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Abstract In this paper, we investigated capacity maximization problem for Multiple Input Multiple Output
Orthogonal Frequency Division Multiplexing systems with imperfect channel state information (CSI). To the
best of our knowledge, the considered problem is still an open problem. However, the transceiver designs for
MIMO OFDM systems have been extensively studied. It seems nobody gives closed-form solutions for resource
allocation for MIMO OFDM systems with statistical channel estimation errors up to date. In our work, based
on practical channel estimation algorithm, the channel estimation errors are first derived and then the robust
resource allocation problem has been formulated. The structure of the optimal robust precoder is first derived,
based on which the optimization problem will be simplified significantly. Furthermore, based on the Lagrangian
dual method, a robust power allocation algorithm is proposed. The proposed power allocation can be considered
as a variant of water-filling solution named cluster water-filling solution. Finally, simulation results show that
our proposed robust design outperforms the non-robust design in terms of channel capacity.
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1 Introduction

For modern communications, higher frequency and power efficiencies are permanent goals. To realize or at
least approach these goals, many new technologies and ideas are introduced into wireless communications.
Orthogonal frequency division multiplexing (OFDM) and multiple input multiple output (MIMO) are
widely accepted as two breakthrough technologies for wireless research [1,2]. Of course, the combination
of these two famous technologies will definitely inherit their individual benefits. Inspired by the great
potential performance advantage of MIMO OFDM, research of this subject has been extensively explored
and is still under investigation [1, 3].

Generally speaking, there is a rich body of literature work in the related areas for transceiver designs
for MIMO OFDM systems and many good results have been published already. Nobody doubts the
importance of MIMO OFDM systems, but somebody may think there are no problems that still need
discussion in this direction. Unfortunately, the story is not so. The role of research in engineering is
twofold. The first one is how to solve the new problems faced in coming new systems. The other one is to
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reconsider the old problems to give new understandings and solve the well-known open problems. It is true
that communication systems vary or evolve faster and faster and there are various fancy and significantly
different communication systems, for example, cooperative communications, cognitive systems, cloud
radio access network (C-RAN), and so on. Besides traditional coding, signal processing technologies, some
new concepts such as cloud computation will also play an important role in communications. It means
there will be many new challenging problems that we never encounter in the traditional systems [4-7].
Meanwhile, in the evolving procedure, some important but challenging problems are left to be solved
later inevitably.

In this paper, we will discuss an open problem of capacity maximization for MIMO OFDM systems with
channel estimation errors. Due to the limited length of training signals, perfect channel state information
(CSI) seems only an ideal assumption and robust designs will have practical meanings. Robust designs
not only suppress negative effects of channel estimation errors, but also can reveal the effects of channel
estimation on whole system performance [8]. As a result, robust designs are of critical importance.
In general, robust designs with imperfect CSI are much more challenging than their counterparts with
perfect CSI [9].

There are many results on the robust transceiver designs for MIMO systems over flat fading channels
[10-13]. The robust transceiver designs for point-to-point MIMO systems with receive correlations are
discussed in [14]. On the other hand, robust linear minimum mean square error (LMMSE) transceiver
designs with transmit correlations are investigated in [15]. Later, the robust transceiver designs are also
proposed for more general dual-hop and multi-hop amplify-and-forward MIMO systems [16-18]. Different
from the perfect CSI cases, the robust designs for flat fading channels cannot be extended directly to the
cases with frequency selected fading channels. It is because however in each subcarrier the problem is
exactly a MIMO transceiver design over flat fading channel, the robust model in the transceiver design
is closely related with the power allocated to this subcarrier, which is unknown a priori. Compared with
capacity maximization, mean square error (MSE) minimization transceiver designs for MIMO OFDM
systems are a little bit easier to deal with. In [19], a robust algorithm is first proposed for the robust
transceiver designs for MIMO OFDM systems. In a recent work, the optimal structure is proposed for
robust MIMO OFDM systems [20]. It also reveals that for MSE the transceiver designs correspond to a
variant of water-filling solutions named cluster water-filling solutions [20]. To the best of our knowledge,
the robust transceiver design for MIMO OFDM systems aiming at capacity maximization is still open
now.

In this paper, we take a further step to investigate the robust transceiver design for MIMO OFDM
systems with channel estimation errors, which aims at capacity maximization. For channel estimation
errors, we rigorously derive the estimation error model for a practical channel estimation algorithm.
Based on the model, the robust transceiver design problem is formulated. To reveal its physical meaning
and simplify the transceiver optimization problem, the optimal structure of the robust transceivers is
derived. Then, remaining variables become some scalar variables and exploiting Lagrange dual method
based on the Karush Kuhn Tucker (KKT) conditions, a new cluster water-filling solution is proposed.
Finally, the simulation results demonstrate the performance advantages of our proposed solutions.

Notations: Throughout this paper, the vector is denoted by bold lower letters and the matrix is
represented by bold upper letters. The notations Z* and Z' denote the Conjugation and Hermitian
transpose of the matrix Z, respectively. The notation ™ is the transpose of vector z. Tr(Z) and |Z| are
trace and determinant of the matrix Z, respectively. The expectation operation is represented by symbol
E{-}. Besides, the symbol a™ means max{0, a} and the symbol ® indicates the Kronecker product.

2 System model and channel estimation error model
In this paper, a classic point-to-point MIMO OFDM communication system is investigated, which consists

of a transmitter with M; transmit antennas and a receiver with M, receive antennas. The transmitter
transmits Np < min(M;, M,) independent streams on each subcarrier simultaneously. In a practical sce-
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nario, the transmissions can be classified into two kinds of transmissions, that is, information transmission
and pilot transmission for channel estimation.

In information transmission procedure, the data vector on the kth subcarrier is denoted by s;, € CVp <!
and without loss of generality, the covariance matrix of the transmitted signal satisfies E{sks;i} =In,.
The received signal y; on the kth subcarrier has the following formula:

yr = Hi Fysi + nyg, k=0,....,K -1, (1)

where Fj, € CM«*Np s the precoding matrix on kth subcarrier, H), € CM-*M: denotes the channel from
the transmitter to the receiver on kth subcarrier, and n; € CM>1 is the additive white Gaussian noise
vector on kth subcarrier with E{nknl} = 021),. Assuming the maximum transmit power is P, then
the power constraint at the transmitter can be formulated as

K—1

> T(F:F') < P. (2)

k=0

In the channel estimation procedure, the training sequences are transmitted, based on which the

channel parameters will be estimated based on the observations at the receiver. The signal y received at
the receiver in frequency domain can be compactly formulated as

y=Hz+n, (3)

where the parameters are defined based on the following expressions:

yE ",y (4)
R S (5)
Hédiag[Ho,Hl,...,HK,l], (6)
n2met,m" . ng "t (7)

Here, the transmitted signal @ is pilot or training signal. Based on the frequency domain signal model
given by (3), the corresponding received signal in time domain can be written as

r=(D'® Iy
= (D' @ In,, ) H(D © In,)(D' @ Ing )z + (D' @ Ing, ), (8)
where D € CK*X denotes the normalized discrete Fourier transform (DFT) matrix. Define # 2 (D' ®

I )H(D ® I,y,), ¢ 2 (D' @ I, e, and w 2 (D' © Iy )n, then the matrix H is a KM, x K M; block
circular matrix which can be derived using the properties of DFT operation and can be written as

,H(O) 0 0 o rH(L—l) rH(L—2) . rH(l)
HD 240) g ... 0o LD . LLyq®

HE| . . A I (9)
0 - 0 HID q4(L=2) 94(L=3) .. 9400

where L is the length of the multipath channel, and each element H) denotes the Ith tap of the multipath
MIMO channel from the transmitter to the receiver in time domain and is given by

K—1
]. ;27T
%W:K ST HFY 1=01,...,L-1. (10)
k=0
Similarly, using the characteristics of DFT operation, vector ¢ defined in (8) can be formulated as
T
| K-l T | K-l T | K-l T
27 227 27

c=||—= xRt RO ) O = @l ’HE-D , 11
(eEeer) (Fgee) - (e .

co cy CK—1
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where element ¢; can be expressed as

K—1
]_ s27 .,
ci=—= Y meKF =01, K-1 12
VE =" "

Based on the above definitions, the received signal defined in (8) can be written as

r=Hc+w
= (C" @ Iy )vee ([7#0) . -ﬂ‘L—”D +w, (13)

where C'is a circular matrix defined as follows:

o €] e s Cr_1
Ca CK-1 Co LT eke (14)
CK—L41 CR—L42 <+ <= - Cr_1L
For convenience, let 8 = Vec([’H(O) x -’H(Lfl)]), then the time domain channel estimated using the
LMMSE criterion is given by [21]

0= (072(C" @I,) (CT @ Iy, + Ry ™ x 07 %(CT @ Lyy,)'r, (15)

and the resultant MSE can be directly given by
B{O-0)0-0)} = (R; +02(C CM o Ly,) ", (16)

where Ry, is known preferentially [22] and can be calculated by R, = E {667}. For uncorrelated
channel taps, Ren = Bch @ Insr, and Een = diag[éng, Ehyy- - -5 Eny, ), where &, is the variance for [th
channel tap [19].

Furthermore, using the relationship between frequency domain and time domain, the channel in fre-
quency domain can be formulated as [21]

vec ([Ho,...,Hrx 1)) = VK (Dy @ Ina,) 6, (17)
where Dy, is the first L columns of D. Therefore, based on the above definitions, we have

E {vec ([AH(), ceey AHKfl]) vecT ([AH(), ceey AHKfl])}
= (DL ® L) (B @ Ing, +0,2(C°C")) ' @ I, (D ® Ingoar,)' K
=(Dr@Ip,) @Iy, (DL ® IMth)T K, (18)

where AH),, = H, — Hy, and ' 2 (B, @ Iy, —I—U;Q(C*CT))_l. Taking the M, M; x M.M; block
diagonal elements from (18), we have

L—1L-1
E{Vec(AHk)vecT(AHk)} = <Z Z (eﬁgk(m”)lﬂm,n)> ® I, (19)

n=0m=0

where I, ,, is the M; x M; matrix taken from the partition of I" as

Ioo Ioq -+ Tor—1

Iy oI 11 - I'p_1p1
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It has been proved in [16] that for arbitrary random matrix @ and W, if
E {vec(Q)vec' (W)} = A® B, (21)
then for arbitrary matrix R, we can get

E{QRW'} = BTr(RA"). (22)
To obtain Wry, taking R = Iy, Q = W = AHy, A = (25;01 L (e*ff"k(m*n)rm,n)), and
B = I,,,, therefore we have

(e—j%ﬂk(m—n)rﬁyn)> I (23)

Finally, based on the previous discussions on the channel estimation errors, the channel matrix has the
following property:

H), = Hy + AH;,
AHy, = H, 1 W/}, (24)

where H,, j, is a random matrix whose elements are independent and identically distributed Gaussian
variables with zero mean and unit variance, and Wr is the covariance matrix of channel estimation
error. To obtain Wrj, here we adopted the channel estimation method based on training sequences.
Also, considering that the parameters to be estimated in time domain are much fewer than those in
frequency domain, therefore, our main concern is channel estimation on time domain.

3 Capacity maximization transceiver design

For wireless designs, maximizing mutual information is undoubtedly the most widely used performance
metric [17,23]. In this section, the transceiver design and power allocation problem that aims at max-
imizing the system capacity is first formulated as a convex optimization problem. Then, based on the
structure of the optimization problem, the transceiver design problem is decomposed into a series of
independent subproblems. By solving these subproblems parallely, the optimal transceiver structure
is obtained. Furthermore, using the Lagrangian dual method, the power allocated on each subcarrier
is calculated. Finally, a robust transmit power allocation algorithm to maximize the capacity of this
point-to-point MIMO OFDM system is proposed.

3.1 Problem formulation

In this paper, our main goal is maximizing the mutual information of the MIMO-OFDM system. Taking
the power constraint in (2) into consideration, the optimization problem of capacity maximization is
formulated as

K—-1
a0 ey
max ,;O log|I + F H K,  HyFy|,
st. Kpg, = [Te(F.F®r ) + 0|1,
K-1
> T(F.F}) < P. (25)

k=0



Guo S Z, et al. Sci China Inf Sci  June 2016 Vol. 59 062301:6

To make the optimization problem decomposable, we introduce a series of auxiliary variables { Py, k =
0,...,K —1}. Later, we can see that Py is actually the transmitting power on the kth subcarrier.
Therefore, the optimization problem in (25) is written as

K—-1
log|T + FIHI K 'H,F
ma kz_:oogl + FH Ky H.Fy|,

st.  Kp, = [Te(FFWr ) + 0|1,

n

Te(F,F}) < P, k=0,...
K—1
Z P, < P. (26)
k=0

It is obvious that after reformulating the power constraint, for each fixed Py, the original optimization
problem can be decoupled into a series of independent subproblems about Fj and each subproblem can
be solved parallely [24]. After solving these subproblems, the optimal solution is easy to be derived.
Therefore, in the following, the optimal structure of transceiver is first derived for fixed Py, then based
on the optimal transceiver, the eigenvalue of the transceiver and power allocation are jointly optimized
by Lagrangian dual method.

3.2 The proposed solution

Based on the analysis above, we can see that for fixed Py the optimization problem (26) can be written
as

K—-1
log|T + FIH K-'H,F,
H}%X kZO Ogl + k kI Fy k k|a
st.  Kp, = [Te(FFWr ) + 0|1,

Te(FuF)) < P.,  k=0,....,K—1. (27)

Obviously, the power constraints in problem (27) have a decomposable structure in K blocks. There-
fore problem (27) can be decomposed into K independent subproblems [25] and the decomposed kth
subproblem can be expressed as

max log|I + Fgﬁ,iK;klﬁka|,
st. Kp, = [Tr(FkF,I‘I/T,k) + 021,
Te(FF}) < Py. (28)
For illustrative purpose, we further define a scalar
N, = Tr(FLF W) + 0. (29)

Since the objective function is monotonically increasing about F},, the optimal solution of each subproblem
always exists on the boundary [17], that is, Tr(FkF,I) = P,. Hence, the power constraint condition in
(28) can be reformulated as

Te[Fy, F} (PyWr + 021)]
Nfk

= P, (30)

Furthermore, if we define the following matrix:

- 1
F, = (PWry +021)Y2Fy, (31)
V1 fi "
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then the problem in (28) can be rewritten as

- N -
max log | F} ((Pk%,k n aiI)—W) HIH(Pr o + 021"V F, + 1,
k
st. Tr(FyF) = Py (32)

The structure of the optimal solution for problem (32) has been given in [17] as
F,=Ug Ap, U/:rb,k’ (33)

where Uarp,r denotes an arbitrary unitary matrix and Uy, is the unitary matrix defined from the
following eigenvalue decomposition:

T oaAs o
((Pkwm + aiI)_1/2> HH,(PWr), +021)7Y? = UﬂkAq;LkU;_lk. (34)

Supposing the diagonal entries of rectangular diagonal matrix Ap, are denoted as fi ;’s, which are
variables needed to be optimized later, the optimization problem can be further simplified by substituting
(33) and (34) into (32):

max Z Zlog (1 + f,fj [Aﬁk]j,j) ,
fr.i Pr
s.t. fi; = Pr, E=0,...

P, < P. (35)

Given that [Av-lk] j.; is a very complicated function of P}’s, it is difficult to deal with the optimization
problem (35) directly. Therefore, we take an alternative method to optimize the lower bound of our

objective, which makes the problem more tractable. Obviously, from (34), we can get

7V PO T S—
He'2d )\max(WT,k)Pk + 0-721

(36)

where Amax(Prx) is the maximum eigenvalue of matrix Wrj and )‘hw is the jth largest eigenvalue of
H ,iH k. Therefore, in the following part, we will discuss how to compute P;’s in detail and give the lower
bound approximation of the original problem. The optimization problem is approximated as

K—1 ND )\h f]? .
max log | 1+ R ,
T, P kz=0 Jz:; & ( )\max(!pT,k)Pk + O—%

Np

st. > fi; =P k=0,...,K —1,
j=1
K—

Z P, <P (37)

k=0

Ju

It has been confirmed that the conditions of the optimization problem (37) are just regular conditions,
which are also named as linear independence constraint qualification. Therefore, KKT conditions [26]
are the necessary conditions for this optimal solution. If P;’s are given, the solution of f,i ;in (37) is no
doubt the water-filling solution [27]. Since the water-filling solution is unique [27], the optimal solution
for f,i ; with Py given is unique as well. Based on the analysis above, we can naturally draw a conclusion
that the water-filling alike solution satisfying the KKT conditions at the same time must be the optimal
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solution. Also, it is easy to see that Py varies from different subcarriers, so do the water-filling levels.
In the following, we will derive the solutions on different subcarriers, which satisfy the KKT conditions
when adopting Lagrangian dual method. For notational simplicity, in the following derivations we replace
)\max(WT,k) by )\}Tax .

The Lagrangian dual function of the optimization problem (37) is

K—-1 Np h f K-1
({fkd} {Pk} Z ZIOg <]‘ + )\maxk]; j_]0-2> -7 <Z P — P)
k=0

k=0 j=1
K-—1 Np

- Z e Z fi;— Pe : (38)
k=0 j=1

where pp > 0,k =0,..., K — 1, and v > 0 are the Lagrange multipliers. Next, we decide to get the
optimal solution by solving its KKT equations. The KKT conditions of the optimization problem (37)
are derived to be

M 1

2
AP Py 02 A iy +1
AlI]aXPk+o.3L

)\};;nax)\hk j f]?]
2] 3 _ I b
Z )\hk Aty fk K ()\};;naxpk + 0.%)2 Hk e (39 )

fej=mfe;, k=0,...,K—1, (39a)

] )\maxpk_;’_oa + 1

> ffi=Pe Y P.=P (39¢)
j k
Substituting the first KK'T condition (39a) into the second KKT condition (39b), we get
P52,
: oy — 40
;{A?“Pwaz = (40
Using the KKT condition (39¢) >, fli ; = Pi, we derive

pron /(AR Pr + 07) = 7. (41)

Based on (41) together with (39a), we obtain the following optimal water-filling solution.

Conclusion: The optimal solution f,i j of problem (37) on the kth subcarrier should satisfy

1 o2 AP+ a2\ T
f]?,j = - max - 2 - . - ° (42)
o )\k P + oy )\hk,j

Note that Py is the power allocated to the kth subcarrier, which is also dependent on the optimized
variables f,i ; and may be different from one subcarrier to another. To solve for Py, we take a sum of
both sides of (42) with respect to j and get

1
)\maka + 0-2

1
% L Lp— PP+ 02) Y : (43)

DY
JEPK Re.i

P, =

where ¢y, is the set of subcarriers that are allocated with nonzero power and Ly, is the cardinality of ¢y.
After making some arrangement of (43), we can directly obtain the closed-form solution of Py, which is
also a function of the Lagrangian multiplier v as follows:

o o3 o2
W+\/(W) +4</\max+2] s )TLk o2
n_ (44)
2 (e 3y )

P, =

~ ymax
)\k
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Figure 1 Sum capacity of the proposed robust algorithm and non-robust algorithm with different o2.

Now we see that « is the only unknown variable. Based on (44) and the third KKT constraint (39c¢),

K—-1
Z P, = P. (45)
k=0

7 is easy to be solved by many numerical methods, for example, bisection search or golden search [28].
The detailed steps for this robust transmit power allocation algorithm are presented below:

Algorithm 1 Roboust power allocation algorithm

Require: ¢ = ¢pgU---Upx_1 = {Indexes of all the eigenchannels}, %,Pk, {PA = f/?,j}: for all k, j;
Ensure: Py, {f/;ij}7 for all k, j;

1: while length (find (PA < 0)) > 0 do

2:  {pos_Index} = Indexes of find (PA > 0);

3 {neg_Index} = ¢\{pos_Index} (exclusion operation);
4:  Set PA (neg-Index) = 0;

5:  For all (k,j) € {pos_Index};

6:  Update 1/ according to (44) and (45);

7 Update P}, according to (44);

8:  Update PA (pos_Index) according to (42);

9: end while

4 Simulation results

In this section, the performance of the proposed robust algorithm is investigated. For the purpose of
comparison, the non-robust algorithm (without considering the channel estimation error) is also simu-
lated. A point-to-point MIMO-OFDM system where the transmitter and the receiver are equipped with
the same number of antennas, M; = M, = 4 is considered. The length of the multipath channel is set
to L = 7 and the number of subcarriers is K = 256. And the signal-to-noise ratio (SNR) is defined as
P/(Ko?). The results in Figures 1 and 2 are an average in 10000 channel realizations.

On the basis of (14), we can see that CC" is a circulant block matrix. In the following simulation,
we take the spatial correlation of the training sequence into account, and the time-domain training is
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a

Figure 2 Sum capacity of the proposed robust algorithm and non-robust algorithm with different a.

white. Therefore, CC' is a block diagonal matrix. Furthermore, the extensive exponential correlation
model is used to denote the spatial correlation [14,15]. In this case, the correlation matrix of the channel
estimation error can be modeled as [®]; ; = 02al'™7| where 02 = 1/SNR, is the variance of estimation
error and SNR, is the SNR in the earlier channel estimation phase.

First, we investigated the performance of the proposed robust algorithm when o« = 0.6. Figure 1 shows
the sum capacity of the point-to-point MIMO OFDM system with different o2. It can be seen that our
proposed robust design outperforms the corresponding algorithm with estimated CSI only particularly in
high SNR regime. What is more, as the estimation error 03 increases, the performance gap between the
robust and non-robust design becomes larger.

Figure 2 demonstrates the sum capacity of the point-to-point MIMO OFDM system for the proposed
algorithm and the non-robust algorithm with different o when SNR = 20 dB. Although both algorithms
have some performance degradation when « increases, the proposed algorithm achieves great performance
improvement over the algorithm based on estimation CSI only. Also, with the increase of «, the gap
between the proposed robust algorithm and non-robust algorithm increases.

5 Conclusion

In this paper, a robust capacity maximization transceiver design for MIMO OFDM systems was proposed.
Although it seemed an old problem, to the best of our knowledge this problem was actually an open prob-
lem. Based on a practical channel estimation algorithm, the statistical properties of channel estimation
errors were derived rigorously. Exploiting these statistical properties, the robust optimization problem
of capacity maximization for MIMO OFDM systems was formulated first. Then, the optimal transceiver
structure was analyzed in detail and the considered problem was simplified greatly. For the remaining
variables, a cluster water-filling solution was proposed. After that, the simulation results showed that
our proposed beamforming design outperforms that based on estimated CSI only significantly.
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