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Appendix A Constructions of generalized bent functions in GBY

In this section, we characterize a class of generalized bent Boolean functions (defined on Z;H'm with values in Z4) symmetric
with respect to m variables, where m is a positive even integer. We now provide the proof of Theorem 1.
Proof. From Lemma 1, the gbentness of h will be proved if we show that Cp(u,v) = 0 for any (u,v) # Opim and
Cp(u,v) =27T™ for (u,v) = Optm.

Clearly, as it is known, ¥ is a bent function in m variables. If ¢ = O, then h is gbent since Hp (u,v) = Hf(u)Hgﬁ(v) 1,
Theorem 6).

In the following, we suppose that ¢ # On,. For brevity, we let Ds(u) := f(x) — f(x ® u) and AY(g) := ge.y(x) —
Je-(yov) (X @ u). Now, for h as defined by Theorem 1, using

h(x,y) —h(x @ u,y ®v) = f(x) + 2(c y)gey(x) + Z9(y)
—fx@u)—L(c- (y®V))e.(ygv)(xDu) — 2 (y @ V)
=Dg(u) + 2(c-y)A¥(9) — 2(c- V)ge.(yov)(x B u) = Z(v- (¥, ¥") ®I(V)),
we obtain
Chmv) =  F  (PrEey)ato)-§ eV yav) (O~ § (v-(r" ¥ @9(V)
x€LY ,yELY
> ¢Prw oy c%(oy)A“,’(g)*%(OV)gc.(y@v)(xEBU)f%(v-(y”,y/)@ﬁ(V))_
xEZY yEeLy

(A1)

Obviously, Cp(u,v) = 2"+t™ for (u,v) = 0p4m. Now we consider the value of Cp,(u,v) for (u,v) # Op4m. We consider
the following few cases.
Case 1. For v = 0y, # c,u # 0y, we have
Ch(,0m) = 3 ¢Priw 33 (3(e¥)a8,()

x€Ly yEeLY

) CDf(u)+%A3m(g)'
YELY ,cy=1x€LyY
Since f + 2go and f + g1 are gbent, it follows that Cj,(u,0) = 0.
Case 2. For v # 0,,, we have there are two subcases to be considered.
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() If ¢- v =0, then we have

> ¢Pr ) C%(C'wﬁ“,‘(g)*%(C‘V)gc.(y@v)(XGEU)*%(v(y”,y')@ﬂ(V))
x€ZyY YELY

DS CDf(u)*%(V'(y“ay/)@ﬂ(v))+%(°')'>A3m(9)_

YELT xELY

Ch(u,v)

(A2)

Further,

(a) For u# 0y,
) CDf('-l)*%(V'(y”yy')@ﬂ(v))+%(C-y)A‘o‘m(9)
x€LY

equals 0 for any y € Z5* since f, f + %go and f + %gl are gbent. According to (A2), we have Cp(u,v) = 0.
(b) For u = 0y, according to (A2), we have
Cr(u,v) = Z Z A" YoV — o,
XELY yELY
(it) If c-v =1, then we have

Ch(u,v) = 3 ¢Prw » C%(C'y)AS(g)f%gc»(yeav)(x@m*%(V'(y”»y’)@ﬂ(V))

x€LY yELY
=3 ) CDf<U)*%91(xﬂBU)*%(v-(y”,y/)@ﬁ(V))
X€ELY yeLy® ,c y=0
+ 3 ) CDf(u)+%91(XGBU)fqgo(XEDu)*%(V'(Y'Cy')@ﬂ(v))
x€Ly yeLy ,cy=1 (A3)
- > CDf(U)—%yl(XEBU)—%(V(y”,y/)@ﬁ("))
X€ELY yeLy®,c y=0
+ CDf(u)+%g1(XGBU)*%(VKY",y')@ﬂ(V))
X€ELY yeELy' ,cy=1
T Pr@Cpaxew) (_1)V'(y”7y')®19(")
x€Ly YELY
Since (—1)"'<3””’y/>€919(V> =0, then Cp(u,v) =0.
YELY
Combining the above two cases, we have Cp(u,v) = 0 for any (u,v) # Optm.
Appendix B Further constructions of generalized bent functions in ngL
Let f € GBS be as
Fx) = vo(x) +v1(x) - 2 + va(x) - 22, (B1)
where v;(x) € Bn,t=0,1,2.
In this section, we concentrate on the design of the initial functions vg, v1,v2 such that f is gbent.
According to the relationship between a bent function and its dual, the equation
Woo@vs (W)W, @us (1) = Wey (W)W @u @us (1), for all u € Z3; (B2)
in Theorem 2 is equivalent to
(,1)(1)0?6;2)01)(,1)(7;6\9?2)(11)(,1)172(11)(,1)(1)0@/;1/@1)2)(11) =1, for all u € Z%. (B3)

Based on this, we now provide the proof of Theorem 3.
Proof. According to the hypothesis of (i) (resp. (i7)), Theorem 2 and (B3), it is clear that v, v1,v2 satisfy the conditions
of Theorem 2 for the even case.

From (¢ii), we know that va, vo B v2,v1 Bv2,vo Dvi B v2 are all bent since v, v1 are two linear functions. From Lemma

2, we have
(v0 @ v2)(x) = Tz (x & a),
(UI/E)Q)(X) =v3(x D ay),
(v0 ® v1 © v)(u) = T3(x B ag B ar).
Thus, if

02(x) @ U2(x ® ag) G va(x B a1) @ va(x P ag ®a) =0,
then (B3) holds.
With respect to (iv), the proof follows a similar approach as the proof of item (4i%).

Remark 1. With respect to (i), it is easy to find two functions vo,v2 such that both va and vo @ v2 are bent. For
example, let va(x) be a bent-negabent function, then o2(x) @ v2(x) is bent (i.e., bent-negabent) (see. [2]), where o2(x)
denotes the elementary symmetric Boolean function on n variables with degree 2, i.e.,

oa(x) = @xilxiz,Vx: (r1,22, - ,&n) € Zy,1 < i1 <i2 < n.

01,12
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Thus, for any a bent-negabent function va, we are able to obtain a gbent function f. In fact, if (vo,v2) is a bent
(n, 2)—function (i.e., vo, va and vo @ va are bent), then we are also able to obtain a gbent function f.

Dillon provided a method to check M# [?]. A bent function f in n variables belongs to M# if and only if there exists
an %—dimensional vector subspace V in Z% such that the second order derivatives

Dapf(x)=f(x) @ f(x@a)® f(xS ) O f(xDa®f)

vanish for any o, B € V. If va € M, then its dual is easy to be obtained [4]. Hence, for any bent function vy belonging to
M, we are able to find ag, a1 such that va2(x) ®vz(x D ag) B va(x D ar) Pva(xDagdar) =0.
With respect to (iv), we are able to find examples of application of item (iv) (there are two examples in [5, Example 1,

). o

/\}i'o/r (3), it is mot easy to ﬁnd/@ee different bent functions vg,vi,v2 such that (vo ® v2)(x) = vp(x) ® va(x),
(1 B v2)(x) = V1(x) B V2(x), (vo ®v1 B v2)(x) =vo(x) ®V1(x) B v2(x).

We now provide the proof of Theorem 4.
Proof. From Theorem 2 (ii), there are two conditions to be satisfied by a gbent f. We know that ¢(y) - x ® g(y) is
a bent function in 2k variables, where ¢ is a Boolean permutation on Z§. From Lemma 3, qb(yéj)) -x B g(y(()j>) and
d)(yij)) X D g(y§j>) are complementary semibent functions on ng_l, where 5 = 1,2,--- , k. Further, we know v2 and
vo @ v1 are complementary semibent functions on ngfl. Since ag - x is a linear function in k variables, and ¢ @ ¢ is a
Boolean permutation on Zé, we have vg @ v2 and v G v1 P v2 are complementary semibent functions on ng_l. Thus, it
is sufficient to show

supp(Wo,) = supp(Wugevs )

for the secondary condition of Theorem 2 (7).

Let o, 8 € Zé, éj) =(B1,--,Bj-1,6Bj41...,Pk). We have

Wy (o, 85) = > (1) evd 87 s (L1)pr6) @ adag)x
v ez o(y§))=amao _ o xezg _
n ) (,1)9(5/(()”)69)'5”-65’) ) (,1)¢(yé’))-x69(a®ao)-x.

v enk o(y§)#adao =

Using the above identity, we derive

{0, if o~ Ha®ag) ¢ 7" x {0} x ZE 7

W (e, 89 —
v ’ - - - J ; 1
20 507) = gk (L1ys07 (02200 @0 (020085 if 6-1(0 3 ag) € 231 x {0} x 75,

Further, we have
supp(Wy,) = (a0 @ Aj) x (ij71 x {0} x ngj> ,
and similarly,

supp(Wogavs) = {a0 ® (¢ ® ¢)(y)|y € Z%_l x {0} x Zg_j} X (Z%_l x {0} x Zg_j) .

From the hypothesis, there exists one positive integer o(< k) such that
o—1 k—oy _
{eoe)(¥ly € Z3 x {0} xZy %} = Ay,

A, is a linear subspace of Z’g and ag € A, (we assumed ag # 0, as the other case is similar), then we set j = o, and have
supp(Wyy) = (a0 @ Ap) X (Z§71 x {0} x Z’;*‘(") = supp(Wypsuvs)-

Moreover, we have Wyggu, (a, B(()Q>) = Wy (e, ,8(()9)) = 0, |[Wy, v, (a, ,Bég))| = |[Wopsv,@us (a,ﬂ(()9>)| = 2k, or,

[Wagwa (0, 62| = Wy (0, 67| = 25, Wa s (0, B67) = Wag@wr @va (e B5®)) = 0, for all (o, 55%)) € 25

Example 1. Let qb(l)(yl, vy Yk—1) = (P11, Yk—1), - s P—1(Y1, . - -, Yk—1)) be a Boolean permutation on Z’;*l.

Let m(y1,...,Yk—1) be a orthomorphic permutations on ngl. Set w(l)(yl, ey Yk—1) = T (¢(1)(y1, ceey yk,l)). Thus,

according to the properties of orthomorphic permutation, we know ¢ and ¢ @ M) are two Boolean permutations on

ZEY [5]. We set o(yt, k) = (@D (U1, -, gk-1),0), $u1, 1) = (6D (1, -, yk—1),ux) and @ = k. Moreover, we
_ _ n—2

have {(¢ @ ©)(y)ly € Z3§ L {03} = A, = {6(¥)ly € Y/ ! % {0}}. From [5], we know that at least 22 orthomorphic

permutations in n— 1 variables can be constru;ted. We also know there are 2"~ 1! Boolean permutations in in— 1 variables.

Hence, we are able to construct at least 22" = x 271 gbent functions f in n variables when n is odd.

If we set ¢ = O, then we immediately have the following corollary.

Corollary 1. Let k,n be two integers and n = 2k—1. Let x,y € Z’g. Let ¢ = (¢1, b2, - .., ¢x) be one Boolean permutation

on ZS. Set A; = {p(y)ly € Z%_l x {0} XZI;_J}, ygj) =1, Yj-1,6Yj+1---,Yk), where 1 < j < k,e € Zo. Let f € GBé

be as in (B1), and let ’U()(X,yé])) =ap-x, vi(x) = (q&(yéj)) & ¢(y§3))) ~x€Bg(y(()J))€Bg(y§J)) and va(x) = ¢(yéj))-x®g(y(()]))7

where ag € Z’g. If there exists one positive integer o(< k) such that A, is a linear subspace of Z’g and ag € Ay, then

vg, V1, v2 satisfy the conditions of Theorem 2 for the odd case, that is, f is gbent.
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