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Abstract The design of an adaptive controller and stability analysis of the corresponding closed loop system
are discussed for a class of SISO systems based on the characteristic model method. The obtained characteristic
model is a second-order slow time-varying linear system with a compress mapping function for the system
modeling error. The pole placement method is used to design the controller, and sufficient conditions for the
stability of the closed loop system are obtained based on the robust control theory of slow time-varying systems
with perturbations. The effectiveness of the proposed method is illustrated by two numerical examples.
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1 Introduction

Traditional adaptive control algorithms are hardly competent for complex systems, especially in the pres-
ence of nonlinear uncertainties, due to the prolonged time taken from the plant state change to the model
parameter variation and finally to the controller setting adjustment. In this regard adaptive control based
on the characteristic model is a practically effective method in meeting the challenge. The character-
istic model and with its all-coefficient adaptive control theories based on the characteristic model was
proposed by Wu in the 1990s [1,2]. This method usually uses a low order linear time-varying model as
the characteristic model to depict the original system which may be high order linear time-invariant or
nonlinear, and then the adaptive controller is designed. The characteristic modelling theory and methods
have been improved greatly in the last 20 years, with more than 400 successful applications categorized
into 9 different types of engineering plants of astronautics and other industries [3,4]. For example, in
[5] the authors apply the intelligent adaptive control method based on the characteristic model for ren-
dezvous and docking; References [6-10] present a characteristic model-based adaptive control method for
the attitude control of hypersonic vehicle and satellites; Reference [11] introduces an adaptive guidance
law design based on the characteristic model for reentry vehicles, just to name a few. Achievements have
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also been made in the characteristic modelling for many kinds of original system models, for example, in
[12,13], it is claimed that the original linear time-invariant systems are equivalent to the characteristic
model with proper parameters in the input-output sense when the sampling time is short; besides non-
linear systems are also studied in [1,14-16]. It is known that the characteristic model can be generally
represented by a second order system for fixed point control with location tracking objectives,

Y(k+2)=Fi(k)y(k+1)+ Fa(k)y(k) + Gk)U(E+ 1),

where F;(k),G(k) € R™*™ i = 1,2 are the characteristic parameters reflecting the characteristics of
the force and movement relationship between variables respectively [3]. These characteristic variables
gradually vary with time and belong to a closed convex set Ds when the sample time is small enough.
Ds can be achieved in the process of constructing characteristic model [12-16].

Despite the practical success of the adaptive control based on the characteristic model, the system
stability remains a challenging problem, due to mainly two reasons. First, this method applies digital
control scheme and is an indirect adaptive control, by which the model mismatch and the truncation error
between the continuous and discrete systems are inevitable. Second, the resulting closed-loop system is
a complex hybrid system which generally fails the stability theories of discrete-time system based on
approximate models [17,18]. Relative studies are popular in the literature. For example, a golden-section
adaptive control system based on the characteristic model for SISO (simple input simple output) system
is studied in [19-21] where the stability conditions are given in the case of bounded modelling error.
A similar study can be seen in [22,23] for MIMO systems. But all these reports do not consider the
truncation error or progressively analyze the sampled-data system stability in the closed-loop system. In
[15] the authors introduce a method to construct a second order characteristic model with exponentially
convergent modelling error for a minimum phase nonlinear original continuous system with relative order
2, and then consider the mismatch and the sampled-data system stability of the closed-loop system,
where the controller is designed by the golden-section adaptive method based on the characteristic model.
Incidentally, the stability analysis is for exponential convergent modelling error.

Furthermore, the adaptive control based on the characteristic model should not solely consider the all-
coefficient adaptive control method. Therefore, we design a controller by using adaptive control with pole
placement based on its characteristic model, which can stabilize the original system output for a class of
SISO continuous systems. For the corresponding stability analysis, this paper takes the model mismatch
as an unmodeled dynamics, which is bounded and can be state and input dependent. Then we take full
consideration of the modelling error between the characteristics model and the original system, using
perturbation analysis and the slow time-varying linear system stability theorem to argue the complex
mixed system stability conditions.

2 Problem description

2.1 System model

Consider the following continuous SISO system,

1= fi(x1, ®2),
&2 = fo(x1,22) + g(21, T2)U0, (1)

Yy =2,

where 1 € R, &3 e R ! f1 € R, fo € R !, g € R"! are smooth function and g(x1,x3) > 0. For the
system (1), we have the following assumption.

Assumption 1. The system (1) has but one equilibrium point at the origin and

Af1 Haf1

0
2 <My, gl < Ms, wizs, @) = 2 foler, ma) < M.

61}2
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Remark 1. Assumption 1 can be satisfied by numerous systems, for example, most of minimum phase
systems. Furthermore, the assumption w(xy,x2) < M is also often seen in literature [24,25], where M is
dependent on the system state close to ball X, and is fixed for fixed bound size X.

2.2 Preliminary background

The adaptive control strategy based on the characteristic model applies digital control scheme which is
an indirect adaptive control strategy. We give the basics of stability analysis of sampled-data systems as
follows.
Rewriting system (1) as
T = f(xv u)a
where @ = [z1, 2] and f(z,u) = [fi(z1, 2), fo(21, 22) + g(a1, T2)u] "
For sampling time h and controller uy, = up(zk), the accurate discrete model is obtained as
Tht1 = Fy (@, ur(ar)),
whose Euler approximation model is
Tr1 = F* (wn, ue ().
The characteristic model is often obtained based on the Euler approximation model with unmodelling
error. In particular, one can rewrite the characteristic model in the following form,
T = 30 (v, we(zn)),
and then the above three models can be unified as
Tpi1 = Fy (e, ur (@), (2)
where * € {e, eu, te}, and
Fy (g, uk(an)) = F" (wp, uk(zr)) + R (),
Fp(wn, we(wr)) = Fy® (@, un(zn)) + k),
where R, (zy) is the Euler discrete truncation error, and 7 (k) is the modelling error.

Definition 1 ([26,27]). The discrete system (2) is asymptotically stable on D in terms of h, denoted
by (8, D), if there exist h* > 0, an open region D and a function 8 € KL independent of h, that the
solution of discrete system (2) z[k,&] € D for every h € (0,h*) and Vz[0] =€ € D, k € N satisfies

k]Il < BN Bh).

Furthermore, the system is globally asymptotically stable if D = R™, exponentially stable, denoted by
(e, D), it B(||&l, kh) = Bl|&||exp{—0okh}, B > 1, ¢ > 0, and finally global exponential stable if D = R™.

Lemma 1 (|26,27]). For given h* > 0 and h € (0, h*), system (2) is (8, D) if and only if there exists a
Lyapunov function V4 (k, &) which is continuous on & with V4 (k,0) = 0 and

ar([lz[k]]]) < Vi (k, x[k]) < ca([|lz[K]]]),
AVi, = Vi(k +1,z[k + 1]) — Vi (k, 2[k]) < —has([|z[K][]),
where «;, i =1, 2,3 are K functions.

Lemma 2 (]26,27]). For given h* > 0 and h € (0, h*), system (2) is (e, D) if and only if there exist a
Lyapunov function V4 (k, §) which is continuous on & with V4, (k,0) = 0 and

c1lla[k]lI* < Vi (k, 2[k]) < co|z (k][I

AVi, = Vi(k + 1,2k + 1)) — Vi (k, z[k]) < —c3h||z[k]||?,

where ¢y, co, c3 are positive constants.
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3 Main results

3.1 The characteristic modeling

According to the characteristic model theory [12-15], the characteristic model of system (1) can be built
that holds the following statement.

Theorem 1. For system (1) with Assumption 1 and sufficiently short sample time, if the system
control objective is fixed point control or location tracking, then the characteristic model based on Euler
approximate discretization method can be described as follows,

y(k +1) = an(k)y(k) + az(k)y(k — 1) + Bo(k)u(k), (3)

where

(1) the modelling error n(k) between the characteristic model and the original system of Euler approx-
imate discrete system is less than Mh?2.

(2) a1 (k), az(k) and Bo(k) are the function related to h, and they are slowly time-varying parameters
for sufficiently small A.

(3) a1, a2, Bo € Ds, where

Ds = {(0417042750)

loy (k) — 2| < Myh+ MR |ao(k) + 1) < Myh 4+ Mh%,0 < |Bo(k)| < My Msh? }

Proof. For &1 = f(x1,x2), we have

0 of1 . of1 . 0
T1 = iﬂh + £$2 = iﬂh +w(zy, x2) + igu
T o T T2

Then

xl(k—i—l):2x1(lc)—xl(kz—l)—i—ha—‘?(xl(k)—xl(k 1)) + h? flgu+h2 (k).

Denote N,, the upper bound of |z1] and

o $1(k’) - Il(k' — 1) o le
T 2tk — 12+ Ny, 2T k) a(k— 12+ Ny 2T mi k)2t a1 (k— 1)2 1 Ny,
where fs = s121(k) + s221(k — 1) + s3 = 1. Then
a1(k+1) = 2 (k) — 21 (k — 1)+hi(x1(k) —21(k — 1)) + A2 flgu+h2 (k) fs
= (2 + h%( k) + th(k)51> z1(k) + (th(k)s -1- h%( )) z1(k—1)
1

+ h2£gu(k) + h2w(k)ss
T2

Rewrite the above equation as follows,
z1(k +1) = ay(k)z1(k) + az(k)zi(k — 1) + Bo(k)u(k) + n(k),

where

oy (k) —2+h8—{1( )+h2w(k)sy, ag(k) = —1— hi—{l( )+h2w(k)s, Bo(k) =

0
w22hg (k) = 12wk,

(1) Since s3 < 1,
In(k)| < Mh>.
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(2) a1(k), az(k), Bo(k) are the functions related to h according to above parameters in the expression,
thus

Aoy = |ai(k+ ) — ag (k)| < 2Mih 4+ 2MRE2, Aay = |as(k + j) — az(k)| < 2Mih + 2M A2,

APy = |ﬂo(k’ +]) — ﬂo(k’” < 2M2M3h2, Vj € N.
and therefore the characteristic parameters are slowly time-varying if h is considerably small, since

M, My, Ms and Ms are bounded and |s;| <1, i = 1,2,3.
(3) Since |s;| < 1,i=1,2,3 and g # 0, then Ds can be obtained as

Ds = {(0417042750)“041(]‘3) — 2| < Mih+ ME?, |ag(k) + 1] < Mih + MA?,0 < |Bo(k)| < M2M3h2} :
3.2 Adaptive controller design

Theorem 1 shows that by selecting an appropriate sample time h, the error between the characteristic

model and the Euler approximation discrete model of the original system could be made arbitrarily small.

Thus the controller is first designed based on characteristic model without considering the error [15].
Rewriting the characteristic model (3) as the second order time-varying identification model

y(k +1) = (k) 0(k), (4)

where (k) = [y(k) y(k —1) u(k)]T, 0(k) = [a1(k) aao(k) Bo(k)]T. The parameter identification
method is used as follows,
ab(k = e(k) )

N+ (k- D2 )

where 0(k) = [a1(k) aa(k) Bo(k)]T, e(k) = y(k + 1) — 1 (k)TA(k), I is the orthogonal projection
operator on the bounded closed convex set Ds. a, Ao > 0 are adjustable parameters of the identification
and a € (0,1).

Denote 6(k) = 0(k) — O(k), then e(k) = 1(k)T(k). Since the characteristic parameter belongs to the
closed set Ds, for V0,605 € Ds

(k) = H<é(k — 1)+

61 — 62| < Ko,

and clearly kg = O(h). When h is small enough, the characteristic parameters are slowly time-varying, and

k—1
Z 10(T+1) —0(7)]| L wvo+vi(k—ko), k=ko+1, (6)

T=ko

where vy and v are small positive constants.
Under the condition of bounded modelling error, it holds that [1]

k

ST 16(r) = 00 = )| < Vako(k — ko) + /5akgvo(k — ko)® + \/5akovi (k — ko), k> ko+1. (7)
T=ko+1

In view of the characteristic model (3), design the control law as
L(k, 2~ u(k) = P(k, 27 )(y(k) = ym(k)), (8)
where L(k,z7!) and P(k,2~1) satisfy Diophantine Equation:
L(k,z" YA+ P(k, 2B = A(Og, 27 1), (9)

where fl(ék,z’l) is the desired pole, y,, (k) is the tracking signal, A and B are the estimate result of
characteristic parameters, L(k,z~1) and P(k,z~!) are no more than one order of z~! polynomial. Since
A and B are coprime, then the Diophantine Equation (9) is always solvable. Under the conditions in
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Theorem 1, system (1) of characteristic parameters belongs to a bounded closed convex set Ds, that
A(fy, z') can be placed as a stable polynomial with no more than third order. Let g = gg—‘“ and
L(k,z7') = Iy where

Log<2
lp =
g, g>2.
Also take A(f),271) as
2

A = l() H(]. — mizfl),

1

where 0 < m; < 1, i = 1,2 ensures that A is a stable polynomial.
3.3 Stability analysis

The following relationship holds for the characteristic model and the accurate discrete model
Fy (zk, ur(@n) = F° (@, un(zr)) +m(k), (10)

where m(k) = n(k) + Rp(zx), n(k) is the modeling satisfying n(k) < €, € being any given arbitrarily small
real number, and Rp(xy) the Euler’s local truncation error, satisfying the following equality based on
compatibility principle [18]:

| Bl = |1 Fy (wr, uk(zx)) — FR" (2, u(zr)) || < hp(h), (11)

where p € KL.

Theorem 2. There exist A*,v] > 0 and a suitable fl(ék, z71), such that for v; < v} and the sample
time h € (0, h*), the closed-loop system of the characteristric model with the adaptive controller (5) and
(8) is locally asymptotically stable at the origin.

Proof. Consider the nominal system without m (k) in (10). Substitute the controller to the system (3),
then

Bo(k)(G1(k) —ml —m2) Bo(k)(Gz2(k) + mim?2)

i+ 1) = (k) - Yo+ () - Jutte= 1. (12)

loBo (k) loBo(k)
Let
Oél(k’) _ Bo(k)(&1(lf)fm17m2) 1 T
k)=[y(k+1 1T A*(k) = 1ofo (k)
W( ) [y( + ) y( )] ) ( ) o (k‘)— Bo (k) (&2 (k)+m1m2) 0
2 loBo(k)
The closed-loop system can be rewritten as
Wk +1) = A (R)W (k) i~

where
(A ()] = (AR < 1, Yk e Z¥, j=1,2.

Hence there exists o, € [0, 1) such that [1]
max X, (A° ()] < o,
J
|A*(K)!|| < cpoly, Ve ZT, ieZt, j=1,2,

where ¢, > 1,0, = @ Then

A" (1) = A*(r = 1)
< Jar(r) = an(r = 1)] + Jaz(7) = aa(r = 1)] + 50(7)(0‘1507520;7;11 —m2)
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Bo(r)(Ga(r) —mim2)  Bo(r — 1)(Ge(r — 1) — mlm2)

lofo () loBo(T — 1)

folr = Do) (G (7 = 1) = m1 = m2)
loBo(1)Bo (T — 1)

_ folr = DBy(r)(@a(r) —m1 —m2) | folr = Dho(r)(én (r) — m1 — m2)

/BO(T — 1)(071{7‘ — 1) —ml— m2)‘
loﬁo(T — 1)

+

< ai (1) —on (7 — 1) + |aa(7) —aa(r — 1) +

loBo(1)Bo (T — 1) 1oBo(T)Bo (T — 1)
B Bo(T — 1)30(7; — 1)A(071(T) —ml—m2) n Bo(T — 1)30(7: — 1)A(o?1(7') —ml—m2)
loBo(T)Bo(T — 1) loBo(T)Bo(T — 1)

3 Bo(T)Bo (T - 1)(021(7') —ml—m2) ‘ N Bo(T — 1)BQA(T)(OQA2(T — 1) — mlm?2)
lofo(T)Bo(T — 1) lofo(T)Bo(T — 1)
_ Bolr = 1)Bo(r)(éa(r) —mim2) 4 Bolr = 1)Bo(7)(dz(r) — mim2)

loBo(m)Bo(r — 1) lofo(7)Bo(r = 1)
~ Bolr — 1)Bo (T — 1)(a2(7 — mlm2) N Bo(T — 1)60ET — {)( 2(T) — mlm2)
loo(T)Bo(T — 1) loBo(7)Bo (T — 1)

B BQ(T)Bo(TA— 1){@2(7’) mlmZ)‘
loBo(T)Bo(T — 1)

< |laa(r) —aa(r = 1)+ Ocz(T)Ozz(Tl)‘Jr ﬂO(Tl)l(OO;O((:)O;I(Tl))‘JF
ol — 1)@ () = m1—m2)(Ao(r) ~ Aol —1))| [ (@a(r) — m — m2) () ~ ﬂo(Tl))‘
loBo(T)Bo(T — 1) loBo(T)

Bolr = (éa(r) = Ga(r — 1) | | | Bo(r = 1)(8a(7) — m1m2)(Bo(r) — Bo(r — 1))‘

+

loBo(T — 1) loBo(T)Bo(T — 1)
n (Go(1) — mlmZ)EBO(T) — Bo(r—1)) ‘
loBo(T)

Since

(a1 (k), az(k), Bo(k)), (a1 (k), &a(k), Bo(k)) € Ds, gOET < 2o

o(r —
then
|A*(7) = A*(r = D)|| < |en(r) — ar(r = 1)| + |ea(r) — az(T = 1)| + bi|Bo(7) — Bo(r — 1)
+b2|Bo(7) = Bo(r — 1)| +2|du (1) — du (7 — 1)| + 2|Ga(T) — Ga(T — 1),

where

b 2|&1 (1) —ml — m2|max + 2|G2(7) — MIM2|max
1=

Y )
ﬂ() min

|61 (7) — m1 — Mm2|max + |G2(T) — MIM2|max
1080 min
by and by are seen to be bounded for (ay(k), a2 (k), Bo(k)) € Ds and 0 < m; < 1 where i = 1,2. Thus

by =

| A% () — A* (1 — 1)|| < max{b, 2}||0(r) — O(r — 1)|| + max{ba, 1}[|(7) — (7 — 1)|I. (14)

From (6), (7) and (14)

k
3 | A%(r) — A*(r — 1)|| < max{bs, 2} [\/Ekg(k — ko)® + \/Bakevo(k — ko)?

T=ko+1

+ /bakevy (k — ko)} + max{bs, 1}vo + vi(k — ko)]. (15)
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Therefore, the closed-loop system (13) is locally asymptotically stable for a fixed u, € (0y, 1), if there
exist v} > 0 and a positive integer N, such that for v < v] [1,28-30]

max{b1, 2}1/5kevo + max{bs, 1}v1 < < N/:/Uc_ — O'U> /Nlcv. (16)
v

The sample time h and fl(ék, 271) determine the value of vy, by and by. Hence an appropriate sample
time and fl(ék,zfl) can make the closed-loop system (13) to be locally asymptotically stable. This
completes the proof.

Theorem 3. If the closed-loop of the characteristic model (12) is locally asymptotically stable at the
origin and ¢z —c4 x Yh? > 0, where c3, ¢4 and 7 are some positive constants, then the following statements
hold,

(1) If n(k) = 0 or n(k) is independent exponential convergence to 0, then the accurate discrete system
is (e, D).

(ii) If n(k) is not exponential convergence but limy_,o, 7(k) = 0, then the accurate discrete system is
(8, Dr,).

(i) If limg 00 (k) # 0, then there exist €, when 7(k) < e the accurate discrete system is output bound

stable.
Proof. For slow time-varying linear systems, asymptotic and exponential stabilities are equivalent. Thus
from Theorem 2 it is known that controllers exist to make the characteristic model locally exponentially
stable at the origin. Then a Lyapunov function V3, (k, z(k)) exists for the solution of characteristic model
x1(k), z2(k) € D, and

crllak]|? < Va(k, 2[k]) < collz[k]|I?, AVk, < —cs|l=[k]|*,

V(k, 1) = V(ky22)| < eallaill(lr — aall), Vi=1,2.

That is, for every 0 < h < min(1, h*), the characteristic model is (e, D) stable and the lipschitz constant
of the Lyapunov function L, = 2¢4), where x is the maximum norm for z1,z2 € D. Take Vj,(k, z(k)) as
the Lyapunov function of the accurate discrete system with perturbation. Let z[k;0, ] be the accurate
system solution at step time k with z[0] = £, and y[k; 0, £] be the characteristic model system solution at
step time k with 2[0] = £. Since the solution of system is unique, then x[k+1;0,¢&] = z[k+ 1; k, 2[k; 0, £]].
Therefore

AVy, = Vi(k+ 1, 2[k + 1;0,¢]) — Vi(k, z[k; 0,£))
= Vi(k+ 1,z[k + 1k, 2[k; 0,€]]) — Vi(k + 1,y[k + 1; k, z[k; 0,€]])
+Va(k + Lylk + Lk, 2[k; 0, €]]) = Vi (k, y[k; b, 2[5 0, €]])
< calle [kl lm (k)| — esllz k][I

(1) The case of n(k) = 0. Since the characteristic model is (e, D), then the accurate discrete model can
locally be exponentially stable by [15] and the Euler’s local truncation error satisfies

1Bn ()| < vh? .

where ~ is a positive constant. Then there exist a constant h* > 0, for A € (0,h*) it holds that
03704><fyh2 > 0, or

AV, (x[k0,€]]) < —(c3 — ca x Yh?)||x[k][|* < —h(es — ca x vh?) ||z [k]])*.

Thus the accurate discrete model is (e, D) by Lemma 2. Similarly, when 7(k) is independent exponential
convergence to 0, it can be shown that the accurate discrete system is (e, D) made stable by augmenting
the state equation to be equivalent to (k) = 0.
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(ii) The case of Rp(xr) < hp(h), lim,, 0 Rr(xr) = 0. There exists a sample time to make m(k) =
n(k) + Rp(zx) < o, and

AV, (@[k: 0,€])) < eallzKIlImR)]| = esllzlk])* < ealla[Mllo — esllz (k]|
< —(1 = O)esl|x[K]|| — Besl|x[K]||? + cal|x[k]|o
< —(1=O)cs|alk]|?, Vz| = j;—

Hence a proper h and D = {z € R?|||z|| < r} can be chosen such that o < a2 For V||z(0)] <

\ /g—;r, there always exists a bound k; € N7, for k < &y,

(k)| < Cllz(0)]| exp{—-kh},

Cq Co O
B < —4/—=.
lell < 24/

and for k > k1,

Therefore, for V||z(0)|| < /&,
C2

2 0

Cq C
o)) < Clla)exp{-okn} + &[22, (17)

where 6, ¥, C are positive constants and § < 1. Since limg_, (k) = 0, then limy_, o, o(k) = 0, which
means that

lim ||z(k)| = 0.
k— o0

Therefore the accurate discrete model (8, D, ) is stable.
(iii) The case of limy_, o (k) # 0. The result readily follows from (17).

Remark 2. Even if the modeling error n(k) is necessary to satisfy the condition of convergence to 0 in
the construct characteristic model process, it is still guaranteed to be bounded. The bounded output of
the original system can be achieved by choosing appropriate parameters in the adaptive control method
based on the characteristic model.

Remark 3. In (9), if L(k,z7!) =y and

A0, 271 = 1o(1 —maqi (k)2 1) (1 —mage(k)z™1),

where ¢;(k), ¢ = 1,2 are the roots of A and 0 < m < 1 is adjustable parameter such that A(ék,z_l)
becomes a stable polynomial, then the stability analysis result of Theorems 2 and 3 still hold, and the
golden-section adaptive control law [1] becomes the special case by taking m = 0.382.

Remark 4. Since the sample time h determines the characteristric model parameters change rate vy
and the value of total modeling error m(k) = n(k) + Ry (zx), and A(fy, 2~1) determines the value of
b1 and bs, it is thus important to choose an appropriate sample time and fl(ék, 2~ 1) in our method to
guarantee the stability of the closed-loop system. However, determining h or even its upper bound of
modelling, is difficult in the adaptive control design based on the characteristic model [1-3,15], due to the
lack of the analytically representable function as well as the hybrid system formalism. In the simulations
that follow we use the numerical trial-and-error method to choose the sample time after we fix the desired
pole of fl(ék, 27 1). A systematic way of doing this is one of our future objectives.
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Figure 1 d(¢) = 0 for the characteristic parameters estimate result (a) and the system output (b).
4 Simulation

Example 1. Consider the following linear system

§ =€ + camn,

&1 = g,

To = a121 + a2x2 + aszé + d(t) + bu,
Yy =,

where ¢; = =5, co =10, a1 =3, a2 =7, a3 =20, b=8 and d(¢t) =0, 10sin(1/(t + 1)) and 10sin(¢ + 1)
corresponding to three kinds of modelling errors.
Let o = [€; 23], the rewriting the system in the form of (1), we get

_ _ T - c1§ + comn
filzy,@2) =22, g=1[0,b]", folz1,@2) = aras + asty + asé|
Then M; =0, My =1 and M3 = b. Take h = 0.05 and the relevant state closed ball X = {||z| < 4}.
Let M = 130 and set the initial ; = 2, 29 = 2 and £ = 2. Hence

Ds = {(a1, a2, 80)|1.6725 < a1 < 2.3275, —1.3275 < ap < —0.6725, By = 0.02 }.

Let A(Og,z71) = (1 — 1271)2, then

Qo +0.25
o o

(1) d(t) = 0. From the simulation results in Figure 1, it is seen that the estimated parameter converges
to a fixed number and the continuous system output asymptotically converges to 0.

(2) d(t) = 10sin(1/(t + 1)), n(k) is not exponentially convergent but satisfies limy_, o 7(k) = 0. Com-
paring the simulation results in Figures 2 and 1, we find that the rate of system output convergence is
slower, and characteristic parameters converge to a different fixed number. It means that the character-
istic parameter is not unique in the characteristic modeling process [15].

(3) d(t) = 10sin((t + 1)), n(k) # 0 but is bounded. From the simulation results in Figure 3, it is
seen that the system output is bounded stable and the characteristic parameters have more time-varying
information when compared with above cases.

In order to show the effects of the configuration pole stability margin on system stability, we simulate
d(t) = 0 in the example with the same parameters but different A(6, z~1) as follows

(1) case 1: A(f,z"1) = (1 — 12712

(2) case 2: Ay, 271) = (1 - 1271)%

(k- 1).



Huang J F, et al. Sci China Inf Sci  May 2016 Vol. 59 052202:11

2.10 3
205 | S |
3 2.00\( 4
1.95¢ | 1 |
90— —% % 10 12 14 16 18 20 0
Time (s)
) oA —
-095} - -1 1
§'-1.00 - 5 |
_IOSW 4
ST\ ) A S S N S S S S 7Y S S S S SN S S
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Time (s) Time (s)
@ (b)

Figure 2 d(t) = 10sin(1/(¢t + 1)) for the characteristic parameters estimate result (a) and the system output (b).
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Figure 3 d(t) = 10sin(t + 1) for the characteristic parameters estimate result (a) and the system output (b).
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Figure 4 The system output of four different A(f),z~1) (a) and its enlarged view in [0-350] (b).

(3) case 3: A(fy,27") = (1 — 22712

(4) case 4: the golden-section adaptive control law.

The simulation results are shown in Figure 4. All four system outputs converge to 0, but the second
case of stability margin leads to larger shock in the system dynamic process, which probably causes the
related state to escape from a given state of compact set X, which is unfavourable in practice. The
stability margin of the least may lead to the system instability. The golden-section adaptive control law
is the best, where the system output dynamic process has the least volatility and the best convergence.
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Figure 5 The parameters estimate for d(t) = 0 (a), 10sin(1/(¢t + 1)) (b) and 10sin(¢t + 1) (c).
Example 2. Consider the following nonlinear system

&1 = 5z1 + (1 +4cosxy)zy,
&3 = T4 + s,
iy = 13 — 209 — a3 cos(xy + x4) + x5 + d(t) + (1 + 2d)u,

T5 = —T5 + 3 + x2,

Yy = xs3,

where d(t) = 0,10sin(1/(¢t + 1)) and 10sin(¢ 4+ 1) correspond to the three kinds of modelling errors.

The system output is related to z;, i = 2,3,4,5, then take X = {|x;| < 5, i = 2,3,4,5}, the initial
r = [2,2,2,0,2]T and M = 500. Rewriting the system in the form of (1) and M; = 0, My = 1 and
M3 = 1+ 23 = 26. Take the sample time h = 0.01 and

Ds = {(o1, a2, 50)[1.95 < g €2.05, —1.05 < az < —0.95, 0.0001 < By < 0.0026 }.

Hence Iy = 13. With the desired pole A = 13(1 — 0.5271)2, the control law is

u(k) = 7(341 - 1y(k) B Qo +E).25
1350 1350
Figure 5 shows the characteristic parameters estimate result in three kinds of d(t) conditions from the
Example 2, which have similar indications as Example 1.
Figure 6 is the simulation output corresponding to the three d(t) conditions. When d(t) = 0, the system
output converges to 0 at the fastest speed and the dynamic error is the smallest. When d(t) = 10sin(¢+1),
the system output error cannot converge to 0 but is bounded, and the error bound is 0.2.

y(k —1). (18)
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Figure 6 The system output (a) and its enlarge view in [100-550] (b).
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Figure 7 The system output for different cases of controller.

For verification of the expected pole for third order time invariant polynomial and golden-section
adaptive controller, we simulated the d(¢) = 0 case. The results are shown in Figure 7 where

(1) case 1: A(fy,z~1) =13(1 — L271)3,
(2) case 2: the golden-section adaptive control law.
(3) case 3: A(fy,z~1) =131 —

The bound of characteristic modelling error is a condition that ensures the stability of the closed-
loop system based on the characteristic model with the adaptive controller. The error of characteristic
modelling depends on M and the size of the sampling time h. M depends on the given relevant state
space. For a larger state set, the closed-loop system stability largely depends on the value of sample time
h. We take Example 2 and d(t) = 0 for illustration. Here we set the initial x = [15,15,15,0, 15]T while
keeping the other parameters constant. The simulation result in Figure 8(a) shows that the controller
fails to stabilize the closed-loop system. Then we decrease the sample time by letting A = 0.005, the
simulation result in Figure 8(b) shows that the output is convergent to 0.
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Figure 8 The system output with sample time A = 0.01 (a) and h = 0.005 (b).
5 Conclusion

The adaptive controller design and stability analysis are investigated for a class of SISO system based
on the characteristic model method. The characteristic model is built, the adaptive controller is then
designed along with stability conditions. The obtained results are verified by numerical examples.

Acknowledgements This work was supported in part by National Natural Science Foundation of China(Grant
Nos. 61422307, 61333008, 61273153, 61304048, 61174061), National High-tech R&D Program of China (863 Pro-
gram) (Grant No. 2014AA06A503), National Youth Top Talent Support Program of National High-level Personnel
of Special Support Program (the “Thousands-of-Talents Scheme”), Scientific Research Staring Foundation for the
Returned Overseas Chinese Scholars, and Ministry of Education of China. Authors also gratefully acknowledge

supports from the Youth Innovation Promotion Association, Chinese Academy of Sciences.

Conflict of interest The authors declare that they have no conflict of interest.

References

1 WuHX, HuJ, XieY C. Characteristic model-based intelligent adaptive control. Beijing: China Science and Technology
Press, 2009

2 Wu H X, Hu J, Xje Y C. Characteristic model-based adaptive control method and applications. IEEE Trans Syst Man
Cybern Part C-Appl Rev, 2007, 37: 213—221

3 Wang Y. Stability analysis of characteristic model based all-coefficient adaptive control for a class of minimum-phase
linear system. Proc Eng, 2012, 29: 2410-2420

4 Gao S G, Dong H R, Ning B. Characteristic model-based all-coefficient adaptive control for automatic train control
systems. Sci China Inf Sci, 2014, 57: 092201

5 XieY C, Hu J. The application of the intelligent adaptive control method based on characteristic model in rendezvous
and docking. J Syst Sci Complexity, 2013, 33: 1017-1023

6 Zhang Z, Hu J. Stability analysis of a hypersonic vehicle controlled by the characteristic model based adaptive controller.
Sci China Inf Sci, 2012, 55: 22432256

7 Gong Y L, Wu H X. Characteristic model-based adaptive attitude control for hypersonic vehicle. J Astronaut, 2009,
31: 2122-2128

8 Wang L J. Characteristic model-based attitude controller and adaptive filter design for the hypersonic vehicle. Aerosp
Control Appl, 2011, 37: 14-20

9 Yu H X, Lei Y J. Characteristic-model-based attitude control for satellites with input saturation. Aerosp Control
Appl, 2013, 39: 44-53

10 Luo X, Li J. Fuzzy dynamic characteristic model based attitude control of hypersonic vehicle in gliding phase. Sci
China Inf Sci, 2011, 54: 448-459

11 Yang J C, Hu J, Ni M L. Adaptive guidance law design based on characteristic model for reentry vehicles. Sci China
Ser-F: Inf Sci, 2008, 51: 2005—2021

12 Meng B, Wu H X. Proof of characteristic model of linear system. Sci China Ser-E: Tech Sci, 2007, 37: 1258-1277

13 Sun D Q, Wu H X. Characteristic model and control method of MIMO high-order linear systems. Aerosp Control,
2004, 22: 4-10



14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

Huang J F, et al. Sci China Inf Sct  May 2016 Vol. 59 052202:15

Meng B, Wu H X. On characteristic modeling of a class of flight vehicles’ attitude dynamics. Sci China Tech Sci, 2010,
53: 2074-2080

Wang Y. Stability analysis of characteristic model-based adaptive method for a class of minimum-phase nonlinear
system. Control Theory Appl, 2012, 29: 1097-1107

Li H, Sun Z Q, Min H B, et al. Fuzzy dynamic characteristic modeling and adaptive control of nonlinear systems and
its application to hypersonic vehicles. Sci China Inf Sci, 2011, 54: 460468

Li CY, Guo L. A dynamical inequality for the output of uncertain nonlinear systems. Sci China Inf Sci, 2013, 56:
112-120

Nesi¢ D, Teel A R. A framework for stabilization of nonlinear sampled-data systems based on their approximate
discrete-time models. IEEE Trans Automat Control, 2004, 49: 1103-1122

Wang Y. Analysis for some stability properties of all-coefficient adaptive controller. Aerosp Control Appl, 2012, 38:
10-16

Xie Y C, Wu H X. The robustness of the all-coefficient adaptive control method. Acta Automat Sin, 1997, 23: 151-159
Meng B, Wu H X. Convergence and stability of the golden-section control. J Astronaut, 2009, 30: 2128-2132

Chen L, Shen S P. Stability analysis of golden section adaptive control system based on multivariable characteristic
model. Tech Automat Appl, 2013, 32: 11-15

Qi CZ, Wu H X, Lu Z D. Study on the stability of multivariable all-coefficient adaptive control system. Control
Theory Appl, 2000, 17: 489-494

Yan Z, Wang J. Robust model predictive control of nonlinear systems with unmodeled dynamics and bounded uncer-
tainties based on neural networks. IEEE Trans Neural Netw Learn Syst, 2014, 25: 457-469

Aswani A, Gonzalez H, Sastry S S, et al. Provably safe and robust learning-based model predictive control. Automatica,
2013, 49: 1216-1226

Wang Z M. Sampled-data stabilization controller design of continuous-time nonlinear control systems: an approach
based on their approximate discrete-time models (in Chinese). Dissertation for the Doctoral Degree. ShangHai: East
China Normal University, 2003

Nesi¢ D, Teel A R. Stabilization of sampled-data nonlinear systems via backstepping on their Euler approximate model.
Automatica , 2006, 42: 1801-1808

Fidan B, Zhang Y, Ioannou P. Adaptive control of a class of slowly time varying systems with unmodeling uncertainties.
IEEE Trans Automat Control, 2005, 50: 915-920

Wang Y Z, Feng G. On finite-time stability and stabilization of nonlinear port-controlled Hamiltonian systems. Sci
China Inf Sci, 2013, 56: 108202

Kreisselmeier G. Adaptive control of a class of slowly time varying plant. Syst Control Lett, 1986, 8: 97-103



	Introduction
	Problem description
	System model
	Preliminary background

	Main results
	The characteristic modeling
	Adaptive controller design
	Stability analysis

	Simulation
	Conclusion

