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Appendix A Constructions of generalized bent functions in GBq
n

In this section, we characterize a class of generalized bent Boolean functions (defined on Zn+m
2 with values in Zq) symmetric

with respect to m variables, where m is a positive even integer. We now provide the proof of Theorem 1.

Proof. From Lemma 1, the gbentness of h will be proved if we show that Ch(u,v) = 0 for any (u,v) ̸= 0n+m and

Ch(u,v) = 2n+m for (u,v) = 0n+m.

Clearly, as it is known, ϑ is a bent function in m variables. If c = 0m, then h is gbent since Hh(u,v) = Hf (u)H q
2
ϑ(v) [1,

Theorem 6].

In the following, we suppose that c ̸= 0m. For brevity, we let Df (u) := f(x) − f(x ⊕ u) and ∆u
v(g) := gc·y(x) −

gc·(y⊕v)(x⊕ u). Now, for h as defined by Theorem 1, using

h(x,y)− h(x⊕ u,y ⊕ v) = f(x) + q
2
(c · y)gc·y(x) + q

2
ϑ(y)

− f(x⊕ u)− q
2
(c · (y ⊕ v))gc·(y⊕v)(x⊕ u)− q

2
ϑ(y ⊕ v)

= Df (u) +
q
2
(c · y)∆u

v(g)−
q
2
(c · v)gc·(y⊕v)(x⊕ u)− q

2
(v · (y′′,y′)⊕ ϑ(v)),

we obtain

Ch(u,v) =
∑

x∈Zn
2 ,y∈Zm

2

ζDf (u)+ q
2
(c·y)∆u

v(g)− q
2
(c·v)gc·(y⊕v)(x⊕u)− q

2
(v·(y′′,y′)⊕ϑ(v))

=
∑

x∈Zn
2

ζDf (u) ∑
y∈Zm

2

ζ
q
2
(c·y)∆u

v(g)− q
2
(c·v)gc·(y⊕v)(x⊕u)− q

2
(v·(y′′,y′)⊕ϑ(v)).

(A1)

Obviously, Ch(u,v) = 2n+m for (u,v) = 0n+m. Now we consider the value of Ch(u,v) for (u,v) ̸= 0n+m. We consider

the following few cases.

Case 1. For v = 0m ̸= c,u ̸= 0n, we have

Ch(u,0m) =
∑

x∈Zn
2

ζDf (u) ∑
y∈Zm

2

ζ
q
2
(c·y)∆u

0m
(g)

=
∑

y∈Zm
2 ,c·y=1

∑
x∈Zn

2

ζDf (u)+ q
2
∆u

0m
(g).

Since f + q
2
g0 and f + q

2
g1 are gbent, it follows that Ch(u,0m) = 0.

Case 2. For v ̸= 0m, we have there are two subcases to be considered.
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(i) If c · v = 0, then we have

Ch(u,v) =
∑

x∈Zn
2

ζDf (u) ∑
y∈Zm

2

ζ
q
2
(c·y)∆u

v(g)− q
2
(c·v)gc·(y⊕v)(x⊕u)− q

2
(v·(y′′,y′)⊕ϑ(v))

=
∑

y∈Zm
2

∑
x∈Zn

2

ζDf (u)− q
2
(v·(y′′,y′)⊕ϑ(v))+ q

2
(c·y)∆u

0m
(g).

(A2)

Further,

(a) For u ̸= 0n, ∑
x∈Zn

2

ζDf (u)− q
2
(v·(y′′,y′)⊕ϑ(v))+ q

2
(c·y)∆u

0m
(g)

equals 0 for any y ∈ Zm
2 since f , f + q

2
g0 and f + q

2
g1 are gbent. According to (A2), we have Ch(u,v) = 0.

(b) For u = 0n, according to (A2), we have

Ch(u,v) =
∑

x∈Zn
2

∑
y∈Zm

2

ζ−
q
2
(v·(y′′,y′)⊕ϑ(v)) = 0.

(ii) If c · v = 1, then we have

Ch(u,v) =
∑

x∈Zn
2

ζDf (u) ∑
y∈Zm

2

ζ
q
2
(c·y)∆u

v(g)− q
2
gc·(y⊕v)(x⊕u)− q

2
(v·(y′′,y′)⊕ϑ(v))

=
∑

x∈Zn
2

∑
y∈Zm

2 ,c·y=0

ζDf (u)− q
2
g1(x⊕u)− q

2
(v·(y′′,y′)⊕ϑ(v))

+
∑

x∈Zn
2

∑
y∈Zm

2 ,c·y=1

ζDf (u)+ q
2
g1(x⊕u)−qg0(x⊕u)− q

2
(v·(y′′,y′)⊕ϑ(v))

=
∑

x∈Zn
2

∑
y∈Zm

2 ,c·y=0

ζDf (u)− q
2
g1(x⊕u)− q

2
(v·(y′′,y′)⊕ϑ(v))

+
∑

x∈Zn
2

∑
y∈Zm

2 ,c·y=1

ζDf (u)+ q
2
g1(x⊕u)− q

2
(v·(y′′,y′)⊕ϑ(v))

=
∑

x∈Zn
2

ζDf (u)(−1)g1(x⊕u)
∑

y∈Zm
2

(−1)v·(y
′′,y′)⊕ϑ(v)

(A3)

Since
∑

y∈Zm
2

(−1)v·(y
′′,y′)⊕ϑ(v) = 0, then Ch(u,v) = 0.

Combining the above two cases, we have Ch(u,v) = 0 for any (u,v) ̸= 0n+m.

Appendix B Further constructions of generalized bent functions in GB8
n

Let f ∈ GB8
n be as

f(x) = υ0(x) + υ1(x) · 2 + υ2(x) · 22, (B1)

where υi(x) ∈ Bn, i = 0, 1, 2.

In this section, we concentrate on the design of the initial functions υ0, υ1, υ2 such that f is gbent.

According to the relationship between a bent function and its dual, the equation

Wυ0⊕υ2 (u)Wυ1⊕υ2 (u) = Wυ2 (u)Wυ0⊕υ1⊕υ2 (u), for all u ∈ Zn
2 ; (B2)

in Theorem 2 is equivalent to

(−1)
˜(υ0⊕υ2)(u)(−1)

˜(υ1⊕υ2)(u)(−1)υ̃2(u)(−1)
˜(υ0⊕υ1⊕υ2)(u) = 1, for all u ∈ Zn

2 . (B3)

Based on this, we now provide the proof of Theorem 3.

Proof. According to the hypothesis of (i) (resp. (ii)), Theorem 2 and (B3), it is clear that υ0, υ1, υ2 satisfy the conditions

of Theorem 2 for the even case.

From (iii), we know that υ2, υ0⊕υ2, υ1⊕υ2, υ0⊕υ1⊕υ2 are all bent since υ0, υ1 are two linear functions. From Lemma

2, we have
˜(υ0 ⊕ υ2)(x) = υ̃2(x⊕ a0),

˜(υ1 ⊕ υ2)(x) = υ̃2(x⊕ a1),

˜(υ0 ⊕ υ1 ⊕ υ2)(u) = υ̃2(x⊕ a0 ⊕ a1).

Thus, if

υ̃2(x)⊕ υ̃2(x⊕ a0)⊕ υ̃2(x⊕ a1)⊕ υ̃2(x⊕ a0 ⊕ a1) = 0,

then (B3) holds.

With respect to (iv), the proof follows a similar approach as the proof of item (iii).

Remark 1. With respect to (ii), it is easy to find two functions υ0, υ2 such that both υ2 and υ0 ⊕ υ2 are bent. For

example, let υ2(x) be a bent-negabent function, then σ2(x) ⊕ υ2(x) is bent (i.e., bent-negabent) (see. [2]), where σ2(x)

denotes the elementary symmetric Boolean function on n variables with degree 2, i.e.,

σ2(x) =
⊕
i1,i2

xi1xi2 , ∀ x = (x1, x2, · · · , xn) ∈ Zn
2 , 1 6 i1 < i2 6 n.
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Thus, for any a bent-negabent function υ2, we are able to obtain a gbent function f . In fact, if (υ0, υ2) is a bent

(n, 2)−function (i.e., υ0, υ2 and υ0 ⊕ υ2 are bent), then we are also able to obtain a gbent function f .

Dillon provided a method to check M# [?]. A bent function f in n variables belongs to M# if and only if there exists

an n
2
-dimensional vector subspace V in Zn

2 such that the second order derivatives

Dα,βf(x) = f(x)⊕ f(x⊕ α)⊕ f(x⊕ β)⊕ f(x⊕ α⊕ β)

vanish for any α, β ∈ V. If υ2 ∈ M, then its dual is easy to be obtained [4]. Hence, for any bent function υ2 belonging to

M, we are able to find a0,a1 such that υ̃2(x)⊕ υ̃2(x⊕ a0)⊕ υ̃2(x⊕ a1)⊕ υ̃2(x⊕ a0 ⊕ a1) = 0.

With respect to (iv), we are able to find examples of application of item (iv) (there are two examples in [5, Example 1,

2]).

For (i), it is not easy to find three different bent functions υ0, υ1, υ2 such that ˜(υ0 ⊕ υ2)(x) = υ̃0(x) ⊕ υ̃2(x),

˜(υ1 ⊕ υ2)(x) = υ̃1(x)⊕ υ̃2(x), ˜(υ0 ⊕ υ1 ⊕ υ2)(x) = υ̃0(x)⊕ υ̃1(x)⊕ υ̃2(x).

We now provide the proof of Theorem 4.

Proof. From Theorem 2 (ii), there are two conditions to be satisfied by a gbent f . We know that ϕ(y) · x ⊕ g(y) is

a bent function in 2k variables, where ϕ is a Boolean permutation on Zk
2 . From Lemma 3, ϕ(y

(j)
0 ) · x ⊕ g(y

(j)
0 ) and

ϕ(y
(j)
1 ) · x ⊕ g(y

(j)
1 ) are complementary semibent functions on Z2k−1

2 , where j = 1, 2, · · · , k. Further, we know υ2 and

υ2 ⊕ υ1 are complementary semibent functions on Z2k−1
2 . Since a0 · x is a linear function in k variables, and ϕ ⊕ φ is a

Boolean permutation on Zk
2 , we have υ0 ⊕ υ2 and υ0 ⊕ υ1 ⊕ υ2 are complementary semibent functions on Z2k−1

2 . Thus, it

is sufficient to show

supp(Wυ2 ) = supp(Wυ0⊕υ2 )

for the secondary condition of Theorem 2 (ii).

Let α, β ∈ Zk
2 , β

(j)
ϵ = (β1, . . . , βj−1, ϵ, βj+1 . . . , βk). We have

Wυ2 (α, β
(j)
0 ) =

∑
y
(j)
0 ∈Zk

2 ,ϕ(y
(j)
0 )=α⊕a0

(−1)g(y
(j)
0 )⊕y

(j)
0 ·β(j)

0
∑

x∈Zk
2

(−1)ϕ(y
(j)
0 )·x⊕(α⊕a0)·x

+
∑

y
(j)
0 ∈Zk

2 ,ϕ(y
(j)
0 )̸=α⊕a0

(−1)g(y
(j)
0 )⊕y

(j)
0 ·β(j)

0
∑

x∈Zk
2

(−1)ϕ(y
(j)
0 )·x⊕(α⊕a0)·x.

Using the above identity, we derive

Wυ2 (α, β
(j)
0 ) =

{
0, if ϕ−1(α⊕ a0) /∈ Zj−1

2 × {0} × Zk−j
2

2k(−1)g(ϕ
−1(α⊕a0))⊕ϕ−1(α⊕a0)·β

(j)
0 if ϕ−1(α⊕ a0) ∈ Zj−1

2 × {0} × Zk−j
2 .

Further, we have

supp(Wυ2 ) = (a0 ⊕∆j)×
(
Zj−1
2 × {0} × Zk−j

2

)
,

and similarly,

supp(Wυ0⊕υ2 ) = {a0 ⊕ (ϕ⊕ φ)(y)|y ∈ Zj−1
2 × {0} × Zk−j

2 } ×
(
Zj−1
2 × {0} × Zk−j

2

)
.

From the hypothesis, there exists one positive integer ϱ(6 k) such that

{(ϕ⊕ φ)(y)|y ∈ Zϱ−1
2 × {0} × Zk−ϱ

2 } = ∆ϱ,

∆ϱ is a linear subspace of Zk
2 and a0 ∈ ∆ϱ (we assumed a0 ̸= 0, as the other case is similar), then we set j = ϱ, and have

supp(Wυ2 ) = (a0 ⊕∆ϱ)×
(
Zϱ−1
2 × {0} × Zk−ϱ

2

)
= supp(Wυ0⊕υ2 ).

Moreover, we have Wυ0⊕υ2 (α, β
(ϱ)
0 ) = Wυ2 (α, β

(ϱ)
0 ) = 0, |Wυ1⊕υ2 (α, β

(ϱ)
0 )| = |Wυ0⊕υ1⊕υ2 (α, β

(ϱ)
0 )| = 2k; or,

|Wυ0⊕υ2 (α, β
(ϱ)
0 )| = |Wυ2 (α, β

(ϱ)
0 )| = 2k, Wυ1⊕υ2 (α, β

(ϱ)
0 ) = Wυ0⊕υ1⊕υ2 (α, β

(ϱ)
0 ) = 0, for all (α, β

(ϱ)
0 ) ∈ Zn

2 .

Example 1. Let ϕ(1)(y1, . . . , yk−1) = (ϕ1(y1, . . . , yk−1), . . . , ϕk−1(y1, . . . , yk−1)) be a Boolean permutation on Zk−1
2 .

Let π(y1, . . . , yk−1) be a orthomorphic permutations on Zk−1
2 . Set φ(1)(y1, . . . , yk−1) = π

(
ϕ(1)(y1, . . . , yk−1)

)
. Thus,

according to the properties of orthomorphic permutation, we know ϕ(1) and ϕ(1) ⊕ φ(1) are two Boolean permutations on

Zk−1
2 [5]. We set φ(y1, . . . , yk) = (φ(1)(y1, . . . , yk−1), 0), ϕ(y1, . . . , yk) = (ϕ(1)(y1, . . . , yk−1), yk) and ϱ = k. Moreover, we

have {(ϕ ⊕ φ)(y)|y ∈ Zϱ−1
2 × {0}} = ∆ϱ = {ϕ(y)|y ∈ Zϱ−1

2 × {0}}. From [5], we know that at least 22
n−2

orthomorphic

permutations in n−1 variables can be constructed. We also know there are 2n−1! Boolean permutations in in−1 variables.

Hence, we are able to construct at least 22
n−2 × 2n−1! gbent functions f in n variables when n is odd.

If we set φ = 0k, then we immediately have the following corollary.

Corollary 1. Let k, n be two integers and n = 2k−1. Let x,y ∈ Zk
2 . Let ϕ = (ϕ1, ϕ2, . . . , ϕk) be one Boolean permutation

on Zk
2 . Set ∆j = {ϕ(y)|y ∈ Zj−1

2 ×{0}×Zk−j
2 }, y(j)

ϵ = (y1, . . . , yj−1, ϵ, yj+1 . . . , yk), where 1 6 j 6 k, ϵ ∈ Z2. Let f ∈ GB8
n

be as in (B1), and let υ0(x,y
(j)
0 ) = a0 ·x, υ1(x) =

(
ϕ(y

(j)
0 )⊕ ϕ(y

(j)
1 )

)
·x⊕g(y

(j)
0 )⊕g(y

(j)
1 ) and υ2(x) = ϕ(y

(j)
0 )·x⊕g(y

(j)
0 ),

where a0 ∈ Zk
2 . If there exists one positive integer ϱ(6 k) such that ∆ϱ is a linear subspace of Zk

2 and a0 ∈ ∆ϱ, then

υ0, υ1, υ2 satisfy the conditions of Theorem 2 for the odd case, that is, f is gbent.
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