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Abstract This article studies the quantized partial-state feedback stabilization of a class of nonlinear cascaded
systems with dynamic uncertainties. Under the assumption that the dynamic uncertainties are input-to-state
practically stable, a novel recursive design method is developed for quantized stabilization by taking into account
the influence of quantization and using the small-gain theorem. When the dynamic uncertainty is input-to-state
stable, asymptotic stabilization can be achieved with the proposed quantized control law.
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1 Introduction

The convergence of controls and communications motivates the study of quantized control, which is
highly relevant to engineering applications such as smart grids, intelligent transportation systems, robotic
networks, and other cyber-physical systems. In a quantized control system, the control signals and/or
the measured outputs are processed by quantizers, which map the signals from continuous spaces to
discrete sets. The study of the effect of quantization to control systems can be tracked back to the
work [1] by Kalman. Recent results on quantized control of linear systems include Ref. [2] based on a
discrete-event model, Refs. [3-5] studying dynamic quantization (dynamically scaling the quantization
levels), and Refs. [6,7] considering the coarsest quantizer and numerous references therein.

This article focuses on the quantized control of nonlinear systems. Significant development has also
been achieved in this direction. Ref. [8] extended the result in [6] using a control Lyapunov function
method. In [4], dynamic quantization was realized for input-to-state stabilizable nonlinear systems. In [9)],
an n-bit quantized state feedback control law was developed for n-dimensional feed-forward systems.
The conditions under which a logarithmic quantizer does not cancel the stabilizing effect of a continuous
feedback control law were studied in [10] for dissipative systems. Recently, we have contributed some
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novel solutions to the quantized state feedback stabilization problem of strict-feedback systems [11-13]
and the quantized output-feedback control of output-feedback systems [14,15]. See also [16] for a recent
survey of the literature. These systems have been widely studied in the literature of nonlinear controls;
see [17-19] and the references therein. However, our previous results do not address dynamic uncertainties
and do not guarantee asymptotic convergence. The research presented here is motivated by relaxing the
limitations of our previous work.

In this article, we consider the quantized stabilization problem of a general class of nonlinear cascaded
systems with dynamic uncertainties. To the best of our knowledge, this problem has not been fully
studied in the quantized control literature. Based on the concepts of input-to-state stability (ISS) [20]
and input-to-state practical stability (ISpS) [21], this article contributes a new small-gain design, which
can be readily used to handle the quantized control problem in the presence of dynamic uncertainties.
Also, when the ISpS property of the dynamic uncertainty becomes ISS, asymptotic stabilization can
be achieved for the closed-loop system with the proposed quantized control law. The interested reader
should consult [20] for a tutorial of ISS and [21] for the ISS small-gain theorem and applications. This
article can be considered as a quantized version of the asymptotic stabilization result in [22], though we
only consider ISS (instead of I0S) dynamic uncertainties.

The rest of the paper is organized as follows. Section 2 gives the problem formulation. In Section 3,
we present a design ingredient based on which the quantized control problem can be solved recursively.
The main result of the paper is given in Section 4. In Section 5, we employ a design example to show
the effectiveness of the proposed method. Section 6 contains some concluding remarks.

Some notations and definitions that are commonly used in the article are given here. R", Ry and
Z4 represent the n-dimensional Euclidean space, the set of nonnegative real numbers and the set of
nonnegative integers, respectively. |z| represents the Euclidean norm of a vector x € R™. A function
a Ry — Ry is said to be positive definite if a(0) = 0 and «(s) > 0 for s > 0. A continuous function
a: Ry — Ry is said to be a class K function, denoted by « € K, if it is strictly increasing and «(0) = 0;
it is said to be a class K function, denoted by a € Ko, if it is a class K function and satisfies a(s) — oo
as s — oQ.

2 Problem formulation

The class of nonlinear cascaded systems studied in this article takes the form:

2 = pi(Xi, Zi), (1)
&y = fi( Xy, Z3) + 9i(Xi, Zi)wiga, (2)
fori=1,...,n, where [25,z1,..., 2}, 2,]T with z; € R™ and z; € R represent the state, x, 11 :=u € R
is the control input, and z; := y is the output, X; = [z1,...,2;]T and Z; = [2],...,21]T. The maps
Di, fi, g; are locally Lipschitz. It is assumed that z1,...,z,, the states of dynamic uncertainty, are not

available for feedback control design. Our objective is to develop a quantized control law to stabilize
systems (1) and (2) using the quantized state Q(X) := [q1(71), ..., qn(2n)]T, where X = [z1,...,2,]T
and ¢;(z;) is the quantized signal of z;.

Assumptions 1-4 are made on systems (1) and (2) throughout the article.
Assumption 1. For each ¢ =1,...,n, there exist an oy, € K being Lipschitz on compact sets and a
constant 6,, > 0, such that for all X;, Z;,

Ipi(Xi, Z0)| < o, (X5, ZITH]) + 6, (3)

Assumption 2. For each ¢ =1,...,n, there exist an oy, € K being Lipschitz on compact sets and a
constant d¢, > 0, such that for all X;, Z;,

|fi(Xi, Z0)| < ap (11X, Z51T]) + 0, (4)
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Remark 1. It should be noted that for any locally Lipschitz function ¢ : R™ — R, there exists
o, € Koo being Lipschitz on compact sets and d, > 0, such that |¢(z)| < a,(|z]) + ¢p, for all z € R™.
This can be proved by defining ¢, = [(0)| and finding an a, € K, such that o, > o with ol (s) :=
max|,|<s {|o(z) — ©(0)[}, for s > 0. Also, if »(0) = 0, then we can set ¢, = 0. Thus, Assumptions 1 and
2 are not restrictive.

Assumption 3. For each i =1,...,n, there exists a known constant g,> 0, such that for all X;, Z;,

9:(X3, Zi)| = g, (5)

We recall the definition of ISpS from [21] to make this article self-contained.
Definition 1. The nonlinear system & = f(x,u) with state x € R™ and input u € R™ is ISpS if there
exist a f € KL, v € K and a constant 6 > 0, such that for each initial time ¢y, each initial condition
x(tp) and each piecewise continuous bounded control u : [tg, o0) — R™, the solution of the system exists
on [tg,00) and is such that

|2(t)] < max{B(|z(to)l, ¢ — to), Y([|ullie.), 63, for all ¢ > to. (6)

If Eq. (6) holds with 6 = 0, ISpS reduces to Sontag’s ISS [20]. v is called ISS gain of system @ = f(x, u).
Remark 2. If system @& = f(z,u) is ISpS, then system @ = f(z,0) is practically stable. See, e.g., [23,
Definition 1] for the definition of practical stability.
Assumption 4. Fori=1,...,n, each z;-system (1) with [X, ZL |]T as the input is ISpS with an ISS
gain being Lipschitz on compact sets.
Remark 3. The assumption on the Lipschitz property of the ISS gains is not restrictive. If the ISS
gain 7y defined in Eq. (6) is of class K but not Lipschitz on compact sets, then we can replace ~y
with a 4 € Ko being Lipschitz on compact sets, such that 4(s) = (1 4 p)(v(s) — €) and replace §
with § := max{(1 + p)e/p,d}, where constants p,e can be arbitrarily small. It can be verified that
max{y(s), 8} < max{4(s)/(1+ p) + ¢ 6} < max{3(s), (1 + p)e/p,d} = max{%, 8} for all s > 0.

In this article, we consider state quantizers ¢; that satisfy the sector bound property.
Assumption 5. For i = 1,...,n, each quantizer ¢; is a piecewise constant function, and there exist
known constants 0 < b; < 1 and a; > 0, such that for all z; € R,

lgi (i) — x| < bifai| + (1 = bi)ay. (7)

Remark 4. The quantizers with the sector bound property like in Eq. (7) have been considered in
several existing results on quantized control of linear and nonlinear systems; see, e.g., Refs. [6,7,10,12].
In particular, our recent article [12] studied the quantized control for nonlinear systems without dynamic
uncertainties.

3 An ingredient of recursive control design

The basic idea of this article is to develop a design ingredient that can be readily used to solve the
quantized control problem. We consider the following system:

o = h(Co, C1), (8)
1= f(Co, 1) + 9(Co, G1)a, (9)

where [¢F,¢1]Y, with (o € R™ and (; € R, is the state, (2 € R is the input, h : R™ x R — R" and
f,9 :R™ xR — R are locally Lipschitz functions.

The following Assumptions 6-9 are made on systems (8) and (9). In Section 4, we will transform the
quantized control problem for systems (1) and (2) into a recursive control design problem for systems in
the form of Eqgs. (8) and (9) satisfying Assumptions 6-9.
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Assumption 6. There exist an «j € Ko, being Lipschitz on compact sets and a constant §, > 0, such
that for all (o, (3,

|h(Co, ()| < an(|[Cg - G]T ) + On (10)

Assumption 7. There exist an ay € Ko being Lipschitz on compact sets and a constant d; > 0, such
that for all (o, (1,

£ (o, o)l < ap(I1Go s M) + 6y (11)
Assumption 8. There exists a known constant g > 0, such that
19(¢o, C1)| = g, (12)

for all (o, (3.

Assumption 9. There exists a set-valued map Sy : R™ ~» R with max Sy and min Sy continuously
differentiable almost everywhere, such that the system described by differential inclusion:

o € H(Go,&1) = {160, &1+ &) & € SolGo) | (13)

with ¢; as the input is ISpS with an ISS gain being Lipschitz on compact sets. Also, there exist an
as, € Koo being Lipschitz on compact sets and a constant g, > 0, such that for all , € R™0,

max {| max So(Co), [ min So(Co)|} < as, ([Co]) + s, - (14)

Remark 5. Assumption 9 means that the (p-system can be input-to-state practically stabilized by
considering (; as the “virtual” control input and using the feedback control law (; € QO(CO,(;) =
{51 +4 (Al € So(Co)}- A special case is that the (p-system is ISpS by itself. In this case, by defining
So(Co) = {0}, the {p-system still satisfies Assumption 9 with Gi=0and & = (.

Lemma 1. Under Assumptions 6-9, there exists a set-valued map S; : R™*! ~ R in the form of
S1(¢0, 1) = {dwm(ﬁ — ¢+ du) ¢ € 80(G)s ldin| < bil¢a| + (1= bi)a,

1 1
<dis < : 15
Tby ~°° 1—@} (15)

where k1 : R — R is continuously differentiable and satisfies x1(0) = 0,

N N N 1 1
SO(CO) = {Cl : dOQCl (S SO(CO) fOI' Tbl < dOQ < 1_ b1 }, (16)

and constants a1, by, be satisfy a; >0, 0 < by < 1, 0 < by < 1, such that the system

l@] . { lh(co,cl)
G f(GosC1) + 9(Co, C1)(G2 + C2)
with , as the input is ISpS with an ISS gain being Lipschitz on compact sets. Also, if Assumptions 6
and 7 are satisfied with 0, = 6y = 0 and Assumption 9 is satisfied with the (p-system being ISS and
ds, = 0, then the ({p, (1)-system can be designed to be ISS by choosing an S; in the form of Eq. (15)
with a; = 0.
Proof.  Forr € R and closed S C R, denote d(r, S) = r—argmin,, . g{|r —7'|}. Define ¢; = d(¢1, S0(Go))-
Clearly, (; — ¢ € So(Co). With such definition, the {p-subsystem with (1 as the input is ISpS with an
ISS gain being Lipschitz on compact sets.

When ¢ > 0, G = ¢ — max So(Co). By taking the derivative of 1, we have

(o € 51((07@)} ; (17)

51 = {1 — Vmax So(Co)do
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= f(Co,C1) + 9(Co, €1)¢2 — Vmax So(¢o)h(Co, 1)
= f(C0:C1) + 9(C0, 1) (G — &2) + 9(Cos C1)&2 — Vmax So(Co)h(Co, C1), (18)

wherever V max Sy exists. Note that max .Sy is continuously differentiable almost everywhere. Thus,
V max Sy may be discontinuous and the (;-system may be a discontinuous system. We represent the
solutions of the (1-system with a differential inclusion by defining

dmax Sy(¢p) = ﬂ ﬂ E{V max Sy (BE((:O)\/\;I) }, (19)

>0 1 (M)=0

where B.(n) represents the ball of radius € around ¢y, and M represents all the sets belonging to R of

zero measure (i.e., u(M) = 0). Thus, d max .Sy is convex, compact and upper semi-continuous.
Then, in the case of (; > 0, the (;-system can be represented by

Ge {06 )G = &) + 016 € (60,1 ) (20)

where
(G0, €1, ) = { £(60:G1) + 9060, )G + G0h(G,C1) : b € Imax So(Go) } - (21)

Under Assumptions 6 and 7, using the definition of ¢; and property (14), there exist an ag- € Koo
being Lipschitz on compact sets and a constant dg« > 0, such that for all {y, (1, (o,

max{| ma'Xq)*(CO7C17é:2)|7 | minq)*(CO7Cla§2)|} < a‘I’*(ngOr?glagﬂT') + 6‘1’*' (22)

Note that the set-valued map S1((o, (1) defined in Eq. (15) is determined by 1. We construct the
set-valued map by finding an appropriate 1. For any ¢« > 0, any 0 < ¢ < 1 and any ’yg’, 'ygf X € Koo with
-1 S\ -1
(’ygo) , (fy?) , X! being Lipschitz on compact sets, one can find a #{ : R, — R which is positive,
1 1

nondecreasing, and continuously differentiable on (0, c0) and satisfies

g(1—=b1)(1—¢)
1+ by

> 18+ ap- ((7§?>1 (s) + (7§3)71 (s) + S) + X—l(s)7 (23)

/1(1) (L=0b1)(1—1c)s)s

for all s > 0. The existence of such Y is guaranteed by Ref. [22, Lemma 1]. Define
ka(r) = —ri(Ir))r, (24)

for r € R. Then, % is continuously differentiable on (—oo, c0) and 1(0) = 0.
Define V;, (¢1) = |¢1] as an ISS-Lyapunov function candidate for the (3-subsystem. We study the case
of

Ve, (€)= masx {52 (1GoD): 72 (1Ga ), (e 1), 2 . (25)

From the definition of Sy in Eq. (16), we have

max Sy(¢p) = max { rlbl max S’O(CO), Tlh max Sp (CO)} , (26)
min Sy(¢p) < min { 1 Jibl min So(¢o), 1%171 min SO((O)} . (27)

Consider the following cases for {1 — ¢ + dy1 with (} € S’O(CO), |di1] < b1|C1|+ (1 —b1)ay and (G > 0:
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(i) ¢1 > maxSo((o) (ie., & > 0):
G — ¢ +din > (1—b1)¢ —max So(¢o) — (1 —by)a

=(1-b) <c1 — max (1 —1b1 S*O(go)) — al)
= (1= b1)(¢1 — max So(Co) — a1)

= (1= b)(&1 — an); (28)

(i) ¢; < minSy(¢o) (e, & < 0):
G —¢ +din < (14b1)¢ — min So((:o) + (1 —b1)ay
= (1 + bl) (Cl — min (1 i by 5’0(4.0))) + (1 — bl)al

< (1= b1)(C +ay). (29)

Thus, with ¢ € So(¢o) and |di1| < bi|¢i| + (1 — by)ay, if ¢ =0,
(1=b1)(C1—a1) <G — ¢ +di < (1=b1) (G + an). (30)
Similarly, property (30) can also be proved for the case of (; < 0. Note that, in the case of Eq. (25),

-1 ~ N1 ~ ~
Gl < () (G 1GI < (3) (&) do <xH(Gil), and ar < elda- Then, we have

G =G dul > (1= b)(1 = )lGl, sgn(G = ¢ +dn) = sgn()- (31)
Thus, in the case of Eq. (25), for any [di| < b1|Gi| + (1 = b1)as, ﬁ <diz < ﬁa (i € So(Go) and
¢ € ®*(Co, (1, C2), it holds that

Ve (G1) (960, Q) drzra (G = G + dun) + )

=sgn(¢1) (9(Co, C1)d12k1 (61 — ¢ + dir) + )

< ,gfi’g;)x?qg — ¢+ A6 - G+ dul + 9l
<1 beK?(|C1 — ¢ +Hdul)l¢ = ¢ +dul + 9|
(=) = AIGDA )1 =G+ aw-(16C Gl ") + b
< =Gl ae. o

. -1 2\ —1
As a result, for any vg"ﬁ?, X € Koo with (75’) , (fy?) ,x~ ! being Lipschitz on compact sets, we
1 1 1 1

can design k1, such that if Eq. (25) holds, then

max Vvél(él)f&g*”/fl(él)v a.e. (33)
fe, €Fg (Co:€1,€2)

where
Fe,(G0,61,G) = {9(60,0)(G — &) + 6 G — & € 5160, Q1) 0 € (G0, G, B} (39)

Thus, V; is an ISS-Lyapunov function of the (;-system, and the (;-system has been designed to be

~ -1 SN —1

ISpS. In particular, there exist ﬁgl e KL, 7?07’7? € Ko with (’yg“) 7(7?) being Lipschitz on
1 1 1 1

compact sets and constant (551 > 0, such that

G (1)) < max { B, (G (to) st = 1) 72 (oo )78 (1 0, 0, b (35)
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for all t > to > 0, where 0z = max{x(|6e-),a1/c}.

Consider the interconnection of the (y-system and the (;-system. Since 'ycé is Lipschitz on compact
- -1
sets, we can design the (j-system, such that both 'ygo and (’ygo) are Lipschitz on compact sets and
1 1

the small-gain condition ;) o 'ygo < Id is satisfied. Using the small-gain theorem for interconnected ISpS
1

systems, we can guarantee the ISpS of the (o, ¢; )-system and thus the (¢, (;)-system. Also, the ISS gain
can be proved to be Lipschitz on compact sets. This ends the proof of Lemma 1.

Remark 6. Lemma 1 means that the ({p,()-system can be input-to-state practically stabilized by
considering (2 as the “virtual” control input and using the feedback control law (o € Q1({o, (1, 52) =
{&+ G G € Si6o, )}

Remark 7. In the discussion of the Lipschitz property of the ISS gains, we used the result that the
ISS gain of an interconnected system composed of ISS subsystems is Lipschitz on compact sets if the
ISS gains of the subsystems are Lipschitz on compact sets. This result can be verified by directly using
the ISS gain estimate (19) in Eq. [21] and the fact that the composition of functions being Lipschitz on
compact sets is Lipschitz on compact sets.

Remark 8. Lemma 1 is motivated by [22, Section IV]. Ref. [22, Section IV] studies nonlinear systems
composed of two subsystems, one of which is input-to-output practically stable (IOpS). In this article, we
focus on ISS small-gain based designs and do not assume IOpS properties. Instead, for direct usability of
the ingredient to cope with quantization, we consider nonlinear systems composed of two subsystems, one
of which is input-to-state practically stabilizable, and develop a set-valued map design. Such treatment
may reduce the complexity of the design procedure.

4 Quantized stabilization

With the help of the design tool presented in Section 3, we can develop a class of quantized control laws
for the nonlinear cascaded systems in the form of Egs. (1) and (2). The main result of this article is
given in the following theorem.

Theorem 1. Consider systems (1) and (2). Under Assumptions 1-5, there exists a quantized partial-
state feedback control law in the form of v = u(qi(21),...,qn(2n)), such that all the signals in the
closed-loop quantized system are bounded. Also, if the offsets d,,’s in Assumption 1, dy,’s in Assumption
2, and a;’s in Assumption 5 are equal to zero and each z;-subsystem is ISS, then the closed-loop quantized
system is asymptotically stable.

Proof.  We prove Theorem 1 by designing a novel quantized partial-state feedback controller through a
step-by-step recursive design procedure.

Initial step. The objective of this step is to find a set-valued map S; : R ~ R, such that if
29 € {Zo + T2 : &2 € S1(X1)}, then the (Zy, X1)-subsystem with Z as the input is ISpS with an
ISS gain being Lipschitz on compact sets.

Consider the (z1, z1)-subsystem of systems (1) and (2):

21 =p1(Xy, Z1), (36)
1 = f1(X1,Z1) + g1(X1, Z1)xa. (37)

Under Assumption 4, the zj-system is ISpS with x; as the input. Using Lemma 1, we define the
set-valued map S; as

1 1
S1(X1) = S digki(zr + din) @ |din| < bilai| + (1 —bi)ar, ——— < di2 < ; (38)
1+ by 1—bo

where k1 : R — R is continuously differentiable and satisfies x1(0) = 0, such that nonlinear system
Z
Xy

p1(X1, Z1) & .
{lfl(XLZl)+91(X17Z1)(502+f2) s 1)} .
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is ISpS with the ISS gain being Lipschitz on compact sets.
For convenience of notations, denote pa(z1, z2, Z2) = p2(Xa, Z2). Define

Py(x1, 2o, Z2) = {p2(w1, 22 + T2, Z2) : T2 € S1(1)}, (40)
and consider
2-2 S PQ(I'l,QZ'Q,ZQ). (41)

Because k1 is continuously differentiable and #1(0) = 0, there exist an a3 € Ko being Lipschitz on
compact sets and a constant d; > 0, such that for all Z;, Xo,

[Z1, X3 17| < aa(|[Z1, X1, 2] ")) + 61 (42)

Under the Assumption 4, the zo-subsystem with (Z;, X2) as the input is ISpS with an ISS gain being
Lipschitz on compact sets. Because of property (42) and the definition of P, in Eq. (40), it can be verified
that system (41) with input (Z7, X7, Z2) is also ISpS with an ISS gain being Lipschitz on compact sets.

Consider the (Z,, X7)-subsystem of systems (1) and (2), i.e., the cascade connection of the (Z7, X7)-
system and the zo-subsystem. The small-gain condition is satisfied automatically, and the (Z2, X7)-
subsystem with input Zs is ISpS with the ISS gain being Lipschitz on compact sets. If the offsets d,,’s in
Assumption 1, dy,’s in Assumption 2, ¢,’s in Assumption 4, and a;’s in Assumption 5 are equal to zero,
then the closed-loop quantized system is asymptotically stable.

Recursive step. Suppose that there exists a set-valued map Sp,—1 : R™~1 ~» R, such that if z,, €
{Zm + Tm : & € S—1(Xm—1)}, then the (Z,,, X;,—1)-subsystem with Z,, as the input is ISpS with an
ISS gain being Lipschitz on compact sets.

Consider the (Z,,, X,,)-subsystem of systems (1) and (2):

Zi=pi(Xi, Zi), i=1,....,m—1, (43)
i = fi(Xi, Zi) + 9i(Xi, Z)wigr, i=1,...,m—1, (44)
Zm = Pm(Xm;s Zm), (45)
T = fm(Xms Zm) + 9m (X, Zm)Tm41- (46)

Using Lemma 1, we define a set-valued map S, : R™ ~ R as
Sm(Xm) = {dm2"'€m($m - x:n + dml) : x:n € S’m—l(Xm—l); |dm1| < bm|$m| + (1 - bm)arm

1 1
L e a7
Tt by 0 1bm+1} (47)

where K., : R — R is continuously differentiable and satisfies x1(0) = 0, and

. . 1 1
Sm—1(Xm-1) = {Im s dim—1)2%y, € Sm—1(Xm_1) for T <dim-1)2 < — } , (48)

such that the (Z,,, X;,)-subsystem with z,, 11 € {Zm41 + Tmt1 : Emi1 € S (Xim)} is ISpS with Zy,41
as the input, and moreover, the ISS gain is Lipschitz on compact sets.

Consider the (Z, 41, X )-subsystem of systems (1) and (2), i.e., the cascade connection of the (Z,,,, Xy, )-
system and the z,,1-subsystem. The small-gain condition is satisfied automatically, and the (Z,, 41, Xon)-
subsystem with input Z,,41 is ISpS with the ISS gain being Lipschitz on compact sets.

Final step. By repeating the procedure in the recursive step until m = n, we can design a set-valued
map S, (X, ), such that systems (1) and (2) with x,,41 € {Zpt1 + Tnt1 : Tnp1 € Sp(Xy)} with b,y =0
are ISpS with Z,41 as the input. Note that x,, 11 = u is the control input of the system. If we can design
a quantized control law, such that u € S,,(X,,), then Z,; = 0 and the closed-loop system is practically
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stable. Because of the appropriately chosen S; for ¢ = 1,...,n in the recursive design procedure, we
propose a quantized control law in the form of

T2 = r1(q(21)), (49)
Tiv1 = kilqi(x) — &i—1), 1=2,...,n—1, (50)
U= Fn(qn(@n) = Fn-1), (51)
such that
i€ S1(X1) = = diy1 € 5i(X)) = - = u e Su(Xy). (52)

If the offsets d,,’s in Assumption 1, §y,’s in Assumption 2, d,,’s in Assumption 4, and a;’s in Assumption
5 are equal to zero, then the closed-loop quantized system is asymptotically stable.

If the offsets dy,’s in Assumption 2 and a;’s in Assumption 5 are equal to zero and each z;-subsystem
is ISS, then all the ISpS subsystems discussed above are ISS and the closed-loop quantized system is
asymptotically stable. This ends the proof of Theorem 1.

5 A simulation example

To illustrate the basic idea of the set-valued map design, we consider a system in the form of systems (1)
and (2) with n = 1:

3 =—22 422, (53)

&=234u, (54)
where [z, 2]T € R? is the state of the system with z € R being the state of the dynamic uncertainty, u € R
is the control input, and only the quantized signal g(z) of z is available for feedback. We consider the
case where the quantizer ¢ satisfies |¢(z) — | < bla|+ (1 —b)a with b = 0.1 and @ = 0.01. For convenience
of notations, define p(z,z) = —23 + 2% and f(z) = 23. Define ay(s) = s3. Clearly, |f(2)| = ay(]z]), for
all z e R.

With V. (z) = |z| considered as the ISS-Lyapunov function of the z-subsystem, it is directly checked
that

V.(z) > (11|x|)§ = VL (2)p(x,2) < —— 2> ae., (55)
which implies

[2(0)] < max {5(|2(0)], £),7Z ([[#]loc)} (56)

where 8 € KL and v%(s) = (1.1s)%/3.

Now, we find a set-valued map S(z) in the form of S(z) = {x(x + d) : |d| < bjz| + (1 — b)a}, such that
a realizable control law u € S(z) renders the z-subsystem ISS with z and the quantization error as the
inputs. Also, to satisfy the small-gain condition, the ISS gain from z to x, denoted by 72, is assigned,
such that % o v* < Id. For this purpose, we choose 7Z(s) = s%/2/1.2 and choose k(1) = —x°(|r|)r with
k" € K satisfying

(1 =) =)’ (1= b)(1 = c)s)s = ts+ay ((v2)'(5)) (57)

where constant ¢ > 0 and constant ¢ satisfies 0 < ¢ < 1. We choose ¢+ = 0.1 and ¢ = 0.1. Then, we can
choose £°(s) = 2.5s + 0.2 and thus

S(z) ={-25|z+d|(x +d) — 0.2(x +d) : |d| <0.1|z| + 0.009} . (58)
Then, the quantized control law is designed as
u(q(x)) = —2.5|q(x)|q(x) — 0.2¢(x). (59)

It can be directly checked that u(q(z)) € S(z).
Figures 1 and 2 show the simulation result with initial state [z(0),z(0)] = [10, —1].
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Figure 1 The trajectories of z, ¢(z) and z.
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Figure 2 The control input v with quantized feedback.
6 Conclusion

In this article, we have studied the quantized feedback stabilization problem of a general class of nonlinear
cascaded systems with dynamic uncertainties. A recursive control design ingredient has been developed
based on ISS small-gain theorem and a set-valued map design, which can be readily used for quantized
partial-state feedback stabilization. In particular, asymptotic stabilization can be achieved for the closed-
loop quantized system if the dynamic uncertainties are ISS with gains being Lipschitz on compact sets.

Along this direction, future research will be directed at the quantized control of nonlinear systems with
IOS dynamic uncertainties or even with unstable dynamic uncertainties. While this article and the work
of others focus on quantized stabilization, the problem of quantized feedback tracking is of more practical
interest and recovers stabilization as a special case. This problem has received practically no attention
in the present literature. Closely related to this problem, the output regulation theory [24-26] consists
of searching for (unquantized) feedback control laws to achieve asymptotic tracking with disturbance
rejection, when the disturbance and reference signals are generated by an exo-system. The quantizers
considered in this article have infinite numbers of quantization levels, while practical quantizers have
finite numbers of quatization levels. In this case, the design in this article can only guarantee local
stabilization. By appropriately adjusting the quantization levels during the control procedure, dynamic
quantization is usually used to achieve semi-global stabilization with finite-level quantizers. See [27] for
the concept of semi-global stabilization and [28] for a recent result. Another research direction is to
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apply the quantized control designs to distributed control of nonlinear systems. A recent result for linear
systems can be found in [29]. Other related topics including quantized identification [30], the combination

of quantized control and sampled-data control [31], and compensator design [32] for quantized systems are

also of interest for nonlinear uncertain systems. Other topics of future research include the applications

of quantized nonlinear control to smart grids, intelligent transportation systems, robotic networks, and

other cyber-physical systems.
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