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Abstract In this paper, the performance analysis of MIMO systems with arbitrary number transmit antenna

selection (TAS) and orthogonal space-time block coding (STBC) in Rayleigh fading channels for imperfect

channel state information (CSI) is presented. For the performance analysis, the moment generating function of

the system effective SNR as well as its upper and lower bounds are derived. Then, accurate and approximate

expressions of bit error rate (BER) of MIMO-TAS-STBC with MPSK and MQAM are further derived. Using the

approximate BER formula and imperfect CSI, an adaptive antenna selection scheme is developed for minimizing

the BER. The diversity gain and coding gain are analyzed at high SNR. The results indicate that the MIMO-

TAS-STBC for imperfect CSI can only achieve partial diversity order KN and the coding gain is affected by K,

N , code rate, modulation pattern, and channel correlation coefficients, when K transmit antennas are selected

and N receive antennas are used. Simulation results show that the theoretical analysis matches the simulation

result well, and the approximate expressions are close to the accurate ones but have a lower complexity.

Keywords MIMO, arbitrary number antenna selection, imperfect CSI, space-time block coding, diversity
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1 Introduction

It is well-known that for a multi-input and multi-output (MIMO) system, either space-time coding or

antenna selection can achieve spatial diversity, see for example [1–8]. When multiple transmit antennas are

selected, applying space-time coding to selected transmit antennas may improve the system performance

further [9–18].

By employing transmit antenna selection (TAS) technique, the error rate performances of MIMO

systems have been studied in [5–16]. Selecting one transmit antenna is studied in [5,6] for MIMO systems,
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in [7] for multi-user relay networks and in [8] for wiretap channels, etc. Selecting two and three transmit

antennas are studied in [9] and [10], respectively, for MIMO systems with STBC. With selecting multiple

transmit antennas, the performance analysis is presented in [11,12] for MIMO systems with maximal-

ratio transmission, in [13,14] for MIMO systems with STBC. All these performance studies are under

the assumption of the perfect channel state information (CSI). For imperfect CSI, system performances

were investigated in [15,16] for single transmit antenna selection, where the advantage of combining TAS

with STBC is not yet considered. The performance of multi-input and single-output (MISO) system

with TAS-STBC in the presence of estimation error and feedback delay over Nakagami-m channels is

studied in [17]. The diversity gain obtained in [17] is based on a loose upper bound of the conditional

cumulative distribution function, which leads to diversity order of one no matter how many transmit

antennas are selected, even when it only considers the presence of feedback delay. Note that this paper is

only focused on transmit antenna selection but not on receive antenna selection or path diversity selection

[4,19,20]. Compared to the traditional co-located antenna systems, distributed antenna system (DAS)

has become a very promising system for future mobile communications [21,22]. The performance between

DAS and microcellular systems is compared in [21], and the approach of antenna unit selection in the

DAS is presented. In [22], the main advantages and challenges for the DAS-based broadband wireless

communications for high speed trains have been discussed and outlined.

In this paper, we study the performance of MIMO-TAS-STBC system with imperfect CSI caused by

the feedback delay, when an arbitrary number of antennas are selected, where downlink Rayleigh fading

channel is considered. The main contributions of this paper are summarized as follows:

(1) A unified performance analysis of the MIMO-TAS-STBC system with arbitrary number antenna

selection is given for imperfect CSI. By theoretical analysis and mathematical manipulation, the moment

generating function (MGF) of effective SNR as well as its upper and lower bounds are derived. With these

results, we derive the BER of the system with MQAM and MPSK. As a result, accurate and approximate

closed-form expressions of BER are obtained. The approximate BER expressions are simpler and give

the BER curves close to those of the accurate ones. These expressions include the ones under perfect CSI

as special cases. Moreover, simulation results verify the effectiveness of the theoretical analysis.

(2) The diversity gain and coding gain of the system under perfect and imperfect CSI are analyzed.

Based on the approximate BER formulae, the upper bounds and lower bounds of BER are derived.

Interestingly, these two bounds exhibit the same behavior. With these BER bounds, the diversity gain

and coding gain are effectively analyzed. The analysis shows that for imperfect CSI, only partial diversity

order is obtained, which is equal to the product of the selective transmit antenna number and receive

antenna number. Moreover, the diversity order is not changed as long as the feedback delay exists no

matter how small it is. For MISO system under imperfect CSI, the diversity order is then the selective

transmit antenna number, while in this case it is only 1 in [17]. Clearly our result is much stronger than

that in [17] when Rayleigh fading and only feedback delay are considered. Besides, the antenna numbers,

channel correlation coefficients, modulation pattern and rate of STBC will affect the coding gain under

imperfect CSI.

(3) The adaptive transmit antenna selection (AAS) scheme is developed for imperfect CSI. Using

the simple approximate BER formula, the BERs under different antenna selection cases can be easily

calculated. By comparing these BER values, we can easily determine the optimal antenna selection

number which has the smallest BER. This optimal antenna selection number may adapt to the change

of CSI. Thus, the superior performance will be obtained.

Throughout the paper, the superscripts, bold upper case and lower case letters denote matrices and

column vectors, respectively. E{·} denotes statistical expectation, and || · ||F is the Frobenius norm.

2 MIMO system model and analysis of effective signal-to-noise ratios

In this paper, we consider a wireless MIMO system with M transmit and N receive antennas operating

over a flat and quasi-static Rayleigh fading channel represented by an N × M fading channel matrix
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H = {hnm}. The complex element hnm denotes the channel gain from the m-th transmit antenna to the

n-th receive antenna, which is assumed to be constant over a space-time block coding frame and varies

from one frame to another. The channel gains are modeled as independent complex Gaussian random

variables (r.v.s) with zero-mean and variance of 0.5 per dimension.

Let sm =
∑N

n=1 |hnm|2 for m = 1, 2, . . . ,M denote the instantaneous channel power gain between the

m-th transmit antenna and all the receive antennas. For the analysis convenience, the power gains {sm}
are sorted in a descending order and denoted by {γm} such that γ1 > γ2 > · · · > γM . Without loss

of generality, it is assumed that K (K 6 M) best transmit antennas corresponding to {γ1, γ2, . . . , γK}
are chosen for STBC (here high-rate complex orthogonal STBCs in [23] are used for achieving high

transmission rate). By utilizing the complex orthogonality of STBC, the received SNR per symbol after

the space-time block decoding is expressed as [24]

ρ =
Pt

rKσ2
n

K
∑

k=1

γk =
ρ̄

rK
||H ′||2F = ρ̄′||H ′||2F , (1)

where ρ̄′ = ρ̄/(rK), r is the code rate of an OSTBC, Pt is the total transmit power, σ2
n is the noise

variance, and ρ̄ = Pt/σ
2
n is the average SNR per receive antenna, H ′ is the sub-matrix composed of K

columns {h′
k, k = 1, 2, . . . ,K} of channel matrix H with||h′

k||2F = γk, and thus ||H ′||2F =
∑K

k=1 γk .

Let ρk = γkρ̄
′, then the effective SNR ρ = ρ1 + · · · + ρK . According to the analysis above, ρk will

be a central χ2 distributed random variable with 2N degrees of freedom. From [25, Eq. (2.3-21)], the

probability density function (PDF) and corresponding cumulative distribution function (CDF) of ρk are,

respectively, given

fρk
(x) = (rKx/ρ̄)Ne−xrK/ρ̄/[xΓ(N)] = (x/ρ̄′)

N
e−x/ρ̄′

/[xΓ(N)] (2)

and

Fρk
(x) = 1− e−x/ρ̄′

N−1
∑

n=0

(x/ρ̄′)n/n!. (3)

Using the order statistic [26], the joint PDF of the K selected SNR {ρ1, . . . , ρK} can be given by

fρ1,...,ρK
(x1, . . . , xK) = K!

(

M

K

)

[FρK
(xK)]M−K

K
∏

k=1

fρk
(xk). (4)

We assume that the channels are perfectly known at the receiver, and the feedback channel is error free,

but there is delay in the channel estimation information feedback from the receiver to the transmitter.

The transmitter will use the delayed CSI to perform antenna selection. The corresponding delayed SNR,

denoted as ρ̂, is expressed as

ρ̂ =
K
∑

k=1

ρ̂k =
K
∑

k=1

γ̂kρ̄/(rK) = ||Ĥ ′||2F ρ̄′, (5)

where Ĥ
′ is the τ time-delayed version of H ′ having the same Gaussian distribution as that of H ′.

The correlation coefficient between the entry ĥ′
nk of Ĥ ′ and h′

nk of H ′ is c = J0(2πfdτ), where J0(·) is

the zero-order Bessel function of the first kind [25], τ and fd are feedback delay and maximum Doppler

frequency, respectively. The relationship between the actual channel H ′ and its delayed version Ĥ
′ can

be expressed as [27,28]

H
′ = cĤ

′ +E, (6)

where E is the channel error matrix independent of Ĥ ′, whose entries are independently and identically

distributed (i.i.d.) complex Gaussian r.v.s with zero mean and variance σ2 = 1− c2.

Based on the above channel model, using the selected maximum K order statistic, the MGF of ρ̂ can

be expressed as

Ψρ̂(s) =

∫ ∞

0

e−sx1

∫ x1

0

e−sx2 · · ·
∫ xK−1

0

e−sxKfρ̂1,...,ρ̂K
(x1, . . . , xK)dxK · · · dx2dx1. (7)
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Using [19, (19)], the above Eq. (7) can be written in the following closed-form. i.e.,

Ψρ̂(s) =
M ![Γ(N)]−K

(M −K)!Γ(K)

∑

l1,...,lK

w(N ; l1, . . . , lK)

K−1
∏

k=1

lk!

klk

M−K
∑

m=0

(

M −K

m

)

(−1)m

×
∑

n∈Ω

(

m

n0, . . . , nN−1

)

(αnm + lK)!

βnm(1 + ρ̄′s)d+K−1

1

(K +m+Kρ̄′s)αnm+lK+1
, (8)

where w(N ; l1, . . . , lK) is the coefficient of yl11 · · · ylKK in expression (
∑K

k=1 yk)
N−1(

∑K
k=2 yk)

N−1 · · · yN−1
K ,

d =
∑K−1

k=1 lk,

(

m

n0, . . . , nN−1

)

= m!
n0!···nN−1!

, αnm =
∑N−1

i=1 ini, βnm =
∏N−1

i=1 (i!)ni , and Ω is the set of

all possible nonnegative-integer combinations of n0, . . . , nN−1 such that
∑N−1

i=0 ni = m.

Based on the mathematic derivation in Appendix A, the upper bound and lower bound of MGF, Ψρ̂(s),

can be, respectively, obtained as

Ψ
(u)
ρ̂ (s) = Γ(NM + 1)2F1(1, NM,NM −N + 1, 0.5)/[2NM(N !)M (1 + sρ̄′)NM ], (9)

and

Ψ
(l)
ρ̂ (s) =

Γ(NM + 1)

(N !)M (M +Kρ̄′s)NM 2F1

(

1, NM,NM −N + 1,
(K − 1)ρ̄′s+M − 1

Kρ̄′s+M

)

, (10)

where 2F1(x, y;w; z) is the Gaussian hypergeometric function [29].

Compared to the accurate MGF in (8), (9) and (10) have simpler forms. Moreover, they will help us

to perform the asymptotical performance analysis and achieve the diversity gain and coding gain.

By means of partial fraction decomposition, Eq. (8) can be rewritten as

Ψρ̂(s) =

(

M

K

)

∑

l1,...,lK

w(N ; l1, . . . , lK)

[Γ(N)]K

K−1
∏

k=1

lk!

klk

{

lK !K−lK

(1 + sρ̄′)NK
+

M−K
∑

m=1

(

M −K

m

)

(−1)m

×
∑

n∈Ω

(

m

n0, . . . , nN−1

)

(αnm + lK)!Kd+K

βnmmNK+αnm

[ d+K−1
∑

j=1

Aj

(s+ ρ̄′−1)j

+

αnm+lK+1
∑

j=1

Bj

(s+ (K +m)/(Kρ̄′))j

]}

, (11)

where Aj =

(

NK + αnm − j − 1

αnm + lK

)

(−1)d+K−j−1

(Kρ̄′/m)j , and Bj =

(

NK + αnm − j − 1

d+K − 2

)

(−1)d+K−1

(Kρ̄′/m)j .

With (11), using the inverse Laplace transform, closed-form PDF of ρ̂ can be attained as

fρ̂(y) =

(

M

K

)

∑

l1,...,lK

w(N ; l1, . . . , lK)

[Γ(N)]K

K−1
∏

k=1

lk!

klk

{

lK !yNK−1e−y/ρ̄′

K lK ρ̄′NKΓ(NK)
+

M−K
∑

m=1

(

M −K

m

)

(−1)m

×
∑

n∈Ω

(

m

n0, . . . , nN−1

)

(αnm + lK)!Kd+K

βnmmNK+αnm

[ d+K−1
∑

j=1

Aj
yj−1

Γ(j)
e
− y

ρ̄′

+

αnm+lK+1
∑

j=1

Bj
yj−1

Γ(j)
e
−K+m

Kρ̄′
y

]}

. (12)

This is also a closed-form PDF expression of the SNR in (1) under perfect CSI. Although [18] gives the

PDF expression of the SNR under perfect CSI, the obtained PDF is not always valid (see [18, (7)]). This

is because it cannot be used for the calculation when the index in the summation term j = 0. Besides,

the closed-form expressions of the coefficients for inverse Laplace transform (i.e., Pm and Ql in [18, (7)])

are also not provided.
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According to the channel model (6), conditioned on Ĥ
′, the elements {h′

nk} ofH ′ are complex Gaussian

distributed with mean cĥ′
nk and variance σ2 = 1− c2. With these independent Gaussian distributed

{h′
nk}, λ = ||H ′||2F will become independent noncentral chi-square distributed. Utilizing in [25, Eq.

(2.1-118)], the PDF of λ conditioned on Ĥ
′ can be expressed by

f(λ|Ĥ ′) =
1

σ2

(

λ

c2λ̂

)(NK−1)/2

INK−1

(

√

λλ̂
2c

σ2

)

exp

(

− λ+ c2λ̂

σ2

)

, (13)

where λ̂ = ||Ĥ ′||2F , and Ia(·) is the ath-order modified Bessel function of the first kind. According to (5)

and using the transformation of variable, the conditional PDF of the received SNR ρ = λρ̄′, given the

estimate ρ̂, can be expressed as [30]

fρ|ρ̂(x|y) =
1

σ2ρ̄′

(

x

c2y

)(NK−1)/2

INK−1

(√
xy

2c

ρ̄′σ2

)

exp

(

− x+ c2y

ρ̄′σ2

)

. (14)

With (12) and (14), the MGF of received SNR ρ, Ψρ(s), is given by

Ψρ(s) = E{e−sρ}

=

∫ ∞

0

∫ ∞

0

1

σ2ρ̄′

(

x

c2y

)(NK−1)/2

INK−1

(√
xy

2c

ρ̄′σ2

)

exp

(

− x+ c2y

ρ̄′σ2
− sx

)

dxfρ̂(y)dy. (15)

Utilizing the equation
∫∞

0
xm/2e−αxIm(2β

√
x)dx = (βm/αm+1)eβ

2/α [29], Eq. (15) can be expressed

as

Ψρ(s) =
1

(1 + σ2ρ̄′s)NK
Ψρ̂

(

c2s

1 + σ2ρ̄′s

)

. (16)

Substituting (8) into (16) yields

Ψρ(s) =
M ![Γ(N)]−K

(M −K)!Γ(K)

∑

l1,...,lK

w(N ; l1, . . . , lK)

K−1
∏

k=1

lk!

klk

M−K
∑

m=0

(

M −K

m

)

(−1)m

×
∑

n∈Ω

(

m

n0, . . . , nN−1

)

(αnm + lK)!

βnm(1 + ρ̄′s)d+K−1

(1 + σ2ρ̄′s)αnm

(K +m+mσ2ρ̄′s+Kρ̄′s)αnm+lK+1
. (17)

Substituting (11) into (16) yields another expression of MGF, i.e.,

Ψρ(s) =

(

M

K

)

∑

l1,...,lK

w(N ; l1, . . . , lK)

[Γ(N)]K

K−1
∏

k=1

lk!

klk

{

lK !K−lK

(1 + sρ̄′)NK
+

M−K
∑

m=1

(

M −K

m

)

×
∑

n∈Ω

(

m

n0, . . . , nN−1

)

(−1)m
(αnm + lK)!Kd+K

βnmmNK+αnm

[ d+K−1
∑

j=1

Aj(1 + σ2ρ̄′s)j−NK

(s+ ρ̄′−1)j

+

αnm+lK+1
∑

j=1

Bj(1 + σ2ρ̄′s)j−NK

(s+ (K +m+mσ2ρ̄′s)/(Kρ̄′))j

]}

. (18)

Eqs. (17) and (18) are closed-form MGF of the effective SNR ρ of MIMO with TAS and STBC in the

presence of imperfect CSI. When the CSI is perfectly known, c2 = 1, Eqs. (17) and (18) are reduced to

the MGF under perfect CSI given as (8) and (11), respectively. Besides, substituting (9) and (10) into

(16), we can obtain an upper bound and lower bound of MGF of effective SNR, respectively.

3 Performance analysis

In this section, we will analyze the performance of MIMO-TAS-STBC system under imperfect CSI, and

give the derivation of BER of the system so that the system performance can be evaluated in theory.
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3.1 Accurate BER analysis

According to [31], the BER of MQAM with Gray mapping over AWGN is given by

Pe,q(ρ) =

NQ
∑

v=1

ξverfc(
√
ηvρ) =

2

π

NQ
∑

v=1

ξv

∫

π/2

0

exp

(

− ηvρ

sin2 θ

)

dθ, (19)

where erfc(z) = (2/
√
π)
∫ ∞

z exp(−x2)dx is the complementary error function [29], ξv and ηv are constants

which depend on the constellation size Q, and the values {ξv, ηv} for MQAM can be found in [31], NQ is

the number of terms for summation, and q in the subscript of Pe,q stands for QAM constellation. Hence,

using (18) and (19), the BER of MIMO-TAS-STBC with MQAM under imperfect CSI is expressed as

P̂e,q =
2

π

NQ
∑

v=1

ξv

∫ ∞

0

∫

π/2

0

exp

(

− ηvx

sin2 θ

)

fρ(x)dθdx =
2

π

NQ
∑

v=1

ξv

∫

π/2

0

Ψρ

(

ηv

sin2 θ

)

dθ. (20)

Utilizing the equality

2

π

∫

π/2

0

(1 + c sin−2 θ)−kdθ = 1− µ

k−1
∑

i=0

(

2i

i

)

(

1−µ2

4

)i

,

and µ =
√

c
c+1 [32], by means of the mathematical derivation, Eq. (20) can be given by

P̂e,q =

NQ
∑

v=1

ξv

(

M

K

)

∑

l1,...,lK

w(N ; l1, . . . , lK)

[Γ(N)]K

K−1
∏

k=1

lk!

klk

{

lK !

K lK

(

1− µq1

NK−1
∑

i=0

(

2i

i

)

(

1− µ2
q1

4
)i
)

+

M−K
∑

m=1

(−1)m ×
(

M −K

m

)

∑

n∈Ω

(

m

n0, . . . , nN−1

)

(αnm + lK)!Kd+K

βnmmNK+αnm

[ d+K−1
∑

j=1

Aj ρ̄
′jI1,q

+

αnm+lK+1
∑

z=1

Bz(Kρ̄′)z

(K +mσ2)z−NK
I2,q

]}

, (21)

where the details on derivation are omitted due to the space limitation, I1,q and I2,q can be calculated

with the following closed-forms,

I1,q=

j
∑

u=1

(

NK − u− 1

NK − j − 1

)

(−σ2)j−u

c2(NK−u)

(

1− µq1

u−1
∑

i=0

(

2i

i

)

(

1− µ2
q1

4

)i)

+

NK−j
∑

v=1

(

NK − v − 1

j − 1

)

(−σ2)j

c2(NK−v)

(

1− µq3

v−1
∑

i=0

(

2i

i

)

(

1− µ2
q3

4

)i)

(22)

and

I2,q =

z
∑

s=1

(

NK − s− 1

NK − z − 1

)

(−σ2)z−s(K +m)−s

(Kc2)NK−s

(

1− µq2

s−1
∑

i=0

(

2i

i

)

(

1− µ2
q2

4

)i)

+

NK−z
∑

t=1

(

NK − t− 1

j − 1

)

(−σ2)z(Kc2)t−NK

(K +mσ2)t+z−NK

(

1− µq3

t−1
∑

i=0

(

2i

i

)

(

1− µ2
q3

4

)i)

, (23)

where µq1 =
√

ηv ρ̄′

ηv ρ̄′+1 , µq2 =
√

ηv ρ̄′(mσ2+K)
ηvρ̄′(mσ2+K)+m+K and µq3 =

√

ηv ρ̄′σ2

ηv ρ̄′σ2+1 . Eq. (21) is a closed-form

expression of BER of MIMO-TAS-STBC with MQAM under imperfect CSI. This expression does not

need any integration and can be easily calculated with high accuracy. It is shown that Eq. (21) is accurate

by computer simulation.
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For perfect feedback, c2 = 1, Eq. (21) will be reduced to

Pe,q =

(

M

K

) NQ
∑

v=1

ξv
[Γ(N)]K

∑

l1,...,lK

w(N ; l1, . . . , lK)

K−1
∏

k=1

lk!

klk

{

lK !

K lK

(

1− µq1

NK−1
∑

i=0

(

2i

i

)

(

1− µ2
q1

4

)i)

+

M−K
∑

m=1

(

M −K

m

)

(−1)m
∑

n∈Ω

(

m

n0, . . . , nN−1

)

(αnm + lK)!Kd+K

βnmmNK+αnm

×
[ d+K−1
∑

j=1

Aj ρ̄
′j

(

1− µq1

j−1
∑

i=0

(

2i

i

)

(

1− µ2
q1

4

)i)

+

αnm+lK+1
∑

u=1

Bu

(

ρ̄′K

m+K

)u(

1− µq2

u−1
∑

i=0

(

2i

i

)

(

1− µ2
q2

4

)i)]}

, (24)

where µq1 =
√

ηvρ̄′/(ηv ρ̄′ + 1), µq2 =
√

ηv ρ̄′K/(ηv ρ̄′K +m+K). Eq. (24) is a closed-form expression

of BER of MIMO-TAS-STBC with MQAM under perfect CSI, and this theoretical expression is shown to

match the simulation well. Although the accurate BER expression is also provided in [13] for perfect CSI,

the expression needs to compute the integral by using the residue theorem. Thus, it is not completely a

closed-form and has relatively high complexity.

Utilizing [33, Eq. (12)] and (18), the BER of MIMO-TAS-STBC with MPSK and Gray mapping can

be expressed as

P̂e,p
∼=
(

M

K

)

max(Q/4,1)
∑

v=1

∑

l1,...,lK

w(N ; l1, . . . , lK)

max(q, 2)[Γ(N)]K

K−1
∏

k=1

lk!

klk

{

lK !

K lK

(

1− µp1

NK−1
∑

i=0

(

2i

i

)

(

1− µ2
p1

4

)i)

+

M−K
∑

m=1

(

M −K

m

)

(−1)m
∑

n∈Ω

(

m

n0, . . . , nN−1

)

(αnm + lK)!Kd+K

βnmmNK+αnm

[ d+K−1
∑

j=1

Aj ρ̄
′jI1,p

+

αnm+lK+1
∑

z=1

Bz(Kρ̄′)z

(K +mσ2)z−NK
I2,p

]}

, (25)

where the subscript p stands for PSK constellation, q = log2 Q, gv = sin2(π(2v − 1)/Q), I1,p can be

obtained by replacing µq,1 with µp,1 and µq,3 with µp,3 in (22), and I2,p can be attained by replacing

µq,2 with µp,2 and µq,3 with µp,3 in (23), where µp1 =
√

gvρ̄′/(gvρ̄′ + 1), µp3 =
√

gvρ̄′σ2/(gvρ̄′σ2 + 1),

and µp2 =
√

gvρ̄′(mσ2 +K)/[gvρ̄′(mσ2 +K) +m+K]. This is a tight closed-form expression of BER

of MIMO-TAS-STBC with MPSK in the presence of imperfect CSI. This expression is shown to be

very close to simulation results. It is well-known that the BERs of BPSK and QPSK over AWGN [31]

are Pe,p(ρ) = 0.5erfc(
√
ρ) and Pe,p(ρ) = 0.5erfc(

√

ρ/2). So Eq. (25) is also an accurate closed-form

expression of BER of MIMO-TAS-STBC with BPSK and QPSK.

With perfect CSI, c2 = 1, Eq. (25) will be reduced to

Pe,p
∼=
(

M

K

)

max(Q/4,1)
∑

v=1

∑

l1,...,lK

w(N ; l1, . . . , lK)

[Γ(N)]K max(q, 2)

K−1
∏

k=1

lk!

klk

{

lK !

K lK

(

1− µp1

NK−1
∑

i=0

(

2i

i

)

(

1− µ2
p1

4

)i)

+

M−K
∑

m=1

(

M −K

m

)

(−1)m
∑

n∈Ω

(

m

n0, . . . , nN−1

)

(αnm + lK)!Kd+K

βnmmNK+αnm

×
[ d+K−1
∑

j=1

Aj ρ̄
′j

(

1− µp1

j−1
∑

i=0

(

2i

i

)

(

1− µ2
p1

4

)i)

+

αnm+lK+1
∑

u=1

Bu

(

ρ̄′K

m+K

)u(

1− µp2

u−1
∑

i=0

(

2i

i

)

(

1− µ2
p2

4

)i)]}

, (26)

where µp1 =
√

gvρ̄′/(gvρ̄′ + 1), µp2 =
√

gvρ̄′K/(gvρ̄′K +m+K). Eq. (26) is a tight closed-form

expression of BER of MIMO-TAS-STBC with MPSK under perfect CSI.
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3.2 Approximate BER analysis

In this subsection, to simplify the calculation of BERs, simple approximate BER expressions of the

MIMO-TAS-STBC system with imperfect CSI will be derived.

According to [34], the complementary error function erfc(x) can be accurately approximated as

erfc(t) ∼= a1 exp(−b1t
2) + a2 exp(−b2t

2), t > 0, (27)

where a1 = 0.416, b1 = 1.942; a2 = 0.294, b2 = 1.05.

Substituting (27) into (19) yields

Pe,q(ρ) ∼=
NQ
∑

v=1

ξv

2
∑

i=1

ai exp(−biηvρ). (28)

Using (20) and (16), the BER of MIMO-TAS-STBC with MQAM under imperfect CSI can be expressed

as

P̂e,q
∼=

2
∑

i=1

NQ
∑

v=1

ξvaiΨρ(biηv) =

2
∑

i=1

NQ
∑

v=1

ξvai
(1 + σ2ρ̄′biηv)NK

Ψρ̂

(

c2biηv
1 + σ2ρ̄′biηv

)

. (29)

Substituting (8) into (29) gives

P̂e,q
∼=
(

M

K

)

2
∑

i=1

NQ
∑

v=1

Kξvai
[Γ(N)]K

∑

l1,...,lK

w(N ; l1, . . . , lK)
K−1
∏

k=1

lk!

klk

M−K
∑

m=0

(

M −K

m

)

(−1)m

×
∑

n∈Ω

(

m

n0, . . . , nN−1

)

(αnm + lK)!(1 + σ2ρ̄′biηv)
αnm

βnm(1 + ρ̄′biηv)d+K−1[K +m+ (mσ2 +K)ρ̄′biηv]αnm+lK+1
. (30)

Eq. (30) is an approximate closed-form expression of BER of MIMO-TAS-STBC with MQAM in the

presence of imperfect CSI. Compared with the accurate BER derived in Subsection 3.1, the obtained

approximate BER has much fewer terms in the summation. Moreover, the accurate BER needs to

compute the coefficients for inverse Laplace transform by using partial fractions and inverse Laplace

transform, while the approximate BER does not need these computations. Thus, the approximate BER

has relatively lower complexity. Besides, due to better approximation, it will have the value close to the

accurate one.

Similarly, we can derive the approximate closed-form expressions of BER of MIMO-TAS-STBC with

MPSK for imperfect CSI as follows:

P̂e,p
∼=
(

M

K

)

[Γ(N)]−KK

max(q, 2)

2
∑

i=1

max(Q/4,1)
∑

v=1

∑

l1,...,lK

w(N ; l1, . . . , lK)

K−1
∏

k=1

lk!

klk

M−K
∑

m=0

(

M −K

m

)

× (−1)m
∑

n∈Ω

(

m

n0, . . . , nN−1

)

ai(αnm + lK)!(1 + σ2ρ̄′bigv)
αnm

βnm(1 + ρ̄′bigv)d+K−1[K +m+ (mσ2 +K)ρ̄′bigv]αnm+lK+1
.

(31)

With the perfect feedback, c2 = 1, Eqs. (30) and (31) are reduced to the approximate closed-form ex-

pression of BER of MIMO-TAS-STBC with MQAM and MPSK under perfect CSI, respectively. Besides,

our analytical method may also be applicable for the distributed antenna system for the performance

evaluation by the extension.

4 Asymptotic performance analysis

In this section, we will give the asymptotic performance analysis of MIMO-TAS-STBC at high SNR and

an adaptive antenna selection scheme in terms of feedback CSI.
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4.1 Diversity gain and coding gain

Based on the derived approximate BER as well as the lower bound and upper bound of MGF (as shown

in (9) and (10)), we will further derive lower and upper bounds of BER at high SNR. With these results,

the diversity gain and coding gain of MIMO-TAS-STBC will be obtained. Substituting (9) and (10) into

(29), we can obtain the upper bound and lower bound of BER of the system with MQAM as follows:

P̂ (u)
e,q =

2
∑

j=1

NQ
∑

v=1

ξvaj
Γ(NM + 1)

(N !)
M

(1 + σ2bjηvρ̄
′)
NM−NK

(1 + bjηv ρ̄′)
NM

2NM
2F1(1, NM,NM −N + 1, 0.5) (32)

and

P̂ (l)
e,q =

2
∑

j=1

NQ
∑

v=1

ξvaj
Γ(NM + 1)

(N !)M
(1 + σ2bjηv ρ̄

′)
NM−NK

(Kc2bjηvρ̄′ +Mσ2bjηv ρ̄′ +M)NM

× 2F1

(

1, NM,NM −N + 1,
(K − 1)c2bjηv ρ̄

′ + (M − 1)σ2bjηv ρ̄
′ +M − 1

Kc2bjηvρ̄′ +Mσ2bjηv ρ̄′ +M

)

. (33)

According to the upper and lower bounds of BER in (32) and (33), we can evaluate the diversity gain

Gd and coding gain Gc, which are important error performance indicators. Gd and Gc are, respectively,

defined as the slope and offset of BER curve for average SNR ρ̄ approaching infinity [35] and expressed

as

Gd= lim
ρ̄→∞

−
log(Pe,q)

log(ρ̄)
and Gc= lim

ρ̄→∞

(Pe,q)
−1/Gd

ρ̄
. (34)

For imperfect CSI, c2 is not equal to 1, and σ2 = 1− c2 6= 0. So when the SNR is large, Eqs. (32) and

(33) become

P̂ (u)
e,q ≈

2
∑

j=1

NQ
∑

v=1

ξvaj
Γ(NM + 1)

(N !)
M

(σ2)NM−NK(rK)NK

2NM (bjηv)
NK

ρ̄NK
2F1(1, NM,NM −N + 1, 0.5) (35)

and

P̂ (l)
e,q ≈

2
∑

j=1

NQ
∑

v=1

ξvajΓ(NM + 1)(σ2)NM−NK(rK)NK

(N !)
M
(Kc2 +Mσ2)

NM
(bjηv)

NK
ρ̄NK

2F1

(

1, NM,NM −N +1,
Kc2 +Mσ2 − 1

Kc2 +Mσ2

)

. (36)

Applying the definition of Gd in (34) to (35) and (36), the diversity gain is

Gd = lim
ρ̄→∞

− log(P̂
(i)
e,q)

log(ρ̄)
= lim

ρ̄→∞
− − log(ρ̄NK)

log(ρ̄)
= NK, i = u, l. (37)

Hence, the MIMO-TAS-STBC system can achieve the partial diversity order of NK in the presence of

imperfect CSI. It is shown in (37) that the slopes of the upper and lower bound of BER curves are equal

to NK. Thus, under imperfect CSI, the more the selective antenna number K, the larger the diversity

order is. Based on this, all transmit antennas should be selected for achieving superior performance at

high SNR.

According to the definition of Gc in (34), the coding gain of the system under imperfect CSI can be

obtained from (35) as

Gc=

[ 2
∑

j=1

NQ
∑

v=1

ξvajΓ(NM + 1)(1− c2)
NM−NK

(N !)
M
2NM

2F1(1, NM,NM −N + 1, 0.5)

]− 1
NK bjηv

rK
. (38)

From (38), it is found that the transmit antenna number, M , and receive antenna number, N , selective

antenna number, K, code rate, r, correlation coefficients, c, and modulation pattern will affect the coding

gain of the system under imperfect CSI.
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For perfect CSI, c2 = 1, and σ2 = 1− c2 = 0. Thus, Eqs. (32) and (33) are reduced to

P (u)
e,q =

2
∑

j=1

NQ
∑

v=1

ξvaj
Γ(NM + 1)

(N !)
M

1

(1 + bjηv ρ̄′)
NM

2NM
2F1(1, NM,NM −N + 1, 0.5) (39)

and

P (l)
e,q =

2
∑

j=1

NQ
∑

v=1

ξvajΓ(NM + 1)

(N !)
M
(Kbjηv ρ̄′ +M)

NM 2F1

(

1, NM,NM −N + 1,
(K − 1)bjηv ρ̄

′ +M − 1

Kbjηvρ̄′ +M

)

. (40)

When the SNR is large, Eq. (39) and (40) become

P (u)
e,q ≈

2
∑

j=1

NQ
∑

v=1

ξvaj
Γ(NM + 1)

(N !)
M

(rK)NM

(2bjηv)
NM

ρ̄NM
2F1(1, NM,NM −N + 1, 0.5) (41)

and

P (l)
e,q ≈

2
∑

j=1

NQ
∑

v=1

ξvaj
Γ(NM + 1)(rK)NM

(N !)
M
(Kbjηv)

NM
ρ̄NM

2F1

(

1, NM,NM −N + 1,
K − 1

K

)

. (42)

From the definition of Gd in (34), using (41) and (42), we can evaluate the diversity gain as

Gd = lim
ρ̄→∞

− log(P
(i)
e,q)

log(ρ̄)
= lim

ρ̄→∞
− − log(ρ̄MN )

log(ρ̄)
= MN, i = u, l. (43)

Thus, the system can obtain the full diversity order of MN under perfect CSI. By the definition of Gc

in (34), the coding gain of the system under perfect CSI can be obtained from (41) as

Gc=

[ 2
∑

j=1

NQ
∑

v=1

ξvajΓ(NM + 1)

(N !)
M 2F1(1, NM,NM −N + 1, 0.5)

]− 1
NM 2bjηv

rK
. (44)

From (44), it is found that the transmit antenna number, receive antenna number, selective antenna

number, code rate and modulation mode will affect the coding gain under perfect CSI.

Similarly, using the analytical method above, we can obtain the diversity gain and coding gain of

MIMO-TAS-STBC with MPSK, that is, full diversity order of MN for perfect CSI and partial diversity

order of NK for imperfect CSI. Moreover, their coding gains have the forms similar to those with MQAM

except that the modulation parameters are different.

4.2 Selective antenna number K

According to the asymptotic analysis above, the selective antenna number K has a significant influence on

the system performance (including diversity gain and coding gain), especially in the presence of imperfect

CSI. For this reason, we will give an adaptive antenna selection method in terms of the available CSI so

that the superior performance may be obtained.

For perfect CSI, from (44), it is observed that the coding gain will become small with the increase

of rK. Considering that the product of r and K is larger than 1 for OSTBC, one antenna selection

(K=1) will be the best choice for the coding gain of the system under perfect CSI. This is because r=1

in the case of K=1 (corresponding rK=1). Recall that in the case of perfect CSI, selecting one transmit

antenna, i.e., K=1, the full spatial diversity from all the transmit antennas is already achieved [5,6]. As

a result, the system performance is the best. Whereas under imperfect CSI, K=1 is no longer optimal,

and the optimal K will be different under different SNRs and CSI feedback, which can be seen from (37)

and (38). For this, we will propose an adaptive antenna selection scheme for determining K based on

the approximate BER. This is because it has simple expression and better approximation. The design

procedure is shown as follows:
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Figure 1 (Color online) BER of MIMO-TAS-STBC with 4 transmit antennas and 1 receive antenna under perfect CSI.

(1) Set the system parameters, such as system configuration (transmit antenna M , receive antenna

N), modulation mode, channel correlation coefficient, and average SNR.

(2) Calculate respective approximate BERs by means of (30) or (31) for different K = 1, 2, . . . ,M ,

which are denoted as {Pe(K),K = 1, 2, . . . ,M}.
(3) Comparing these theoretical {Pe(K),K = 1, 2, . . . ,M}, we can easily find the minimum value

among these {Pe(K)}, denoted as {Pe(K
∗)}. Thus, the optimal K∗ is determined. In other words, using

this K∗, the calculated {Pe(K)} is the minimum.

(4) Using K∗ and (21) or (25), compute the BER, and accurate theoretical BER is obtained.

(5) Employing the above method, the ‘best’ BER under different average SNRs can be obtained.

According to the above analysis, the optimal selective antenna number K∗ can adapt to the changes

of CSI. Hence, with the above-mentioned adaptive scheme, we can achieve the superior performance

over the system with fixed number antenna selection, which will be testified by the following simulation.

Although the developed scheme may increase the complexity to some extent, the complexity is relatively

lower. It is because we employ the low-complexity approximate BER expressions for BER calculation

and comparison, while these expressions are simple linear algebraic calculus (see (30) or (31)), such

as addition, multiplication, and division of polynomial. Thus, the total calculation complexity is still

relatively lower. More importantly, a good BER performance can be achieved.

5 Simulation results and theoretical evaluation

In this section, the performance of the MIMO-TAS-STBC over quasi-static flat Rayleigh fading channels

is evaluated by the derived theoretical formulae and computer simulation. In the evaluation, the Alamouti

code (G2) [24], B3 and B′
4 codes [23] are used for the selective two, three and four transmit antennas,

respectively. Gray mapping of bits to symbol is employed. The Monte-Carlo method is used in simulation.

For different space-time coding schemes, we will adopt different constellation sizes to maintain the same

transmission rate. In evaluating the theoretical performance under perfect CSI, Eqs. (24) and (26) are

used for the calculation of BERs of the system using MQAM and MPSK, respectively. Whereas for

evaluating the theoretical performance under imperfect CSI, Eqs. (21) and (25) are employed for the

calculation of the BERs with MQAM and MPSK, respectively. In the following Figures 1–4, ‘xTyRzS’

denotes a multiple antenna system with x transmit antennas and y receive antennas as well as z selective

antennas.

In Figure 1, we plot the theoretical BERs and simulation results of MIMO-TAS-STBC with 4 transmit

antennas and 1 receiver antenna for perfect CSI. When two, three and four transmit antennas are selected,

the G2, B3 and B′
4 codes are employed for STBC. Regarding modulation, 8PSK is used for MIMO with



Yu X B, et al. Sci China Inf Sci August 2016 Vol. 59 082304:12

G2 and single antenna selection, while 16QAM is used for MIMO with B3 and B′
4 resulting in the overall

transmission rate of 3 bit·s−1·Hz−1. The accurate BERs are calculated by Eqs. (24) and (26) for 16QAM

and 8PSK, respectively. The approximate BERs are calculated by Eqs. (30) and (31) for 16QAM and

8PSK, respectively. From Figure 1, it is found that the accurate BER can match the simulation very

well. Moreover, the approximate BER is also close to the accurate BER, but has lower computational

complexity. By comparison, we can see that the 4T1R1S system is superior to 4T1R2S, 4T1R3S and

4T1R4S systems. Although the four systems above can all achieve full diversity (the same slope at high

SNR) under perfect CSI according to the diversity gain analysis in Section 4, their coding gains are

different leading to different BER performance. Based on the coding gain analysis in Section 4, the single

antenna selection system has the coding gain higher than other three systems. Thus, the 4T1R1S system

has better performance in the presence of perfect CSI. The above results show that the derived accurate

and approximate BER expressions of MIMO-TAS-STBC for perfect CSI are effective.

In Figures 2–4, the performance of MIMO-TAS-STBC with imperfect CSI is evaluated, where ‘AAS’

denotes the adaptive antenna selection scheme for MIMO-TAS-STBC system. In Figure 2, we plot the

theoretical BERs and simulation results of MIMO-TAS-STBC with 4 transmit antennas and 1 receive

antenna, where the G2, B3 and B′
4 codes are employed for STBC for the selective two, three and four

transmit antennas, respectively, and the square correlation coefficient c2=0.9. For G2 code and single

antenna selection, 8PSK is employed, while for B3 and B′
4 code, 16QAM is used. Thus the overall

transmission rate is 3 bit·s−1·Hz−1. The accurate BERs are, respectively, calculated by (21) and (25) for

16QAM and 8PSK, and the approximate BERs are calculated by (30) and (31) for 16QAM and 8PSK,

respectively. As shown in Figure 2, the accurate BER is in good agreement with the simulation. Moreover,

the approximate BER is also close to the accurate BER with lower complexity. Comparing Figures 2 and

1, the BER performance under imperfect CSI is worse than that under perfect CSI because of delayed

CSI. Unlike the perfect CSI case for which the system with single antenna selection (i.e., 4T1R1S) has

the best performance, 4T1R4S (where all transmit antennas are used) has better performance than other

three systems for imperfect CSI, especially at high SNR. It is because the 4T1R4S employs all antennas

and does not need CSI to perform antenna selection, while 4T1R3S, 4T1R2S and 4T1R1S need the CSI,

but the delayed CSI affects their antenna selection. This result is also verified by the diversity gain

analysis in Section 4. For imperfect CSI, the diversity gain of MIMO with all antennas is higher than

that with partial antenna selection, and the diversity gains of the systems with more selective antennas

are higher than those with fewer selective antennas. Besides, the AAS system outperforms the systems

with fixed number antenna selection obviously. This is because the former can perform adaptive antenna

selection according to the CSI feedback, while for the latter, the antenna selection is fixed and cannot

adapt to the CSI change.

In Figure 3, we plot the theoretical BERs and simulation results of MIMO-TAS-STBC with 4 transmit

antennas and 2 receive antennas, where the G2, B3 and B′
4 codes are employed for STBC for the selective

two, three and four transmit antennas, respectively, and the square correlation coefficient c2 = 0.8.

Regarding modulation, 8PSK is used for 4T2R1S and 4T2R2S, while 16QAM is used for 4T2R3S and

4T2R4S resulting in the overall transmission rate of 3 bit·s−1·Hz−1. The accurate and approximate BER

formulae of MQAM are, respectively, given by (21) and (30), and the accurate and approximate BER

formulae of MPSK are, respectively, given by (25) and (31). It is found that the accurate BER can

match the simulation very well. Moreover, the approximate BER is also close to the accurate BER,

but has lower complexity. Besides, the results similar to Figure 2 can be observed. Namely, the system

with adaptive TAS has better performance than that with fixed TAS. For the systems with fixed TAS at

high SNR, 4T2R4S outperforms the 4T2R3S, 4T2R2S and 4T2R1S, 4T2R3S outperforms 4T2R2S and

4T2R1S, and 4T2R2S outperforms 4T2R1S. The above results further show that the provided diversity

gain analysis is valid, and the derived accurate and approximate BER expressions under imperfect CSI

are also effective.

In Figure 4, we investigate the effects of correlation coefficient on the BER performance of MIMO-

TAS-STBC under imperfect CSI, where 8PSK and 16QAM are employed for the modulations yield-

ing the overall transmission rate of 3 bit·s−1·Hz−1. The system configuration is the same as that of
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Figure 2 (Color online) BER of MIMO-TAS-STBC with 4 transmit antennas and 1 receive antenna under imperfect CSI.
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Figure 3 (Color online) BER of MIMO-TAS-STBC with 4 transmit antennas and 2 receive antennas under imperfect

CSI.

Figure 3. In Figure 4, we plot the BER versus the correlation coefficient for average SNR = 15 dB.

From the figure, we find that the 4T2R1S with one selective antenna is superior to the other comparative

systems for large correlation coefficient c (corresponding to small time delay) due to better coding gain.

However, for small c (corresponding to large time delay), especially when the correlation coefficient c

is below 0.85, the performance of 4T2R1S system is degraded more seriously than the other systems.

Moreover, with correlation coefficient c being small, the system with more selective antennas is supe-

rior to that with fewer selective antennas. Namely, 4T2R2S outperforms 4T2R1S, 4T2R3S outperforms

4T2R2S, and 4T2R4S outperforms 4T2R3S as the value of c increasingly decreasing. This is because the

CSI feedback becomes more unreliable at low correlation, and the resulting selective antennas are not

optimal. Thus, the system performance with fewer selective antennas will be worse. Besides, our AAS

system still obtains better BER performance than other non-adaptive systems.

6 Conclusion

Based on imperfect CSI caused by delayed feedback, the performance of MIMO system with arbitrary

number antenna selection and STBC has been studied. The MGF and PDF of effective SNR of the
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Figure 4 (Color online) Effect of correlation coefficient on BER of MIMO-TAS-STBC.

systems are derived. According to these results, and using mathematical manipulation, the accurate and

approximate BER expressions for perfect and imperfect CSI are obtained. The accurate BER expressions

can match the simulation results well. Also the approximate BER curves are very close to the accurate

ones. Thus, these expressions can provide good performance evaluation for MIMO-TAS-STBC systems

in fading channel, and avoid the conventional requirement for numerical integration or Monte Carlo

simulation. With the approximate BER expressions, upper and lower bounds of BER are provided.

Based on the upper and lower bounds of BER, the diversity gain and coding gain of the system at high

SNR are analyzed. It is shown that the MIMO-TAS-STBC with K selected transmit antennas can achieve

full diversity order ofMN for perfect CSI, and partial diversity gain ofKN for imperfect CSI. Besides, an

adaptive antenna selection scheme is also developed in terms of approximate BER expressions. With this

scheme, the system can obtain superior performance over that with the conventional fixed number antenna

selection scheme. Simulation results illustrate the effectiveness of the presented theoretical analysis.
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Appendix A

In this appendix, we will derive the upper and lower bound of MGF of ρ̂ , Ψρ̂(s) given in (9) and (10) based on the following

Lemma.

Lemma

e−x xn

n !
6 1− e−x

n−1
∑

i=0

xi

i !
6

xn

n !
, x > 0. (A1)

The proofs of the first and second inequalities of Lemma are, respectively, shown in Lemma 1 and Lemma 2 of [20].

Firstly, the upper bound is derived. With the second inequality in (A1) and (3), the CDF of ρ̂k (k = 1, . . . , K) can be

changed to

Fρ̂k (x) = Φ(N, x/ρ̄′) = 1− e−x/ρ̄′
N−1
∑

n=0

(x/ρ̄′)
n
/n! 6 (x/ρ̄′)N/N !, k = 1, . . . ,K, (A2)

where Φ(m, z) =
∫ z
0
tm−1e−t/Γ(m)dt is the normalized incomplete Gamma function [29]. Thus, with (4), (2) and (A2),
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the MGF Ψρ̂(s) in (7) can be re-expressed as

Ψρ̂(s) = K!

(

M

K

)

∫

∞

0
e−sx1fρ̂1(x1)

∫ x1

0
e−sx2fρ̂2 (x2) · · ·

∫ xK−2

0
e−sxK−1fρ̂K−1

(xK−1)

×

∫ xK−1

0
e−sxK [Fρ̂K (xK)]M−Kfρ̂K (xK)dxKdxK−1 · · ·dx2dx1

6 K!

(

M

K

)

∫

∞

0
e−sx1fρ̂1(x1)

∫ x1

0
e−sx2fρ̂2 (x2) · · ·

∫ xK−2

0
e−sxK−1fρ̂K−1

(xK−1)

×

Nρ̄′NK−NM−N

(N !)M−K+1

∫ xK−1

0
e−(s+1/ρ̄′)xKxMN−KN+N−1

K dxKdxK−1 · · ·dx2dx1. (A3)

Substituting (A2) into (A3) gives

Ψρ̂(s) 6

∫

∞

0
e−sx1fρ̂1 (x1)

∫ x1

0
e−sx2fρ̂2(x2) · · ·

∫ xK−2

0
fρ̂K−1

(xK−1)

× e−sxK−1M !(xK−1/ρ̄
′)

NM−NK+N
/[(M −K + 1)!(N !)M−K+1]dxK−1 · · ·dx2dx1

=
M !N

(M −K + 1)!(N !)M−K+2

∫

∞

0
e−sx1fρ̂1(x1)

∫ x1

0
e−sx2fρ̂2(x2) · · ·

∫ xK−3

0
e−sxK−2fρ̂K−2

(xK−2)

×

Γ(NM −NK + 2N)

(sρ̄′ + 1)NM−NK+2N
Φ(MN −KN + 2N, (s+ 1/ρ̄′)xK−2)dxK−2 · · ·dx2dx1

= Γ(MN + 1)2F1(1,MN,MN −N + 1, 0.5)/[(N !)M (sρ̄′ + 1)NM2NM ], (A4)

where the equation
∫

∞

0 tu−1e−αtΦ(v, βt)dt =
βvΓ(u+v)

Γ(v+1)(α+β)u+v 2F1(1, u+ v, v + 1, α
α+β

) [29] is utilized, and 2F1(x, y, w, z)

is the Gaussian hypergeometric function. Detailed derivation is omitted due to the limited space. With (A4), the upper

bound of the MGF Ψρ̂(s) can be attained, which is also shown as (9).

Similar to the above analysis method for upper bound, using the first inequality of Lemma, we can obtain the lower

bound of the MGF, Ψρ̂(s) , i.e.,

Ψρ̂(s) > Ψ
(l)
ρ̂ (s) =

Γ(NM + 1)

(N !)M (M +Kρ̄′s)NM 2F1

(

1, NM,NM −N + 1,
(K − 1)ρ̄′s+M − 1

Kρ̄′s+M

)

. (A5)
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