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Abstract With the recent flurry of the research on Inner-Formation satellite system, there has been apparent
need for a set of linearized equations to describe the relative motion of satellites under the effect of the Jo
geopotential disturbance, which is the important perturbed-factor for low-orbit Inner-Formation system. Hence,
on the assumption of small eccentricity, a new set of linearized equations of motion is proposed that accounts for
J2 perturbations in an elliptical orbit. To avoid the collision between the inner satellite and the outer satellite,
the Minimum Sliding Mode Error Feedback Control (MSMEFC) is developed to perform a real-time control on
the outer satellite with the uncertain perturbations from the space. The highlight of MSMEFC is to introduce
the concept of equivalent control error, which is the key utilization of MSMEFC. It is shown that the proposed
MSMEFC can compensate any kinds of uncertain perturbations. Besides, in this paper, the relationship between
the equivalent control error and uncertain perturbations is discussed. The robustness and steady-state error
of MSMEFC are also analyzed to show its theoretical advantages compared with traditional SMC. Numerical
simulations are employed to check the fidelity of the linearized equations. In addition, the efficacy of MSMEFC

is verified by the utilization of Inner-Formation system with high control precision.
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1 Introduction

In recent years, the Inner-Formation system is treated as the special branch of satellite formation [1-5],
and it is proposed for measuring the Earth gravity. The Inner-Formation Gravity Measurement Satellite
System (IFGMSS) consists of an inner satellite and an outer satellite, which is proposed by Wang,
Zhang [6,7]. The two satellites fly in a special formation in which the inner satellite suspends in the
vacuum cavity of the outer satellite [8]. The basic principle of measuring the gravity for IFGMSS is
analyzing the orbit data, the theoretical details of which can be found in Seeber’s book [9]. For the
IFGMSS mission, the key technology is to make sure that the inner satellite flies freely in a purely
gravitational orbit. Hence, in order to avoid the collision between the two satellites, the control should
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be acted on the outer satellite with high precision. Obviously, the accurate dynamic model of Inner-
Formation is the theoretical basis for IFGMSS mission.

It is known that the both of the inner and outer satellite are perturbed by the effects of Js potential.
In addition, the outer satellite is also mainly disturbed by the atmospheric drag, solar radiation and other
uncertain disturbances from the space, which can be considered as the uncertain perturbations for the
inner-formation system. The residual aerodynamic drag and other perturbations for inner satellite can
be omitted in the cavity. It is manifest that the J> potential is the main factor to influence the inner
satellite. For the traditional researches, the Clohessy-Wiltshire (C-W) equation [10,11] is frequently
used to describe the relative motion of two spacecraft without considering any perturbations, which
brings serious modeling errors inevitably. Especially for the low-orbit and long-time mission of IFGMSS,
the influence of Jy effects is very significant. The modeling errors will be accumulated and some of
the characteristics of the motion are lost. Hence, a more accurate dynamic model for the IFGMSS
apparently needs the effect of the Jy potential. Many previous studies have been done with varying
success to incorporate the effects of the Jy potential [12-17] without considering the Inner-Formation
system as the research object. Thus, based on the assumption of small eccentricity, a set of linearized
equation is proposed, which describes the relative motion of Inner-Formation system under the effect of
the Jy geopotential disturbance in the elliptical orbit. The new linearized equation is more accurate than
the C-W equation for IFGMSS mission.

The successful IFGMSS for measuring Earth gravity is dependent on the high control precision with the
existence of various uncertain perturbations. Hence, the controller with good robustness and accuracy is
the key technology for IFGMSS. The novel Minimum Sliding Mode Error Feedback Control (MSMEFC)
is developed to control this system with high control precision. For the proposed MSMEFC based on
the Sliding Mode Control (SMC) theory [18-21], the concept of equivalent control error is introduced
to estimate and offset the uncertain perturbations, which is the key to the utilization of MSMEFC. It
is shown that the MSMEFC can compensate various kinds of uncertain perturbations. In this paper,
the relationship between the equivalent control error and uncertain perturbations is first discussed. The
robustness and steady-state error of MSMEFC are also first analyzed in order to show its theoretical
advantages over traditional SMC. It is manifest that the MSMEFC is a very suitable controller for
IFGMSS mission. Hence, the MSMEFC is introduced for improving the control performance of the new
linearized equation with J» potential and small eccentricity.

The present paper is organized as follows. Section 2 presents the linearized equation for Inner-
Formation system under the effect of Js potential and small eccentricity. Section 3 introduces the
proposed MSMEFC for the new linearized equation with further discussions of its theoretical advantages.
In Section 4, a numerical simulator is employed to check the fidelity of the proposed linearized equations.
In addition, the effectiveness of MSMEFC for IFGMSS is also verified by numerical simulations. In
Section 5, some discussions and concluding remarks are presented.

2 Linearized dynamic model for IFGMSS on a J,; perturbed elliptic orbit
with small eccentricity

In this section, the linearized dynamic model for IFGMSS will be presented on the J> perturbed elliptic
orbit with small eccentricity. The derivation begins with analytic equation of motion between the inner
and outer satellites as

FJZ%TIJrJzu Fo = ‘L;TOJFJQO +&, (1)

T To

where 7, 7o are the position vectors of the inner satellite and outer satellite respectively, which are
the vectors from the center of the Earth to the instantaneous positions of the inner satellite and outer
satellite. Jaoy, Jo2o are the accelerations due to the Jo potential. & is the uncertain perturbations. p is
the gravitational constant of the Earth. And the x — y — z is the coordinate system of inner satellite to
be described in Figure 1. The x vector points in the radial direction; the z vector is perpendicular to the
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Figure 1 Illustration of inner-outer satellites formation.

orbital plane and points in the direction of the angular momentum vector; the y vector completes the
right hand of orthogonal system and points in the direction of movement.
On the basis of (1), the motion of the outer satellite relative to the inner satellite can be written as

;‘)’+2w><p+w><(wxp)+cbXp:—%roJrr%r]JrJgofJg]Jré (2)
3 T

where the relative position vector is expressed as p = ro — 77 = [1,7, 2]T, w = [ws, 0, w.]T is the angular
velocity in the perturbed inner satellite orbit and & = [w,,0,w.|" its acceleration.
For simplicity, the set equations of linearized general relative motion are given, which are valid for any

eccentricity [22]

&= 20 + wewoz — Wy —wir — 241 = Aaj,e + &,
I

U+ 2w, 0 — 2we 2 — Wz + 0,7 — w2y — wly + %y = Aay,y + &y, 3)

3+ 2w + W, T + Way — wiz + Lz = Aay,. +&,
I
JQO — J2] = Aa,]2 = VJQ (T‘[) pP.

The differential accelerations due to the J5 perturbations and the uncertain perturbations are denoted by
Aay, and &, respectively. These equations will be simplified and discussed in the following subsections.

2.1 Small eccentricity assumption

In order to simplify the analysis, it is assumed that the inner satellite orbit has small eccentricity. In
other words, the higher orders than first order eccentricity terms will be negligible [23]. Therefore, the
semilatus rectum p and powers of r; can be defined as

a(l 762)

=a(l—e?)~a, brf= ~a¥(1+ecos f)F ~ a¥ (1 — ke cos 4
p ( ) ) I <1+ECOSf> ( + f) ( f)a ()
where a is the semi-major axis of inner satellite orbit, f is the true anomaly and e its small eccentricity.

For the propagation of the inner satellite orbit, the acceleration of Js potential will be also presented
to simplify. This acceleration is given by Schweighart and Sedwick [17] and can be simplified by using

the small eccentricity as follows

Jou o FuR? 1 — 3sin?isin?0 o FuR? 1 — 3sin®isin?0
Jo=|doy | = ~ 22l | oginZising cosf | = ——o2bte (1+4ecos f) | 2sin®isinfcos® |, (5)
Y 2r} 2a4
Ja 2sin4 cos?sin 6 2sinicosisin

s

where J is the gravitational harmonics, also referred to as the oblateness perturbation, is clearly the
dominant harmonic. ¢ is the inclination angular of satellite, 6 is the true latitude, and R, is the equatorial
radius of the Earth.
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2.2 Inner-satellite orbit propagation

For some discussions of J5 potential, the mean elements rates are used to propagate the orbital elements
of inner satellite, which ensures the equations will ignore the small periodic perturbations, but will
capture the larger, more significant, secular drifts. The orbit-averaged element expressions for the Js
perturbation can be found in the literature [22]. For simplicity, we give the final expressions after using
the small eccentricity assumption

da di de Q3. (R’
at — At At dt 2 2n(a> o8t )
dw  3: (RN, . A 3- (RN, .

Ezzjgn(z) (5cos 2—1)7 E:”JFZJQ” " (3(:05 2—1),
where 2, w and M are the right ascension of the ascending node, the argument of perigee and the mean
anomaly respectively. This set of equations will be used later in simulations to propagate the motion of
the inner satellite.

2.3 Relative J; perturbations

To obtain the relative acceleration Aay, in the presence of the Js effects, the method is proposed by
Schweighart and Sedwick [17]. This relative acceleration vector is obtained by multiplying the relative
position vector and the gradient of the Jy potential

A(J,J2 = VJQ (7”]) P, (7)

where the Jy gradient is given by considering the small eccentricity assumption as

Vds (rr) =
1—3sin%isin’0 sin®i sin 20 sin 2i sin 0
6uJoR2a™® (14-5ecos (f—w)) |  sinisin 260 —1 —sin?i (3 —Zsin0) —1 sin 2i cos 0 . (8)
sin 27 sin 0 7411 sin 27 cos 6 *i + sin?i (% + %sinQH)

Due to the time averaged effect of the J5 acceleration, the gradient can be simplified to capture only
the secular effects and eliminate the periodic effects. Hence, the following integral is given as

) om 4s 0 4essinw
VJ, = %/ VJydb = n? 0 —5 —eScosw |
0
4eSsinw —escosw —3s 9)
3. /R’ . 15 (R\? . _.
5= gJQ (7) (1+3cos2i), §= IJQ (;) sin 21.

2.4 Solving the derivative of relevant parameters

In order to obtain the final equations to describe the motion of outer satellite relative to the inner satellite
placed on a J3 perturbed elliptical orbit, some important derivative parameters in (3) need to be discussed
under the J> potential. The angular velocity w and its derivative can be deduced directly from the view
point of angular momentum [24] with small eccentricity,

7/'11]2,,2

. =ah™' (1 —ecosf)Ja,, w,=

Wy = = ha"? (14 2ecos f), (10)

ol =

where h is the orbital angular momentum of inner satellite in a Jy perturbed orbit and inserting (5) into
above equation to yield .
- 3J2,LLR§

Wo = == 3 (14 3ecos f)sin 2isin 6. (11)
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Furthermore, the derivative of angular velocity can be deduced. For simplicity, we will take time
derivatives to the steering rate w, and the orbital rate w, in (10), respectively. Hence, the derivative of
wy is given as follows

(7;'11]2,,2 + 7/'11].2,,2)}1 - 7/'11]2,,2}.1
Wy = 72 .

The derivative of h can be expressed due to the Jy effects [24] and considering (5) on the assumption of

(12)

small eccentricity ~
3JopR2
2a3

To discuss the derivative of ry, it requires using the chain rule as follows

h=rJyy = — (1 + 3e cos f) sin%i sin 26. (13)

sz(ji—?f:aesinf(l—%cosf)f. (14)

Due to the fact that the orbital rate w, also depends on the derivatives of the true anomaly f, the right
ascension of ascending node and the argument of perigee w. We obtain the following formula as

h . .
wZ:p:f—f—w—f—QCOS’L’, (15)
I

where the & and € have been discussed in (6). Using the orbit-averaged rates of (6) and (9) to simplify
w and €2, the derivative of the true anomaly can be obtained as

. h . h
f:—Qf(c'quQcosi):—ans:ha_2(1+26cosf)fns, (16)
T T
and inserting into (14) with the small eccentricity assumption
i1 = (ha™? — ns) aesin f. (17)
For the convenience of the following discussions, the derivative of the true latitude 6 can be obtained
from (15)
L h o, 3: (R .
0=f+w=—5—CQcosi=ha (1+2ecosf)+§<]2n — | cos“i. (18)
7 a

With small eccentricity, the derivative of Ja, z can be simplified with (17) and (18) as

T 2 s . _ 2
2, =— 3Jopfi sin2i | cosf ha=2(1 + 6ecos f) + §Jgn Re cos? i(1 + 4ecos f)
’ 2 a* 2 a
4Sin9 ) .
i (ha™* —ns)ae smf} . (19)

Obtaining w, is slightly more complicated. Substituting (13), (17) and (19) into (12), the final w, can
be deduced with the small eccentricity assumption as follows

3JopR? sin 2i 3.J2nR? cos fcos?i
Wy = — % {—Se sin fsing (ha™? — ns) + 2 62(;(;8 st (14 3ecos f)
3JouRR?
+ha"%cosf (1 + 5ecos f) + ;zléhesin%' sin 0 sin 260 (1 + 6Ge cos f)} . (20)

With 7; and h now defined, we can now determine the derivative of w, in (10) using the small eccen-
tricity assumption

A\ h 2nw 3JyuR2
W, = (_2) == — gl ~ 222 e (14 5ecos f)sin®isin20 — (2h*a™* — 2ha*ns) esin f.  (21)

2 5
Ty Ty Ty 2a
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We now have all the prorogations of the terms and parameters for the linearized equations of IFGMSS,
which are given in matrix form as
Mp+Np+Kp=¢, (22)

where the generalized inertia matrix M, damping matrix N, and stiffness matrix K are given by details
and forcing function & stands for the model errors of the atmospheric drag, solar radiation and other
perturbations from the space:

mi11 = Moz = M3z = 1, n1g = —ng1 = —2w,, Neg = —Nga2 = —2wWy,
ki1 = —wﬁ —2n? (1+3ecos f) — An?s, kio = —w., ki3 = wew, — 4nedsinw, kop = w,,
oy = —w? — w? +n? (14 3ecos f) 4+ n?s, kg = —W, +n’edcosw, ki1 =ww, —4n’edsinw,
2,z 2,2 3j2MRQ (23)

ksa=wy+n“e§cosw, ksz=—w;+n”(1+3ecos f+3s), wy=— oh = (1+3ecos f) sin 2 sin 0,

a

3. (R 15 - (R.\?
w, =a 2 (1+2ecosf), s= ng (—e) (14+3cos2i), §= ZJQ (—e) sin 24,
a a

the other elements of inertia matrix M, damping matrix IN, stiffness matrix K equal to zeros. Consid-
ering the control force acting on the outer satellite, the final linearized equations can be written in the
form as

. . 1
Mp+Np+Kp:£+m—Ig><3U, (24)
o]

where mo is the mass of the outer satellite and the U is the control force acting on the outer satellite.

3 Design of MSMEFC for IFGMSS control

In this section, the Minimum Sliding Mode Error Feedback Control (MSMEFC) is developed for the
IFGMSS system with high control precision, which is proposed based on the further research of the
traditional sliding mode control theory. For the control of IFGMSS system, the serious uncertain pertur-
bations acting on the outer satellite are considered in the control system. For simplicity, the linearized
equations of IFGMSS can be reformulated in the state-space form as

X(t)=F(X)+G(X)U+¢,
P = [I,y,Z]T7f) = [iayvé]TaX = [pT,p-T}T,

F(X):[fllzl p ]7G(X):l911:l 03x3 1
f2 —Np—-Kp 92 s Isxs

For the actual control system, the uncertain perturbations are unknown; therefore, Eq. (25) is not
suitable for controller design. For actual controller design, we always use the following (26), which is
more convenient. Because the influence of the uncertain perturbations has been contained in the system
states X (t), using the assumed model for nonlinear system, the MSMEFC design is given by using the

(25)

assumed model for nonlinear system, given by

-~ g 0
7 e ( X) _ ?1 _ X 3x3 .
g2 o I3x3
stand for the actual control state values with the

influence of uncertain perturbations and the variables without the superscript “~” stand for the desired
control values.

b

It is worth pointing out that the superscript “~
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3.1 Controller design

To make the MSMEFC more comprehensive, we present the detailed design process for the controller
of IFGMSS. The desired relative position is given as pg € R3, and let pg € R? be the derivative of pg.
The control objective is to guarantee that the relative states p, pg can converge to its desired relative
trajectories pg = [0,0,0], pa = [0,0,0] in the presence of the uncertain perturbations. Hence, the control
performance can be defined by the tracking error p., p. € R?

Pe =P — Pd: Pe =P — Pa- (27)

In this subsection, a nonsingular terminal SMC [21] is designed for the controller. It is well known
that the nonlinear sliding mode offers some advantages with fast and finite time convergence; thus, the
nonlinear sliding manifold is designed as

S1 = pe + C1pP/Y, (28)

where C; € R3*3 is a constant, strictly positive, diagonal matrix. The positive odd integers p and ¢
satisfy the condition p > ¢. For the vector pi/ it is worthwhile to pay attention to the fractional power

as follows T
. . . o\P/a /. . \P/a /. . \P/a
pr = {(pl - pdl) : (p2 - Pd2> ) (pg - Pds) } : (29)
The basic idea is to alter the system dynamics along the sliding manifold, which drives the trajectory
of the system steered onto the sliding manifold described by S; = 0. To examine the convergence

properties of the trajectory errors, we derive the control laws based on Lyapounov’s second method
without considering the equivalent control error d and the uncertain perturbations €. As a result, the
SMC controller is now proposed as Theorem 1.

Theorem 1. If the controller consisting of U= Ueq + U, is proposed as follows:

1 (41 o ; ~ 1 flg 1.0
Uoq = —F5 ' (2—)01 tprl f2) Uy =75 (52—)01 p? p/qESgﬂ(Sl)) : (30)
where e € R3*? = diag {e,,y,¢,} for all {e; : &; > 0}, the Inner-Formation mathematical model in (26)
will asymptotically approach to the sliding surface S; (¢t) = 0 without considering the equivalent control

error and uncertain perturbations.

The proof of this theorem is given in Appendix A.
3.2 Equivalent control error design

For the high control precision of the IFGMSS, the estimate of equivalent control error is the key technology
for MSMEFC. On the basis of Theorem 1, we develop the following linear sliding manifold in order to
estimate the equivalent control error as follows

S> = pe + Ca2pe, (31)

where Cy € R3*3 is a constant, strictly positive, diagonal matrix.

Without loss of generality, the control accuracy can be analyzed by projecting into the sliding manifold.
When the conditions of § = 0 and § = 0 are satisfied, the sliding mode is named the ideal sliding
mode with the highest control precision. However, for actual practical usages, the ideal sliding mode is
impossible to achieve with the existence of uncertain perturbations. Obviously, the errors between the
actual sliding mode and the ideal sliding mode must contain the information of the control errors and
perturbations. Hence, the sliding manifold S5 (¢) should be taken into account by expanding the Taylor
series with estimated state X ()

Sy (t+ At) ~ Ss () + Zo [X (t), At} YA (1) Ve [X (t)} U, (32)
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where 4t is the sampling interval and the ith row of Z3[X(t), At] is determined by

~ Pi
ZQZ[X(t),At}:ZAk—ﬁkLIIi—‘(SI), i:1,2,...,m, ( )
k=1 33
8Lk71 8;
Lk (si)=si, k=0, Lh(s;) =200 k>,

where p; is the lowest order of the derivative of s; in which any component of the control value U first
appears. Lk (s;) is the kth order Lie derivative.
Ao (At) € R™™" is a diagonal matrix with elements \;i given by

)\ii:Atpi/p,L-!, i:1,2,...,n. (34)
V5[X (t)] € R™*™ is a matrix with each ith row given by

v; = {Lgl {L%.il (Si)} R [Lzlzjil (Si)} } s i=12,...,m,

p;—1

i oL .
Ly, [L]I”; l(si)} =~t—g;, j=12,....m

Assumption 1. For most SMC systems, when the system remains in the prescribed sliding manifold, the
sliding mode is called the ideal sliding mode with the advantages of S = 0 and S = 0. The corresponding
control value is the equivalent control u.q. Therefore, the Taylor series of the sliding mode based on the
equivalent control is given by

Sy (t+ At) ~ S5 (1) + Zo [X (1), At} + A () Va [f( (t)} U, (36)

We hope that the actual sliding mode can approximate to the ideal sliding mode for any time. In order
to achieve the design vision and goal, the error covariance between the actual sliding mode and the ideal
sliding mode is considered as a new evaluation criterion to describe, such that

Sy (t+ At) — 8y (t+At)} [Sg (t+ At) — 8y (t+At)}T -
. 37
= Ao (AD) Vs [X (t)} TR [X (t)} Ax(ADT = R.

If the equivalent control error d is added into the traditional SMC and can be estimated to provide
feedback to the SMC of (30) to minimize the error covariance R, the control precision will be enhanced.
On the basis of the above discussions, the final controller is modified by equivalent control error d as

U:U—dzueq—l—ﬂv—d:ueq—i—uv, ﬁzueq—i—uv—i—d, U, = Uy — d, (38)

inserting U into (32) and rearranging the term yields the Taylor series expansion of the sliding mode
based on the feedback of the equivalent control error. The sliding mode is defined as estimated sliding
mode

Sy (t+ A =85 (1) + Zo [X (), At] T A () Vs [X (t)} (Woq + y) +As () Va [X (t)} d. (39

Assumption 2. The optimal equivalent control error is determined on the basis of the assumption that
consistent estimates of the equivalent control error must match the residual error covariance between
the estimated sliding mode S5 (t) and the ideal sliding mode S, (t), which is approximately equal to
the known error covariance between the actual sliding mode Sy (t) and the ideal sliding mode Ss (£).
This necessary condition is hereby referred to as the minimum sliding mode covariance constraint. The
covariance constraint is proposed by requiring the following approximation to be satisfied:

[5‘2 (t+ At — So (t + At)} -[5‘2 (t+A) -8 (t+a0] ~R (40)
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Thus, the estimated sliding mode S (¢ + At) is required to fit the ideal sliding mode S5 (t + At) with
approximately the same error covariance as the ideal sliding mode fits the actual sliding mode Ss (t + At).
Otherwise, the estimate is statistically inconsistent.

Based on the above assumptions, a cost function consisting of the weighted sum square of the estimated
sliding mode-minus-ideal sliding mode residuals plus the weighted sum square of the equivalent control
error term is minimized and given by

TIdW) = 5[0+ A0~ Gt + A0 B[S+ A0~ 8 1+ An)] + 2™ () Wa(r),  (41)

where W is a positive constant.
Now, substituting (39) into (41) and minimizing (41) with respect to d lead to the equivalent control
error as follows
1

d(t):{[AQVQ]TR*IAQVﬁW}_ [A2Vs) TR [sg (t)+ 2o [X'(t),At}JrAQVQU—S'Q (t+A0)] . (42)

If the equivalent control error d can compensate the uncertain perturbations accurately, the nonlinear
switching control w, in (38) will be the high-order small value. For simplicity, the nonlinear switching
control u,, can be canceled and the ideal sliding mode S, (t + At) = 0 exists. Hence, Eq. (42) can also
be rewritten as

a () {[MaVa "R AVe 4 W AVATR [ (0) + 2o [K (0. 01] 4 AoV (43)
According to control system (25), taking into account for (33)—(36), we obtain
As (1) Vs (X' ) = Aty + %AtQCQgQ, Z, [X' (), At] = Atfy + AtCy f1 + %AtQCQ fo. (44)
Theorem 2. If the controller U = ueq + U, — d in system (25) is designed as follows
weg =~ (40T P04 o), = g3t (340716 Tesgn(S)) s R = AoVai @l V2T AT,
d(t) = {[A:Va] "R AV + W}_l-[AQVQ]TE1 S5+ Zs + AsVauey],
(45)

which makes the control system (25) remain contractive under considering the equivalent control error
and uncertain perturbations.

The proof of this theorem is given in Appendix B.
3.3 MSMEFC analysis

In this subsection, some important analysis and conclusions are given with details firstly. In this section,
we will analyze the theoretical relationship between the equivalent control error and the uncertain per-
turbations. In addition, the robustness and steady-state error of MSMEFC are also first discussed, which
shows the theoretical advantages over traditional SMC.

3.3.1 The estimate of uncertain perturbations

According to (25), the sliding mode can be expanded by Taylor series with the existence of £ and controller
U, such as

1
So (t + At) = S, (t) + (At + §At202) (fg + gU + f) + AtCs f1, (46)
inserting into (42) and rearranging the term yields

d(t)=M0) 57" B, B=|(f2=F2) + (02— ) U + €+ @lAV] ' ACy (£ - 1))

T -1 T (47)
M () = {[AVI"RIAV + W] AV]'R[AV].
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From (47), it is obvious that the equivalent control error d can feed back the uncertain perturbations. In
order to make (47) clear, the formula M (t) should be taken into account for simplification. According
to the matrix inversion lemma, it is given by

M () = {Wl -w AV {[AVIw T AV]" ¢ R}A [AV] Wl} AVITRTAV].  (48)

With the gradual convergence of control system (25), the nonlinear switching control @, will have
small values; therefore, the sliding mode covariance R will become the high-order small value in (37)

{aviw v s r} = {mviw vy} {1 m{iav) W‘l[AV]T}l}_l

_ (49)
~ AV TWIAV] ! - [AV]’TW[AV]’lR{ AV] W*l[AV]T} B
inserting into (48), it yields
M(t) =~ 1. (50)
Hence, Eq. (47) can be simplified as
d(t) =35 [(fo= F2) + (02— 32) U + €+ @lAV) ' AtCs (£ - )] (51)

With the convergence of the state variables gradually, there fg — fo, fl — f1, g2 — g2 also exist.
Therefore, when the system state variables converge to the steady state, the approximate result can be
obtained

d(t)~ gy '€ (t). (52)

Hence, the uncertain perturbations can be accurately estimated. As a result, the actual controller U
n (45) should be modified as

U =g+ —d. weq=—35" (L6768 + 12) . @ = =g (320768 "esen(S1))

T -1 T (53)
d(t) = {[AVa] "R A Vo + WAV "R (S + Zo o+ AoVaueg], €() = Gadl (1),

3.3.2 The robustness analysis of MSMEFC

For the analyses, we first make the standard assumption that the true state variables are replaced with
the estimated state variables. It is well known that when no uncertain perturbations exist, the sliding
mode control performs a feedback linearization. This can easily be shown by substituting (53) into (25)
withd=0,£=0, fi = f1, f2 = fo, g2 = §2 (i.e., no model errors), yielding

.. 1.9 1 11—
Pe=—9, 9= ]%01 1/)5 P44 5%01 lpi p/qesgn(sl). (54)

However, if the uncertain perturbations are present, the dynamics becomes
Pe = (f2—92§51f2> — 9205 g+ & (55)

Eq. (55) shows that the uncertain perturbations can clearly affect closed-loop performance using SMC.
For the analysis of MSMEFC, we consider the traditional SMC U in (30) and (54), such that

fo=—g—3U. (56)

Substituting (56) into (47) and rearranging the term yields

U=—g"(2+9++ (M "' —gy'5)d— g5 ' G2[AV] " ALCy (fl - fl) : (57)
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Table 1 System and orbit parameters

Name Value Name Value
Outer Satellite mass mo 200 kg Angular velocity of Earth we 7.292 x 1072 rad/s
Inner Satellite mass my 1.5 kg Gravitational parameter 3.986 x 10 km3 /s—2
Inner Satellite Radius Ry 0.025 m Orbit Height H 300 km
Cavity radius Ror 0.25 m Initial true anomaly 20°
Argument of perigee 0° RAAN 320°
Inclination 30° Mean anomaly 0°

Table 2 Controller parameters for numerical simulations

Parameters Ci; (1 =1,2,3) Ca; (1=1,2,3) {p,q} W; 1=1,2,3) ¢ (:=1,2,3) N; (1=1,2,3), mN
MSMEFC 100 8 {15,13} 104 0.1 20

As discussed earlier, there go — go exists

U=-g¢"(fo+g+&+ M —I)d— [AV] ' ALC, (fl *fl) ;

_ - - 58

fi= [+ U+ 8an fi= [ (fo+5:0) %)

A feedback linearization still occurs in the closed-loop system, but with two extra terms given by
(M~ — Id and —[AV]"'AtCy(f1 — f1). It is obvious that the second term can compensate the various
kinds of uncertain perturbations adaptively, which improves the robustness of MSMEFC. With the control
precision enhanced gradually, the effect of the second term will reduce. For the third term, it has the
effect of integral feedback, which can decrease and eliminate the steady-state error caused by uncertain
perturbations. Apparently, the proposed MSMEFC leads to a more robust and higher precision controller
using SMC only.

4 Numerical simulations

In this section, numerical simulations based on the linearized equations of motion for the IFGNSS system
in Section 2 will be presented. Hence, the first sets of simulations are used to check the fidelity of the
equations and obtain the important conclusion for the initial release of the inner satellite. Then, the
second sets of simulation will verify the effectiveness of the MSMEFC for IFGMSS. In addition, the
uncertain perturbations can be tracked and estimated precisely by MSMEFC with high control precision.

To fulfill the gravity measurement mission, the IFGMSS requires that the relative position between
the inner satellite and the outer satellite is kept within £1073 m. Suppose that all the thrusters can
provide continuous forces with the upper limits N; = 20mN (i = 1,2,3). Table 1 shows the system and
orbit parameters such as the mass of the outer and inner satellites, etc. [8]. And the control parameters
for MSMEFC are given in Table 2.

4.1 Simulation of inner-formation motion with Js

In this subsection, the simulations for the linearized equations of Inner-formation are given with the Js
and small eccentricity. To verify and analyze the performance of the proposed linearized equations, the
initial values are chosen as p = [0,0.1,0]T, p = [0.050,0,0.10]T, which satisfy the initial condition of the
projected circular formation. For the different eccentricities, the relative motions are different. The first
set of simulation in Figure 2 is for an eccentricity of 1074, Comparing Figure 2 with Figure 3, it is clear
that the increase of the eccentricity yields different results. An in-track drift becomes noticeable and this
drift is of the order of those caused by the Js perturbations. At this high eccentricity the magnitude of
the in-track drift increases to the point where it now trumps the effects of the perturbation forces.
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Figure 2 Relative motion—dJy Perturbation-e = 10~4-20 orbits.
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Figure 3 Relative motion—dJs Perturbation-e = 1073-20 orbits.

Table 3 Controller parameters for numerical simulations

Initial condition Scenario number Initial condition Scenario number
p =1[0.01,0,0]T Scenario 1 p =10,0.01,0]T Scenario 2
p=1[0,0,0]T Scenario 3 p =[0.01,0.01,0]" Scenario 4
p =[0.01,0,0.01]T Scenario 5 p =[0,0.01,0.01]T Scenario 6

For the IFGMSS, it is of significance to set the initial position of inner satellite, which will introduce
the collision for the inner satellite in the cavity. Hence, we will analyze the results under the different
initial conditions. For simplicity, it is assumed that the initial conditions only have position offset without
the speed derivation. Thus, we simulate and discuss the different scenarios with eccentricity of 10~ in
Table 3.

As can be seen from Figure 4, the in-track drift is seriously influenced by the perturbations without the
control input and other perturbations. Especially for scenario 1, 4 and 5, the in-track drift cannot satisfy
the requirements for the initial release of inner satellite. These three scenarios have the same initial
condition of 0.01 m position offset in z-direction. In other words, the relative motion of IFGMSS with
Jo perturbations is sensitive to the position offset in z-direction. Hence, we can obtain the conclusion
that the inner satellite should try to avoid bias in z-direction when releasing it in the cavity of the outer
satellite.
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Figure 4 Relative motion—dJy Perturbation-e = 1074-10 orbits—different initial conditions. (a) Scenario 1; (b) Sce-
nario 2; (c) Scenario 3; (d) Scenario 4; (e) Scenario 5; (f) Scenario 6.

4.2 Simulation of inner-formation motion with MSMEFC controller

In this subsection, the simulation results of the MSMEFC for inner formation control are presented with
uncertain perturbations. The uncertain perturbations £ (¢) acting on the outer satellite are considered to
be time varying, which is expressed as [25]

1 — 1.5sin(f)
Et)=12x10"%| 0.5sin(20) | (N). (59)
sin(#).

The initial conditions are the same to the above subsection. As can be seen from Figure 5, the relative
position errors for inner formation keeping are shown. It is obvious that the MSMEFC can guarantee
the relative errors convergent quickly and keep in a high control precision within +1 ~ —8 x 1076, £2 x
1075, 44 x 106 m respectively. Figure 6 shows the sliding modes and the control force of the MSMEFC
for the inner formation.

As the evidence in Figure 7, the equivalent control error and the estimated perturbations should be
taken into account. It is clear that the equivalent control error has some severe fluctuations in the initial
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phase. Due to the fact that the initial errors exist at the beginning, the nonlinear switching control
term u, inevitably fluctuates seriously, which leads to the error covariance R of the actual sliding mode-
minus-ideal sliding mode changing and unmatched with the initial selected weighting matrix W. With the
control precision improved gradually, the sliding mode error covariance R can match with the weighting
matrix W better and better; therefore, the effect of the equivalent control error plays a prominently
significant role in enhancing the control accuracy and the perturbations can be tracked and estimated
accurately by the MSMEFC.

To demonstrate the performance of MSMEFC for Inner formation with details, the more serious ini-
tial conditions and perturbations are given for simulations. The initial condition is chosen as p =
(0.1,-0.2,0.1]T, p = [0.050,0,0.16]" and the uncertain perturbations are three times as much as the
previous simulations. As can be seen from Figures 8-10, the relative positions are convergence within
0.15 orbit and the control precisions are all limited within 40.2-—2.5 x 107°, £6 x 1076, +1.2x10™° m
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respectively. For the nominal case and the serious case, the MSMEFC achieves the mission requirement
that the relative position between inner satellite and outer satellite should be less than 1072 m. In
addition, the control force, sliding modes, equivalent control error and the estimated perturbations are

shown in Figures 9 and 10, respectively.

5 Conclusion

In this paper, under the assumption of small eccentricity, the new set of linearized equation of motion for
IFGMSS mission is developed with the J; effects, on which basis, the MSMEFC is proposed to perform
a real-time control on the outer satellite. The MSMEFC can compensate the uncertain perturbations
accurately by the introduction of the concept of equivalent control error, which is the key technology to
the utilization of MSMEFC. It is shown that the MSMEFC exhibits the better robustness and reduces
steady-state error compared with the traditional sliding mode control, which is first discussed in this
paper. Finally, the numerical simulations of the relative motion are given to verify the proposed linearized
equations for IFGMSS. For nominal case and serious case, the MSMEFC is able to stabilize in a high
precision and the estimated perturbations are tracked precisely. As a consequence, the results demonstrate
the effectiveness of the proposed linearized equations and controller.
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Appendix A

Proof. 1In this section, we derive the control law based on the Lypunov stability theorem. Consider the following Lyapunov
function candidate: 1
V= 5slT Si. (A1)

Taking the derivative of V' along its trajectory from (26), and rearranging the terms yields

V=578 =sT (ﬁe - f]—’cmi?/q*ﬁd + Scmé’/q*ﬁ)

=sT (ﬁe Lo T by COupt T (KB - Nb+ ggu)) : (A2)
Substitute the controller designed from (30), and then collect the common terms to reformulate in (A2)
. 1 1 1
V = —515e5g0(51) < = Amin (&) 1511 = =S emin 521l (A3)
where p, g are positive odd integers; therefore, the formula ;‘;5/‘1‘1 > 0 exists.
In order to satisfy the requirement of Barbalat’s Lemma, we define |¢ (¢)| = —%emin [IS1]| > 0 and integrating both sides
of (A3) yields the following expression
oo oo oo
V() <V (0 —/O ¢ ()ldr = V (0) > V (1) +/O |4 ()|d7 2/0 ¢ (7)d. (A4)

Taking the limit as ¢ — oo on both sides of (A4) gives

. t
t1—1>120/0 [ (T)|dT < V (0) < oo. (A5)
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Now, employing Barbalat’s lemma, we obtain
. . 1
Jim 0] = Jim (= Zemin IS11) = 0. (A6)

According to the Lypunov stability theorem, the control system(25) will reach to the sliding mode S (¢) = 0 in the finite

time ts as follows

L 22V _ 218 Q) an

€min €min
when the sliding mode satisfies S7 (0) is the initial state of sliding mode surface. It ensures that the system with any
random initial state can reach to the surface Si (0) = 0 in finite time ¢s.
We assume that Sp (0) = 0 is satisfied at the time of ¢s. In response to (28), the control error pe, pe will converge to
zero in finite time in the terminal manifold, then to solve the differential equation (28) as follows

p: 1—q;/p;
tei= NP (1) (A8)
e/ — g)

Hence, we can get the total convergence time as follows

tol = i;nlgfg(tei) +ts. (A9)

It is obvious that the controller described by (30) can drive the control errors to zero in finite time without considering
the equivalent control error and uncertain perturbations.

Appendix B

Proof. The procedure of the proof is proposed based on the sliding mode change of convergence. To simplify the prove
procedure, the error of the estimated sliding mode-minus-ideal sliding mode is given by

e(t+At) =8y (t + At) — S (t + At). (B1)

It is worth pointing out that the estimated sliding mode is the actual sliding mode with the correction of equivalent
control error. In other words, the estimated sliding mode is the actual sliding mode with the MSMEFC methodology.
According to (36), inserting them to (39), and rearranging the terms yields)

e(t+ At) = [I —AW)V (X) M’ (t)] é(t+ At), (B2)

where
E(t+At) =S (t)+2Z [X(t),m] TAWV (X) (Uoq + uv) — S (t+ At)

1 B3
M’ (t) = {W*l - W*l[AV}T{[AV} w-HAV]T + R} [AV] W*l} JAV]TRL. (B3)
According to the assumption that the ideal sliding mode S (¢t + At) = 0 exists, we may rewrite (B3) as follows
- Ty - , -
8y (t+ At) = [1 AV (X) M (t)] 8, (t+ At), B1)

52(t+At):Sg(t)+Z[X(t),At] +A(t)v()2) U.

which is the predicted sliding mode with the control law of the MSMEFC.

If V is square and full rank, AV M’ is also full rank. As W — 0, AVM’ — I, and (I — AVM’) — 0 exists. This
approaches a deadbeat response for control dynamics. As W — oo, M’ — 0, and (I — AVM’) — I exists. This yields
a control response with discrete eigenvalues approaching the unit circle. As long as the covariance matrix of the sliding
mode is positive, the discrete eigenvalues of the control will lie within the unit circle. It is clear that the introduction of
proposed equivalent control error will not influence the stability of the Theorem 1. Therefore, the MSMEFC makes the
control system (25) remains contractive, which is obviously stable.

1) Crassidis J L, Markley F L. Predictive filtering for nonlinear systems. J Guid Control Dynam, 1997, 20: 566—572.
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