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Dear editor,

Motivated by Refs. [1-10], we devote to con-
structing a class of g-variable 1-resilient rotation
symmetric functions (RSFs) over the finite field
F, = {0,1,...,p — 1} in this letter. Throughout
this letter, let p and ¢ be different odd prime num-
bers.

Notions and main results. Let |O| represent
the cardinality of the set O, and F; be the n
dimensional vector space over IF,. The mapping
I+ Fy — F, represents a generalized n-variable
Boolean function, the set of generalized Boolean
functions with n variables over F is denoted by
B, ,. Let f(z) € By, and f71(1) = {z € Fy |
f(z) = 1,1 € Fp}. Then we say that f(z) is bal-
anced if [f~1(l)] = p"~! holds for any | € F,. A
set S of vectors can be seen as a matrix whose row
vectors are the elements of S, without considera-
tion of the order of these elements. f~1(l) is also
called the I-value support table of f(z) [7,8].

Definition 1 ([9,10]). An wxn matrix C over I,
is called an orthogonal array of strength d, denot-
ed by OA(w,n,p,d) for simplicity, if each vector
in IFZ occurs the same number of times in the sub-

matrix of C' composed of arbitrary d columns of
C. {Vo,V,...,Vp_1} is called a large set of or-
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thogonal arrays of strength d over Fy if V} is an
OA(p"~t,n,p,d) for each [ € {0,1,...,p— 1} and
the union of elements in {Vo, V4,...,V,—1} forms
the vector space [.

Definition 2 ([9,10]). If f(z) € By, then
f(z) is called a t-resilient function over F, if
and only if all the vectors in f~1(I) make up an
OA(p"~1',n,p,t) for each | € F,,.

Let us consider the action of the cyclic group
{pl10<I<n—1}on [y, where o (z1, T2, ..., Ty)
= (141, %142, -+, Tny T1, ..., x7), and 0 < 1 <
n—1. The rotation symmetric orbit of x under the
action of pl is denoted by RO, (x) = {p%(x)[0 <
I < n— 1}, where z = (z1,22,...,2,) € F}.
If n is given, RO, (x) can be simplified as RO,.
We call RO, (x) a long rotation symmetric orbit if
RO, (x)| = n, otherwise a short rotation symmet-
ric orbit.

Definition 3 ([2-4]). f(z) € By pis called a RSF
if f(piz(xla T2,... 7xn)) = f(xla T2,... 7xn) for any
z € F) and any [.

From Definitions 1-3, it is obvious that con-
struction of an 1-resilient g-variable rotation sym-
metric function over F, is equivalent to dividing
p? vectors into p groups, i.e., Vo, Vi, Va,. .., Vp_1,
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satisfying all the vectors in a rotation symmet-
ric orbit must be in the same group and {Vp, V7,
Va,...,Vp—1} is a large set of orthogonal arrays of
strength 1 [9,10].
Definition 4 ([1]). Let S, be the symmetric
group on the set {1,2,...,n}. f(x1,x2,...,2,) is
called a symmetric function if for any = € S,,, we
have f(Zx(1), Tr(2),- -+ s Ta(n)) = [(T1,22,. .., 2Zp).
By Definition 4, if the symmetric group S, acts
on z for each x € F], then it generates an or-
bit such as Oy = {(y1,¥2, - - Yg) | (Y1, Y2, - - -, Yq) =
(xﬂ'(l))zﬂ'(2)) s )Zﬂ'(q))}' Let T = (x_lv T2,. .. ,Z_q)
be the representative of O,, where 77 < T3 < - -+
< Z4. Assume that

T=(0,...,0,1,....1,...,p—1,....,p—1),
—— ——

io i ip_1

where ¢ + 41 + - +ip—1 = ¢, and 0 < 7} <
q for each | € F,. It is clear that |0, =
C(q,70, 015 - -+ s ip—2,ip—1) = quiw (1].
Definition 5. Let z = (z1,%2,...,7,) € F}, z is
called an (g, i1, ..., ip—1)-form vector if the num-
ber of times [ appears in the vector x is i;, where
l € F,. RO, is said to be (ig, i1, ... ,ip—1)-form if
all the vectors in RO, are (io, i1,...,7p—1)-form,
and denote it as Form(RO,) = (i0,%1,- -, ip—1)-
Lemma 1 (1]). The number of n-variable sym-
metric polynomials over IF, is pCntr=1n) where
C(n, k) =nl/(k!(n — k).

By Lemma 1, if n = ¢, then there are C(p+q—
1, q) different classes of symmetric orbits in FZ. So
the total number of the forms is C(p + ¢ — 1, q).

Lemma 2 ([1,2]). Let h, , be the number of long
rotation symmetric orbits over Fy). Then hy , =p
and hge , = (p? — 1)/qs.
Lemma 3. Let f(z) be an n-variable RSF over
F,. If f71(1) = (c1,¢2,...,¢,), where ¢; is the
ith column vector of f71(1), 1 <i<nandl€F,,
then there exists a permutation matrix P such that
Citk(mod n) = qu7 where the subscripts are com-
puted modulo n with only exception that when
i+ k=0 (mod n) by n instead of 0.

Lemma 3 can be proved by the similar method
in [7]. By Lemma 3, we have the following result:

Lemma 4. Suppose that the notions are defined
as Lemma 3. Then f(z) is 1-resilient if and only

if ¢; is an OA(p"~1,1,p, 1) for each f~1(1).
Let e, = (i,4,...,4) be the row vector of n
———

n
consecutive i, and e} ; be the transpose of e,, ;.

Note that all the 107ng rotation symmetric orbits
are divided into N = C(p+ q — 1,q) — p different
classes according to the forms of the rotation sym-
metric orbits. We arrange those sets by a certain
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order, say 21,2, ...,Qy. If the form of the rota-
tion symmetric orbits in ; is (50,951, - - -, %j.p—1),
then the number of rotation symmetric orbits in
Q (1 <j < N)is rih—r. Let all the
forms of long rotation symmetric orbits be the
rows of the following matrix in a certain order, i.e.,

11,0 91,1 " 1p—1 I
12,0 2,1 " 12p-1 I

— — 7
IN,0 IN,1 " TN p—1 In

where I, is the uth row of I, which is the form of
the long rotation symmetric orbits in €2,,. For sim-
plicity and convenience, we denote RSO(I,,) as the
set composed of all the rotation symmetric orbits
whose form is I,,, where 1 < u < N.

Considering the action of the cyclic group

{pL]0 <1< p—1} on the set I, we have m = %
different orbits as follows: Ay = {I;,, pp(I;,.), ...,
Ph 1 (T,)}, where 1 < k < m and T = |J;L, Ag.
If I, = (45,00%,15--+%0p—1), then we have
ni = [RSO(,(1;))] = 7ot
0<I<p—1,1< k< m. Now, we present the
properties of the forms are in Ag:
Theorem 1. Let the notions be defined as be-
fore, Q; € RSO(pi,(Ijk)) for 0 <1 < p—1, where
1 < k < m. Then the following matrix @ is an
OA(pg, q,p, 1):

Qo
@1

7, Where
1+

Q=

= (al,ag,...,aq).

Qp—l
Suppose that r, g are both nonnegative integers
-1
such that ﬂ% =p-g+nr,1<r<p—1,9=20.
Then we have w = % =p?2—¢q-g.
Let e; = (0,0,...,0,1,0,0,...,0).
—_—— Y
i—1 p—i
If the following equation system
{ e'r',lX = €pw — €1,

(1)
Xegl = ezq

Theorem 2.

has a solution

1,0 1,1 *° Tl,p—1 X1
2,0 2,1 *°° T2p—1 X2
Tro Tpr1 =" g37",p71 Xr

satisfying the following conditions: (a) @y, €
{0,1,...,¢g—1}1<u<r,0<v<p—1; (b) x; is
the ith row vector of X such that
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15} li+l2 li+la+l1s T
Ut € an, | ) €Ak, U & cak..... U x}cAk,
=1 i=l1+1 i=l1+1l2+1 i=r—Il;+1

where 1 <t <r <p, 1<l <ng, 1 <j<t,
1< ky,koyoo kg <my,and ly + o+ -+ 1 =7,
then there exist p different OAs(rq+1,¢,p,1), de-
noted as Bo, By,...,Bp_1, such that e,; € B;,
B, Bj =0 for {i,j} C Fp, and each B; contains

ep71Y = (nl,ng, ..

®r : nktfltankﬂrla"'anm)a
T _ T _ pit—l-gr
Ye, 1 =e¢€,, whereg= o0 ,

has \ different solutions as follows:

S S S
Yio Y20 " Ympo
S S S
s Y11 Y21 0 Yma
Y*® = . . . )
S S S
Yip-1 Y2p-1 """ Ump-1

Y °1 is different from Y2 means that there does
not exist any p X p permutation matrix T" such that
Y =TY"2, where 1 < s,51,52 < A

Theorem 3. Let the notions and symbols be
defined as before. We assume that X is a solu-
tion of the equation system (1) such that r = ¢,
l1 :l2 = - th = 1, and J = {k’l,kg,...,k’t} g
{1,2,...,m}. If the equation system O, with
respect to X has A different solutions as above
Y?®, where 1 < s < A, then the number of ¢-
variable 1-resilient RSFs over IF, constructed by

the method proposed above is N = Z:‘Zl plE Fy,
(ng, )P
where E; = [[,c; Hfgol(y;l!);*l(y;‘frl)! and F, =
m nyg! p
(Hk=1,k§éJ y;o!-yzwll---yiypill) :
Corollary 1. Let the notions be defined as be-
fore, r = 1, (w — l,w,w,...,w) € Ay,, where
w= "l — %. If ©, has the following yu differ-
ent solutions

14 14 v
Y0 Y20 " Ymo
v 14 v
5 Y1a Y21 YUmpa
Y = . . . ’
4 14 v
Yip—1 Y2p—1 """ Ymp—1

where 1 < v < u, then the number of g-variable 1-
resilient RSFs over F,, constructed by the method
proposed above is

© p!
N = prl

v=1 11 (yfélyj +1
=0

m : P
ny:

AT 2N
) L= YooY Yip-1

In order to demonstrate the method proposed
in Theorem 3, we give a simple example in Sup-
plementary File.

Mgy —1, Nk — ll,nk1+1,..

r number of long rotation symmetric orbits.

Suppose that 1 < s < A, y;; are nonnegative
integers for 1 <i <m=Y0<j<p-1, and
the symbols are defined before. If the equation
system

s My —1, My — l25nk2+1a ey Ny —1,

and1<r<p—1,g=>0
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