

Usually, there are two cases for the reference signal paths during the analog cancellation stage [13]:
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Figure 1 Transceiver block diagrams of an M -QAM full-duplex wireless system.

• Case A describes perhaps the most widely used architecture for taking a reference signal from the

output of an amplifier. Groups of attenuators are needed in this approach to make the power of the

reference signal match the received signal. Typically, 16 adjustable attenuators and delay lines are used

for analog cancellation, and a maximum of 45 dB SIC has been achieved for a 80 MHz bandwidth Wi-Fi

signal [14].

• In case B, the reference signal is taken from the input of the amplifier or generated from a third

transmission chain, which is known as the Rice University architecture [15]. The problem with this

implementation is the nonlinear distortion produced by the amplifier, which is not included in the reference

signal.

In this paper, we focus on case B. A digital nonlinear interference cancellation technique is given in [16].

It uses Hammerstein modeling of the nonlinear amplifier and least-squares parameter estimation. The

proposed technique enables a higher transmit power to be used compared to existing linear SIC methods.

Note that [13,16] do not indicate how much loss of performance was caused by amplifier nonlinearity and

how to choose the operating point of an amplifier for a full-duplex wireless communication system.

Thus, we investigate the performance degradation caused by amplifier nonlinearity for an M -QAM

full-duplex wireless communication system in an additive white Gaussian noise channel. Considering two

classic nonlinear amplifier models, i.e., a traveling-wave tube amplifier (TWTA) and a solid-state power

amplifier (SSPA), the bit error ratio (BER) for M -QAM full-duplex wireless communications is derived.

From the analyzed results, we can see the performance degradation caused by amplifier nonlinearity

compared with an ideal linear amplifier. Using the analysis results in this paper, we can choose the

optimal operating point of an amplifier to give a tradeoff between transmission power and performance

degradation.

2 System model

Block diagrams for full-duplex wireless communications are shown in Figure 1. The two communication

nodes are the far node and the near node, both of which have the same hardware architecture and

parameters. For simplicity and without loss of generality, we consider the received signal at the near

node, since, due to hardware symmetry, the same analysis applies to the far node [17].
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2.1 Transmission system model

The transmitted signal from the far node can be written as

xf (t) =
√
PfG

[
+∞∑

k=−∞
dfkh(t− kT )

]

ej2πfct, (1)

where Pf is the transmission power, G(·) is the normalized gain function of the amplifier, dfk is the kth

M -QAM modulated symbol, T is the symbol period, fc is the carrier frequency and h(t) is the shaping

pulse.

The transmitted signal from the near node can be written as

xn(t) =
√
PnG

[
+∞∑

k=−∞
dnkh(t− kT )

]

ej(2πfct+φ), (2)

where Pn is the transmission power, dnk is the kth M -QAM symbol and φn is the initial phase of the

carrier.

The received signal at the near node antenna is given by

r(t) = xf (t) + xn(t− τ) + n(t), (3)

where τ is the relative transmission delay of the near signal and n(t) is additive white Gaussian noise

with a single-sided power spectrum density of N0 .

2.2 Nonlinear power amplifier model

The gain for power amplifier distortion is given by [18]

G(r) = r ·A(|r|) exp[jΦ(|r|)], (4)

where r is the input signal, A(|r|) is the amplitude distortion of the input amplitude |r|, Φ(|r|) is the

phase distortion of the input amplitude |r| and G(r) = r for an ideal linear amplifier. The operating

point of an amplifier is usually identified by the output back-off (OBO) [18], which is given by

OBO = 10 log10
Pmax

Pout
dB, (5)

where Pmax is the maximum output power of the amplifier and Pout is the mean power of the current

output signal.

In this paper, we consider two classical nonlinear models of an amplifier. For TWTA [18]:

A(|r|) = αa|r|
(1 + βa|r|2) , Φ(|r|) = αφ|r|2

(1 + βφ|r|2) , (6)

where αa is the small signal gain and As = 1/
√
βα is the amplifier input saturation voltage. The maximum

output is A0 = αaAs/2. Moreover, the maximum phase displacement is φ∞ = αφ/βφ. A plausible choice

of these parameters is αa = 1, βa = 0.25, αφ = π/60 and βφ = 0.25.

For SSPA [18]:

A(|r|) = v · |r|
[1 + (v · |r|/A0)

2p]
1/2p

, Φ (|r|) = αφ

(
v · |r|
A0

)4

, (7)

where v is the small signal gain, A0 is the saturating output amplitude, p is a parameter that controls the

smoothness of the transition from the linear region to the saturation region and αφ is a phase rotation

parameter. Hereafter, we choose v = 1, A0 = 1, αφ = π/60 and p = 2.
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3 Effects of amplifier nonlinearity

3.1 Radio-frequency SIC

At the radio-frequency (RF) front of the near transceiver, the self-interference is first estimated and then

removed from the received signal, i.e.,

z(t) = r(t) − x̂n(t), (8)

where x̂n(t) is the estimation of xn(t), which is given by

x̂n(t) = (1 + η)
√
PnG

[
+∞∑

k=−∞
dnkh(t− kT − τ −Δτ)

]

ej[2πfc(t−τ−Δτ)+φ+Δφ], (9)

where η ∈ [−1, 1] is the relative estimation error of the amplitude, Δτ ∈ [−T/2, T/2] is the transmission

delay estimation error and Δφ ∈ [−180◦, 180◦] is the phase estimation error.

3.2 BER of QAM

The kth decision variable of the near node after matched filtering is

d̂fk =
1

√
Pf

∫ +∞

−∞
z(t)e−j2πfct ∗ h(kT − t)dt, (10)

where ∗ denotes the convolution operation.

Usually, band-limited shaping pulses, e.g., a root raised cosine (RRC), are used in a transceiver. Due to

nonlinearity of the amplifier and exhausted inter-symbol interference, the exact final expression of (10) is

difficult to obtain. To expound the problem clearly and simply, we choose a special rectangular shaping

pulse instead of an RRC pulse, which avoids complicated inter-symbol interference. A comparison of

results for rectangular and RRC shaping is given in Section 4. The normalized rectangular shaping pulse

is given by

h(t) =

{
1√
T
, 0 � t < T,

0, otherwise.
(11)

So, Eqs. (1), (2) and (9) can, respectively, be rewritten as

xf (t) =
√
Pf

+∞∑

k=−∞
G
(
dfk

)
h(t− kT )ej2πfct, (12)

xn(t) =
√
Pn

+∞∑

k=−∞
G(dnk )h(t− kT )ej(2πfct+φ), (13)

and

x̂n(t) = (1 + η)
√
Pn

+∞∑

k=−∞
G(dnk )h(t− kT − τ −Δτ)ej[2πfc(t−τ−Δτ)+φ+Δφ]. (14)

By substituting (12)–(14) into (10), we get:

d̂fk = dfk +Δk +

√
Pn
Pf
λ+ n0, (15)
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where Δk = G(dfk) − dfk is the error vector caused by nonlinear distortion (Figure 2), which can be

calculated using the operating point OBO, amplitude and phase distortion equations (4)–(7). n0 is a

Gaussian variable with a variance of N0/(2PfT ) and λ is the residual self-interference factor given by

λ =

{
τ

T
ej(2πfcτ+φ) − (1 + η)

τ +Δτ

T
· ej[2πfc(τ+Δτ)+φ+Δφ]

}
G(dnk−1)

+

{
T − τ

T
· ej(2πfcτ+φ) − (1 + η)

T − τ −Δτ

T
· ej[2πfc(τ+Δτ)+φ+Δφ]

}
G(dnk ). (16)

From (16), we know the residual self-interference is caused by two neighboring symbols: dnk−1 and dnk .

The BER of M -QAM is different from the constellation area; see Figure 3. By using the classical

method in [19], we get the BER:

Pe =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1− (1− Pl) (1− Pu − Pd) , dfk ∈ AL,

1− (1− Pl − Pr) (1− Pd) , dfk ∈ AD,

1− (1− Pr) (1− Pu − Pd) , dfk ∈ AR,

1− (1− Pl − Pr) (1− Pu) , dfk ∈ AU ,

1− (1− Pl) (1− Pu) , dfk ∈ ALU,

1− (1− Pl) (1− Pd) , dfk ∈ ALD,

1− (1− Pr) (1− Pd) , dfk ∈ ARD,

1− (1− Pr) (1− Pu) , dfk ∈ ARU,

1− (1− Pl − Pr) (1− Pu − Pd) , dfk ∈ AC ,

(17)

where

Pl = Q

{√
2Eb

N0log2M

[
D

2
− Re

(
Δk +

√
Pn/Pfλ

)]}

, (18)

Pr = Q

{√
2Eb

N0log2M

[
D

2
+ Re

(
Δk +

√
Pn/Pfλ

)]}

,

Pd = Q

{√
2Eb

N0log2M

[
D

2
− Im

(
Δk +

√
Pn/Pfλ

)]}

,

and

Pu = Q

{√
2Eb

N0log2M

[
D

2
+ Im

(
Δk +

√
Pn/Pfλ

)]}

,

where Re(·) and Im(·) are for the real and imaginary parts and Eb is the energy per bit. The function Q

is given by

Q(x) =
1√
2π

∫ ∞

x

exp(−t2/2) dt.

D is the distance between constellation points, which can be calculated by

D =
2
√
M

√∑√
M

i=1

∑√
M

j=1 [(2i− 1−√
M)

2
+ (2j − 1−√

M)
2
]
. (19)

The average BER of M -QAM full-duplex wireless communications can be written as

P̄e =

∫ +∞

−∞
Pep(λ) dλ, (20)
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where p(λ) is the probability density function (PDF) of the residual self-interference factor λ.

To obtain the PDF of λ, we make an approximation to (16). In fact, the transmission delay Δτ is quite

small, e.g., several nanoseconds or picoseconds, so (τ +Δτ)/T ≈ τ/T and (T − τ +Δτ)/T ≈ (T − τ)/T ,

and the phase rotation 2πfcΔτ can be attributed to the phase estimation error Δφ, so we omit Δτ .

Thus, λ can be rewritten as

λ ≈ α
{
ejψ − (1 + η)ej(ψ+Δφ)

}
G(dnk−1) + (1− α)

{
ejψ − (1 + η)ej(ψ+Δφ)

}
G(dnk ), (21)

where α = τ/T is uniformly distributed in [0, 1) and ψ = 2πfcτ + φ is uniformly distributed in [0, 2π).

The characteristic function of λ is given by

Φ(ω) = E
{
ejωλ

}
=

1

M2

∑

x,y

Φx,y(ω), (22)

where Φx,y(ω) is the conditional characteristic function given by

Φx,y(ω)=
1

2π

1∫

0

∞∫

−∞

∞∫

−∞
ejωα[e

jψ−(1+η)ej(ψ+Δφ)]Gx+jω(1−α)[ejψ−(1+η)ej(ψ+Δφ)]Gyp(η)p(Δφ) dη d(Δφ) dα, (23)

where Gx, Gy ∈ {G1, G2, . . . , GM} are the xth and yth M -QAM constellation points distorted by the

amplifier nonlinearity. p(η) and p(Δφ) are the PDFs of the interference estimation error η and Δφ, which

can be modeled as Gaussian variables with zero mean [20].

The PDF of the residual interference factor λ can be obtained from

p(λ) =
1

2π

+∞∫

−∞
Φ(ω)e−jωλ dω. (24)

The closed-form expression of (24) is difficult to obtain; however, it can be evaluated by numerical

integration.

In this paper, a useful performance measure is the total degradation (TD) as a function of the amplifier

OBO, which is given by [18]

TDdB = SNRdB − SNR
′
dB +OBO, (25)

where SNRdB is the required signal-to-noise ratio in decibels for full-duplex wireless communications to

obtain a fixed BER (e.g., 10−4) for a given value of the OBO, and SNR
′
dB is the required SNR to obtain

the same BER in the absence of nonlinearity. The optimum operating point provides a good tradeoff

between output power and degradation.
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4 Numerical results and discussions

In this section, numerical results are presented to evaluate the performance of a full-duplex system with

nonlinear distortion. The system is set up as follows: the carrier frequency is 2 GHz and M -QAM is used

with a symbol rate of 1.28 M/s. The relative amplitude error η and phase error Δφ are assumed to have

Gaussian distributions [20] with standard deviations of 0.001 and 0.01◦.
The theoretical results for P̄e are calculated using (20), and we can see the perfect agreement with the

simulation results in Figures 4 and 5.

Figure 4 shows BER curves for 16-QAMwhen SIR =−40 dB and OBO = 3 dB. We can see performance

degradation of 5 dB (respectively, 6.2 dB) caused by amplifier nonlinearity for TWTA (respectively, SSPA)

at BER 10−4, compared with an ideal amplifier.

Figure 5 shows BER curves for 64-QAMwhen SIR =−33 dB and OBO = 7 dB. We can see performance

degradation of 0.6 dB (respectively, 3.1 dB) caused by amplifier nonlinearity for SSPA (respectively,

TWTA) at BER 10−4, compared with an ideal amplifier.

Figures 6 and 7 show TD versus OBO for 16- and 64-QAM full-duplex communications when SIR =

−40 dB or −33 dB. The TD values were obtained with (20) and (25). It can be seen that TD firstly

decreases with OBO, and finally increases with OBO. The BER performance was worse if OBO is too

low, but it is a waste of amplifier ability if OBO is too large. It is possible to find the optimal OBO

values for each system configuration considered from these figures.
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Figure 8 shows the PDF of residual interference factor Re{λ} shaped by RRC and rectangular pulses.

We can see that the two curves almost coincide and are different from a classic Gaussian PDF. The final

influence of λ on BER can be evaluated by (20).

Figure 9 shows the performance of BER for 16-QAM full-duplex communications shaped by rectangular

and RRC pulses. It can be seen that rectangular and RRC shaping curves decrease nearly parallel with

Eb/N0 (<15.5 dB). In particular, the rectangular shaping stayed about 0.6 dB ahead of RRC shaping at

BER = 10−3. However, when Eb/N0 increases, both curves became flatter, and the RRC shaping had

better BER performance.

5 Conclusion

In this paper, the effects of amplifier nonlinearities on full-duplex communications were evaluated. An

expression for the BER was derived, which can be used to evaluate the performance degradation caused

by amplifier nonlinearity and to find the best OBO value for amplifier configurations.
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