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Abstract This paper investigates the controllability of Boolean control networks (BCNs) with state-dependent
constraints. A kind of input transformation is proposed to transfer a BCN with state-dependent input constraints
into a BCN with free control input. Based on the proposed technique, a necessary and sufficient condition
for controllability is obtained. It is shown that state-dependent constraints for the state can be equivalently
expressed as input constraints. When a BCN has both input and state constraints, there is a possibility that the
sets of admissible controls for some states are the empty set. To treat this kind of BCN, a variation of the input
transformation is proposed and the problem of controllability is solved. An illustrative example is provided to
explain the proposed method and results.
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1 Introduction

A Boolean network (BN) is a special kind of finite-state dynamical system originally proposed by Kauff-
man in 1969 to model genetic regulatory networks [1,2] and they have been used to model the macroscopic
behavior of a wide variety of complex systems. BNs are used in many fields including chemistry, biol-
ogy, economics and computer science. In recent decades, BNs have been extensively studied. See, for
instance [3-9], just to name a few.

Recently, Cheng and coauthors proposed a novel mathematical tool called the semi-tensor product
(STP) of matrices, which has become a powerful tool for the analysis and design of finite-state dynamical
systems [10]. Using STP, any logical expression can be expressed in a unified multi-linear form and thus
a BN can be converted into a linear discrete-time dynamical system. Since the invention of STP, it has
been successfully applied to many analysis and design problems of Boolean control networks (BCNs) and
multi-valued logical systems. See, for instance [11-27]. In particular, this method has been applied to
solve controllability of BCNs with free control inputs. See, for instance [28-30]. For recent developments
of controllability of BCNs, refer to [28,31,32] and references therein. For a complete introduction to STP
and its applications in different fields, refer to [33,34].
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Note that state and control constraints are very common in practical logical systems like gene regulatory
networks. Recently, the control of BCNs with constraints has been attracting increasing attention.
The first paper addressing this issue under the framework of STP is [35] where the controllability and
stabilization of BCNs with state-independent constraints have been completely solved by a novel technique
called the constrained incidence matrix method. Recently, reachability and controllability in avoiding
undesirable states are discussed in [36].

Note, in many practical systems, the constraints for system state and control input are dependent on
the state. For instance, we can model Chinese chess as a multi-valued logical system with two control
inputs. At each step, the admissible strategies of each player and the allowable states at the next step as
well are not free but depend on the current state. These restrictions are predefined by the rules of the
game. If at a certain step, the set of admissible strategies for one of the players becomes the empty set,
then the other player wins the game.

As far as we know, the control of BCNs with state-dependent constraints has not been addressed in
the literature. In this paper, we propose an input transformation that is simple but effective in handling
the state-dependent constraints of BCNs. Using the proposed input transformation, a BCN with input
constraints is converted into a state-driven switched BCN and finally into a BCN with free control input.
Based on this technique, the controllability problem of BCNs with state-dependent input constraints is
completely solved. In addition, the largest controllable subset containing a given point is also discussed
for BCNs with state-dependent input constraints.

This paper also shows that state-dependent state constraints can be equivalently expressed as state-
dependent input constraints. To treat the case where the set of admissible control inputs becomes empty,
a variation of an input transformation is proposed. This input transformation transfers a BCN with both
input and state constraints into a discrete-time system with finite states. The system obtained is not
completely equivalent to the original BCN because the input transformation is irreversible. However, the
reachability between nonzero states for the original BCN and the obtained system is equivalent. Based
on this, the controllability problem for this kind of BCN is solved.

This paper is arranged as follows. In Section 2, preliminaries for the STP of matrices, the algebraic
form of BCNs and the properties of Boolean matrices are introduced. In Section 3, formulations and
definitions are provided. In Section 4, the controllability of BCNs with input constraints is discussed.
Section 5 discusses the controllability of BCNs with both input and state constraints. Section 6 gives an
intuitive explanation for the input transformation through state transfer graphs. An illustrative example
is given in Section 7 and some concluding remarks are drawn in Section 8.

2 Preliminaries

In this section, we briefly review some preliminaries including the basic concept of the STP of matrices,
the algebraic form of BCNs and the properties of Boolean matrices. Some lemmas used in this paper are
also introduced. For details, refer to [33].

2.1 STP of matrices and algebraic form of BCNs

Definition 1 (see [33]). Let A and B be m x n and p x ¢ matrices, respectively. The semi-tensor
product of A and B is
ANX B = (A@Ia/n)(B(@Ia/p), (1)

where ® represents the Kronecker product, « is the least common multiple of n and p, and I denotes
the k x k identity matrix.

The logical domain & := {T := 1, F := 0}, from which any logical variable takes its values. A logical
function with n arguments is a mapping f : 2" — 2. For any positive integer p, A, represents the set
of columns of the identity matrix I, and 53 represents the jth column of I,. Also the vectors T':= 1 ~ 53
and F := 0 ~ 63. Here, ~ represents equivalence. With this notation, the logical domain 2 can be
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equivalently regarded as Ay and any logical function with n arguments can be viewed as a mapping
f Ay — As. Using the STP of matrices, A} can be equivalently regarded as Agn by the one-to-one

correspondence ¢ : AL — Agn, (21,...,2,) — o1 X -+ X 2. Any logical function f(x1,...,2,) with
logical arguments x1,...,2, € Ag can be expressed in a multi-linear form f: Agsn — Ag as [33]
fx1,.. o @n) =My X2 X Tg X -+ X Ty, (2)

where My € £y 9», which is uniquely determined by f, is called the structural matrix of f. Here, £ xn
represents the set of all m x n logical matrices, i.e., all of the m x n matrices A with Col(A) C A,,,, where
Col(A) represents the set of the columns of A. STP degenerates to the traditional product of matrices
if all the matrices involved have matching sizes, thus the symbol X can be omitted without causing any
confusion. To determine the structural matrix of a given logical function, refer to [33].

A BCN with n state nodes and m input nodes is defined as

1t +1)= fi(x1(t),. .., xn(t),ur(t), ..., um(t)),

xn(t + 1) = fn(zl(t)a ce axn(t)aul(t)a ce aum(t))a

where f; : "™ — 9,4 =1,2,...,n, are logical functions. Using the STP of matrices, a BCN can be
alternatively expressed as the algebraic form [33]

x(t+1) = Lu(t)z(t), (3)

where z := 21 X -+ X T, € Agn and u := U1 X + -+ X Uy, € Aom. L € Lonyon+m is the structural matrix
that is uniquely determined by the logical functions f;. In this paper, we directly use the algebraic form
(3) to present our results.

2.2 Boolean matrix

A Boolean matrix X = (z;;) is an m x n matrix with x;; € 2. The set of all m x n Boolean matrices is
denoted by %, xrn. When a logical operator acts on Boolean matrices, it is assumed to act on them element
by element. For instance, for any two Boolean matrices X = (2;5), Y = (yij) € Brmxn, XAY 1= (i Aysj)
and X VY := (x;; Vy;;). The symbols V and A represent logical OR and AND, respectively. The addition
of Boolean matrices is defined as

a+gzf=aVp, Vo,B€eP,

(%’)iai =a1VasV---Va,, Yo €9,

X+;;f = (xij +2Yij) € Bmxn, VX, Y € Brxn.
For any X € Bpxn and Y € %, xp, the Boolean product of X and Y is defined as

X D(@Y =7 = (Zij)mxp S %mxpv
Zij = (%) Z:L’Zk A Ykj-
k=1

For X € A,,«n, Boolean powers are defined as

X® = XxpgXxg - -xzX, Vkel,.

k

See, for instance [33] for the detail.
In this paper, we regard the set of logical matrices %, xn as a subset of Brxn, i.€., Lmxn C Bmxn-
In particular, A,, C %Bmx1- Thus the operations defined above for Boolean matrices also apply to
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logical matrices. For any nonzero Boolean vector = € %,,x1, a logical vector z € A,, is called a logical
component of z if z Az = z. . (x) is the set of all logical components of z, i.e.,

F(x)={z€Ap | zAz =2} (4)
If £ = 0y x1, then #(z) = 0. For any =,y € Brx1,

2.3 Some lemmas

Lemma 1 (see [33]). Let X € R™ and Y = R". Then YX = W, ,,, XY, where W/, ;) is the swap
matrix with index [m,n] defined by
W[m,n] = [In Y 57177,7 I,® 57277,7 v In ® 5:2]

Lemma 2 (see [33]). Let X € Ag. Then X2 = M, ;. X, where M, . is the base-k power reducing matrix
defined by
M, = [0} @ 64,02 @6%,...,0F @ 6F].
Lemma 3. Let Z € %,«1 be any nonzero Boolean vector and L € %y, be any nonzero Boolean
matrix with Col(L) € A, U{0px1}. Then
(1) If a logical vector v € A, satisfies
VA (LT x5 Z) = v, (5)
then
(Lv) AN Z = Lw. (6)
(2) If v is a logical vector such that Lv # 0,1, then Eq. (6) also implies (5).

Proof. Since Z is nonzero, it can be decomposed as the summation of its logical components as Z =
SE d;7. Thus

k k
L"wgZ=(#)Y L' = (#)) _ Coli,(L").
s=1 s=1

The condition (5) holds with v = &7 if and only if there exists an s such that &7 A Col; (L") = 67,
which is in turn equivalent to the existence of s such that (LT);;. =1, i.e., (L);,; = 1. This implies that
Col; (L) = &}, thus

d,° A Col;(L) = Col;(L).
Or equivalently,
oy A (Lv) = Lv. (7)
Thus eq. (6) holds. The claim 2 can be proved by noting that the analysis above is reversible if Lv # 0px1.

3 Problem setting

A BCN with state-dependent input constraints as considered in this paper is described as

{ a(t + 1) = Lu(t)z(t), -

u(t) € Us(x(1))

with z(t) € Agn, u(t) € Agm and L € Lonyonim. 0 Agn — {1,2,...,2™} is a mapping defined as
o(64.) =1, 1<i<2m, (9)

and for each 1 <4 < 2", there is an associated subset % C Agm. The collection of subsets {%}1<i<an
characterizes the state-dependent input constraint. Whenever z(t) = 6., o((t)) =i and %, (4(1y) = %,
which means that the input is only allowed to take values from %;.
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Definition 2. For BCN (8), a state Xgq € Agn is said to be k-step reachable from the initial state
Xo € Agn if there exists a control sequence {u(i)}o<ick—1 such that
(1) 2(0) = Xo and z(k) = Xg4;
(2) u(t) € ?/U(x(t)), VO<St<k—1.
X, is said to be reachable from X if it is k-step reachable from X for some k € Z .
The sets of all points that are k-step reachable and reachable from X, are denoted by Z*) (Xo) and
Z#(Xo), respectively. Since Agn is a finite set, it is not difficult to show that
gn
#(Xo) = |J 2 (X0).
s=1
For any X4 € Agn, define
%_kl) (Xd) = {I S Agn | Xd S %(k) ($)},
%_1(Xd) = {I € Agn | Xq € %(I)}
Definition 3. BCN (8) is said to be controllable if Z(X) = Agn, VX € Agn.
Definition 4. The k-step controllability matrix is defined as Tk ¢ := (7ij)2n x2n, Where

1, 8 € 2W(85,),
T 0, otherwise.

The controllability matrix is defined as T := (7, )2n x2n, Where

{ 1, 0k, € Z(63,.),

Yij =
Y 0, otherwise.

From the definition above, &3, is reachable from 63, if and only if (T¢)i; = 1. Thus BCN (8) is
controllable if and only if all of the entries of T are 1’s.
In this paper, we also consider BCNs with both input and state constraints described by

x(t+ 1) = Lu(t)z(t),
u(t) S %U(z(t)), (10)
z(t+1) € %g(x(t)), z(0) € Zo,

with z(t) € Agn, u(t) € Agm and L € Lonyonim. 0 : Agn — {1,2,...,2"} is defined in (9). {%}1<icon
is a collection of subsets of Agm that characterizes the input constraint. Similarly, the state constraint
is characterized by the collection of subsets {2 }o<i<on of Agn. Whenever x(t) = 3., then the state at
the next time step is limited to z(t + 1) € Z; C Agn. In particular, the initial state is restricted with
$(0) S %0.

Definition 5. For BCN (10), a state Xy € Agn is said to be k-step reachable from Xy € Agn if there
exists a control sequence {u()}o<ick—1 such that

(1) 2(0) = Xo and z(k) = Xy,

(2)z(t+1) e %g(x(t)), VO<t<k -1,

(3) u(t) € ?/U(x(t)), VO<t<k—1,

X, is said to be reachable from Xy € Agn if it is k-step reachable from X for some k € Z ..

The subsets 2% (X), %,(7191) (X0), Z(Xo) and Z_1(Xp) are defined in the same way as before.
Remark 1. Note that Definition 5 does not require Xy € 2. The reason is that, for any X, € Z(Xy)
with Xog € %29, the destination state X4 and the intermediate states in the path from Xy to X4 do not
necessarily belong to Zj. Thus, there is a necessity to investigate reachability between states that do
not belong to Zp.

For BCN (10), the concepts of controllable subsets and controllability matrices are literally the same
as Definition 7 and Definition 4, respectively, but the underlying reachability is replaced by Definition 5.

Definition 6. BCN (10) is said to be controllable if Z(X) = Agn, VX € Zp.
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4 Controllability of BCN with input constraints

4.1 Input transformation and controllability

Given a collection of p x ¢ matrices U;, 1 < i < 2", and the mapping o : Agn — {1,2,...,2"} defined in

(99),
Ug(x) =Ux, Vze Agn,

where
U = [Ul U2 e U27L]. (].].)

Note that the above was also used to solve the output controllability of state-driven switched BCNs
n [32]. Now we are ready to state one of the main results.

Proposition 1. Suppose that U; € Zomyom, 1 < i < 2™, is a collection of logical matrices satisfying
Col(U;) = % (12)

and define U as in (11). Then the k-step controllability matrix and the controllability matrix of BCN
(8) are, respectively

Tk;7c = (LU D(gg 127n)(k), (13)
gn
Tc = (B)) (Lu xplam), (14)
s=1
where
LU - LUW[QW72n+m]MT72n W[27IL,27L]. (15)

Proof.  First of all, note that the matrices U; satisfying (12) always exist. For instance, if m = 2 and
U = {61,063}, then we can choose U; = 041 1 3 3]. Construct an input transformation

u(t) = Uq(z(1))v(t), (16)

for BCN (8), where v € Agm is a new control input. Under this transformation, BCN (8) is changed to
the switched BCN
x(t+1) = LUJ(x(t))U(t)I(t). (17)

By Lemmas 1 and 2, we have

2(t+1) = LUs((ryv(t)z(t)
= LUxz(t)v(t)z(t)
= LUW/gn gnima”(t)o(t)
= LUWign gntm) My onz(t)v(t)
= LUW gn gntm) My on Wigm onv(t)x(t).

Thus we finally change the switched BCN (17) to the form
z(t+1) = Lyv(t)z(t), (18)

where Ly is defined in (15). According to the construction of U;, for any control sequence {u(t)} satisfying
the constraint u(t) € %, (1)), we can always choose a control sequence {v(t)} such that Eq. (16) holds.
In addition, if Eq. (16) is satisfied, then u(t) € %,(z(1)) and the switched BCN (18) and BCN (8) will
produce the same solution provided that the initial states are the same. Based on this observation, the
controllability matrices of these two systems coincide. Split Ly into 2™ blocks with equal sizes as

Ly = [Blky (Ly) Blky(Ly) - -+ Blkom (Lyy)). (19)
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Define
gm

My = (2)> Blki(Ly) = Ly x5 1.
=1

Using the results in [20], the k-step controllability matrix and the controllability matrix of BCN (18) are

respectively
Tic = MW, (20)
on
Te = (%)Y M. (21)
s=1

Thus the claims follow.

Remark 2. In general, the choice of U; is not unique, but the results obtained do not depend on the
choice provided that Eq. (12) holds.

Proposition 2. The following claims hold
(1) For any Xo € Agn,
AM (Xo) = S (Th,c Xo),

Z(Xo) = S (T Xp).
(2) For any X4 € Agn,
28 (Xa) = 7 (T o Xa),
R (Xq) =7 (TE Xa).
(3) BCN (8) is controllable if and only if

(Tc)ij =1, VI<ij<2™

Proof. Claim 3 above is obviously true by the definition of the controllability matrix T¢. In the following,
we only prove the first formula of claim 1. The other formula and claim 2 can be proved similarly.
Suppose that Xo = 63.. According to the definition of T}, ¢,

AP (Xo) = {050 | (Thc)ij = 1}
= {04 | 0% A (Th.cXo) = 64n}
= (Ty,cXo).

4.2 Shortest control sequence design

For any pair of states 64 and 04 satisfying 054 € 2(6%2.), a shortest control sequence {v(k)} for (18)
that drives the system from 53% to 05, can be designed using the algorithm proposed in [20]. As soon
as {v(k)} is obtained, it can then be transferred to a control sequence {u(k)} for the original BCN (8)
using (16). The design procedure is as follows:

(1) Determine the shortest transition period k by

k:= min{s ‘ (Ts,c)igio = 1}

SEZL4

(2) Choose an admissible path 0%, — %%, — --- — 0% = 5% as follows: First of all, 62, should be
chosen from the intersection of 21 (842 ) and %’(_kfl)(ééi). By Proposition 2,

sit. € 2 (50 n @™ (5%)
= .7[Col;, (Ty,c) A Coli(T 1 ).

Similarly, 5;‘2, 1 < s < k—1, can be chosen recursively as

8 € S[Coli,_,(Tr,c) NColi(T o)), 1<s<k-L
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(3) Design a control sequence {v(s) = 0%, }Jo<sck_1 for (18) where j, is determined through
js € 4J | Coli, (Blk;(Lu)) = 65" }.
(4) Transter {v(s)} to the control sequence {u(s)}ogs<k—1 for the original BCN by
u(s) = U;,v(s) = Coly, (Us,).
4.3 Controllable subset

Definition 7. A subset 4 C Agn is called a controllable subset if X; € Z(X52), VX, Xo € €.

Suppose that €1, 62 C Agn are two controllable subsets. If €1 N %2 # ), then the union € U %> is
also a controllable subset. If there is a controllable subset that contains X € Agn, then the union of
all the controllable subsets containing X € Ag» is still a controllable subset. This subset is called the
largest controllable subset containing X and it is denoted by € (X). If a state X does not belong to any
controllable subset, then € (X) = (.

Proposition 3. For any X € Agn,
C(X)=2(X)NR_1(X). (22)

Proof.  According to the definitions of Z(X) and Z_1(X), we always have € (X) C Z(X) N Z_1(X).
We prove the claim in two cases:

() U Z(X)NZ_1(X) =0, then €(X) =0 and Eq. (22) is obviously true.

) U Z(X)NZ-1(X) # 0, then X € Z(X)NZ—1(X). In this case, for any X1, Xo € Z(X)NZ_1(X),
then X; € Z(X) and X € #Z(X3). Thus Z(X)NZ_1(X) is a controllable subset containing X. According
to the definition of ¢ (X), Z(X)NZ_1(X) C F€(X).

By Propositions 2 and 3, we have the following.

Corollary 1. For any 6., €(63.) = . [Col;(T¢) A Coly(TF)].

Corollary 2. Suppose that j* is an integer arbitrarily chosen from {1,2,...,2"}. Then BCN (8) is
controllable if and only if Col;« (T¢) A Colj« (TE) = 1an.

Remark 3. Corollary 1 can be used to find all of the largest controllable subsets of a BCN.

5 Controllability of BCNs with both input and state constraints

In this section, we consider controllability of BCN (10) with both input and state constraints. First of
all, we show that the state constraint can be equivalently expressed as an input constraint.

Lemma 4. For BCN (10), the state constraint
x(t+1) € %g(x(t)) (23)

is satisfied if and only if
u(t) € U(a(t))

where

%L' =7 [(LW[Qan](S;n)T X X,L] R
Xi = Z z.
z€ZL;

Proof. Note that z(t + 1) = Lu(t)z(t) = LWgn omjz(t)u(t). Suppose that z(t) = 65,. Note that
LWign om)05n is a logical matrix, thus for any u(t) € Agm, LWign omj04.u(t) # 0. Thus the state constraint
(23) is equivalent to

Xi A [LW2n om104nu(t)] = [LWign gm)65nul(t)]. (24)
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By Lemma 3, Eq. (24) is equivalent to
u(t) A [(LW[Qan}één)T X Xi| = u(t).
That is,
u(t) € 7 [(LWign 2m1050)" X2 ] -
By Lemma 4, BCN (10) is equivalent to

x(t+1) = Lu(t)z(t),
U(t) € U a(ty) N o (1)) (25)
l‘(O) c 2.

Except for the initial state constraint z(0) € £y, another major difference between (25) and (8) is that,
for BCN (25), there is a possibility that %)) N %Ag(z(t)) = (), which means that no admissible control
input exists such that xz(t + 1) € Zo(x(t))- In this case, the solution cannot be extended over time any
more and Z(z(t)) = 0.

Proposition 4. Suppose that U, € PBom wom, 1 <1 < 2™, is any collection of Boolean matrices satisfying

X U\ U, Ui O U 70,
Col(U;) = . 7 (26)
{02m'X1}7 %L N %z = (Z)
Then the k-step controllability matrix and the controllability matrix of BCN (10) are respectively
Tk,C = (LU X 2 :lgm)(k)7 (27)
on
To = (%)Y Tc, (28)
s=1
where Ly € Bon yon+m is defined as
L := LUWign gntm) My 20 Wigm g0]. (29)

Proof. By Lemma 4, the original BCN (10) is equivalent to BCN (25). Construct an input transformation
for BCN (25) as

u(t) = Uq(z(1))v(t), (30)
where U;, 1 < i < 2", are given in (26). Obviously, Ua(x) =Uz, Vo € Agn, where U := [(71 Uy - UQ] S
PBom won+m. Thus the input transformation can be equivalently expressed as

u(t) = Uz(t)o(t). (31)

Under this transformation, BCN (25) is transferred into the discrete-time system

{ a(t+1) = LUz (t)v(t)x(t),

z(0) € Zo. (32)

By Lemmas 1 and 2, and following the same argument as in Subsection 4.1, Eq. (32) can be rewritten as

{ 2(t+1) = Lyv(t)z(t),

x(O) S %0, (33)

where Ly is given in (29).
Note that system (33) is no longer a BCN since some of the columns of L might be zero. Actually,
Col(Ly) € {02nx1}UAgn := Ag,.. Thus, the state space of system (33) is A3, instead of Ay». In addition,
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for any control sequence {v(k)}, the corresponding sequence {u(k)} defined by the input transformation
(30) is not necessarily an admissible control sequence for the original BCN since there is possibility
that u(k) = Oamyx1 ¢ Aagm. Based on this observation, system (33) and the original BCN (25) are
not equivalent. However, from the construction of the input transformation, we have the following
relationships between (33) and the original BCN (10):

(1) If {x(k)} is any solution to (33) under control sequence {v(k)} satisfying x(k) € Aqgn, Vk € Z,
then it is also a solution to (25) under control sequence {u(k)}, which is defined in (30).

(2) If {z(k)} is a solution to the original BCN (25) under control sequence {u(k)}, then there is a

control sequence {v(k)} satisfying (30) such that {x(k)} is also a solution to (33) under {v(k)}.
Based on the observation above and the construction of the input transformation, one easily sees that the
reachability between nonzero states are equivalent for these two systems. If we define the controllability
matrices between nonzero states for system (33) as in Definition 4, i.e., ignore the information about
reachability from and to 5(2%, := 0anx1, then the controllability matrices of BCN (33) coincide with the
controllability matrices between nonzero states for system (33). Thus, we only need to prove that the
controllability matrices between nonzero states for system (33) can be expressed as the forms given in
(27) and (28).

The proof of this claim is similar to the argument in [20], the difference being that the system (33)
considered here is not a BCN. We provide a detailed proof in the following. Split L into 2™ blocks with
equal sizes as

Ly = [Blki(Ly) Blka(Ly) -+ Blkam (Ly)], (34)

then obviously,
2m
(#8)> Blki(Ly) = Ly X 1om.
i=1

Thus the matrix T}, ¢ defined in (27) can be alternatively expressed as

(k)

om

Tyc = l(%)) Z Blk; (L)

(35)
=(#))_ Bl (Ly)Blk;,(Ly) - Blk;, (Lg).

1<, 00k 2™

Suppose that for system (33), Xq = 644 # 89, is k-step reachable from Xy = 62 # 69., then there exists
a control sequence v(i) = 6, 0 < i < k — 1, such that

054 = (L0 ) (L 0%h ) -+ (L3 )05
— Blk;,_, (Ly) Blk;,_,(Lg)- - Blk;, (Ly ).

This implies that the (iq,io)-entry of the matrix Blk;, _, (Ly) Blkj,_,(Ly) -+ Blkj (L) is 1. By the

expression (35), (Tk,c)iyi, = 1.

In contrast, if (T c)ii, = 1, then by (35), there exist j;, 0 < ¢ < k — 1, such that the (ig,i0)-entry
of the matrix Blk;, _, (Ly) Blk;,_,(Lg) -+ Blkjo(Ly) is 1. Then we can construct a control sequence
v(i) = 6%, 0 < i < k—1, such that z(0) = §5% and x(k) = d5%. This proves that the matrix T}, ¢ defined
in (27) is the k-step controllability matrices between nonzero states for system (33).

The proof of the claim that the matrix T defined in (28) equals the controllability matrices between

nonzero states for system (33) is trivial by noting that (T¢);; = 1 if and only if there exists a k such that
(Tx.0))iyiy = 1, ie., 0}, is k-step reachable from &4, for some k.
Remark 4. If {z(k)} is a solution to (33) under control sequence {v(k)} satisfying x(T) € Asn and
2(T+1) =0 forsomeT € Z, then [A]x(T) = Ogm xom. This means that, for BCN (25), OZ/J(x(T))ﬂ?ZU(z(T)) =
(). In other words, there are no admissible control inputs for the original BCN that can produce an
admissible state at 17"+ 1.



Guo Y Q Sci China Inf Sci  March 2016 Vol. 59 032202:11

Proposition 5. Suppose that 2y = {5;2,53%,...,53%} and let Xog = danli1 42 --- 4g]. Then the
following claims hold:
(1) BCN (10) is controllable if and only if

(TeXo); =1, V1<i<2",VI<j<q (36)

(2) Suppose that j* is an integer arbitrarily chosen from {1,2,...,¢}. Then BCN (10) is controllable
if and only if
Colj- (TeXo) = 1an, Row;(ToXo) = 17

Proof.

(1) By the definition of X, Col;(TcXo) = Col;; (Tc). Thus Eq. (36) holds if and only if Col;, (Tc) =
19», which is equivalent to %(6;{1) =Aon,Vj=1,2,...,q.

(2) On one hand, the condition Colj(Tc:X() = 12n is equivalent to %’(5;]:) = Agn. On the other
hand, note that Row - (T Xo) = Row;+ (Tc) Xo, thus the condition Row;-(Te:Xo) = 17 is equivalent to
(Tc)j=i; = 1,Vj=1,2,...,q. This is in turn equivalent to 8, € %(531), Vj=1,2,...,q. Thus, for any
Xy € Agn and Xo € 20, Xq € Z(537) and 63, € %(X,), which imply X, € 2(Xo).

6 An intuitive explanation for the input transformation via a state transfer
graph

This section gives the input transformation (30) an intuitive explanation via state transfer graphs. For
BCN (10), there is a directed graph G, whose nodes are the elements of Agn. The edges are defined as
follows. There is a directed edge from &3, to &3, if and only if 63, € 2; and there exists a 05, € % such
that 5% = L65.6%.. The state transfer graph for the system (33), G,, is a directed graph whose nodes
are the elements of Agn U {69, } and the edges are defined as follows. There is a directed edge from &%,
to 03, if and only if there exists a 0. € Agm such that &3, = L6564

Note that BCN (10) is equivalent to BCN (25) and the system (33) is obtained from BCN (10) through
input transformation (30). The relations between the state transfer graphs G,, and G, of these two systems
are as follows:

(1) If there is a directed edge from 0%, to 03, in G,, then there exists a 05 € % N %; such that
5%” = L35,0%,.. This implies that %; N U, # () and U, # Ogmyom, thus there is a 55; such that
O5m = 0155/,1 This means that, in G,,, there is also a directed edge from d3, to 5%},, but there is no edge
from &4, to 69,. In contrast, if there is a directed edge from 63, to &6}, in G, with 6%., 62, # 0, then
there is also an edge from 4%, to (5% in G,.

(2) If there is no edge from 5% to any other state in G,, then %; N ?/Al = and Ul = Ogmyom. Then
for any 63m € Agm, L6505, = 63.. This means that, in G,, there is an edge from 65, to 63, and there
are no edges from &4, to any other nonzero states. In contrast, if there is an edge from 64, to 69, in G,,,
then Uz = Ogm xom, i.e., % N 62/; = () and thus there is no edge from 6%. to any other states in G,.

(3) In G,, there is a directed edge from 69, to itself, but there is no edge from &3, to any other nonzero
state.

From the above analysis, the graph G, can be obtained from G, by adding an edge from 3, to §9.
for any 64, such that %4 N %; = () and also one from 89, to itself. From the relations between the state
transfer graphs, though the input transformation is not reversible, the reachabilities between nonzero
states are equivalent. See Example 1 in the following for an intuitive explanation.

Example 1. Consider a BCN of the form (10) with L = 04[23 4 13 1 3 2]. % and Z; are listed
in Table 1. The state transfer graph G, is given in Figure 1(a). Choose U; as in Table 1, then Ly =
LUWy 5 My 4Wig 40 = 04[2 34 03 3 3 0]. The state transfer graph G, for system x(t 4+ 1) = Lyv(t)xz(t) is
given in Figure 1(b). One sees that G, is a sub-graph of G, and the connections between nonzero states
in these two graphs are completely the same.
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Table 1 The subsets and the choice of U; in Example 1

1 Ag Ay Ao As Sa[1 2]
2 Az {03} {63} {63} da[1 1]
3 As Ay As As Sa[1 2]
4 {93} {67, 63} {03} 0 62[0 0]

(a) (b)

Figure 1 State transfer graphs (a) G, and (b) G, in Example 1.

Table 2 Determining the matrices U;

i U; U U N\ U U; i U; U U N U U;

1 {s1} AN{]} (a3} afn] | o9 {63} {63} 0 64[00 0 0]
2 {53} Ay {61} S4f1111] | 10 {62} {62} 0 54[0000]
3 Ay Ay Ay d4[1234] 11 Ay {62} {62} 84[22272]
4 Ay {6}, 64} {6}, 64 oa[1144] 12 Ag\ {62} {62} 0 54[0000]
5 {62} 0 0 540000] | 13 Ay A0 AN\{0}}  6a[1233
6 Ay {63} {63} da[4444] 14 {61} Ay {61} S4[1111]
7 {63} {63} 0 54[0000] | 15 Ay AN\{0F}  AsL\{0}}  S4[1233
8 A\ {01} {04, o3} {01} S4[1111] | 16 {01} {0, 3} {01} S4[1111]

7 An illustrative example
Example 2. Consider a BCN of the form (8) with n =4, m =2 and L = [Ly Lo L3 L4], where

L; =616[15314512786891011 16 13 2 4],
Ly=1016[41515121110912876141529],
L3 =616[91568121112959101214 151 7],
Ly=616[16154139561958911375)].

The control input constraints are as follows:
(1) When a(t) = 6%, u(t) # 61
(2) When x(t) = {3, u(t) # 0%;
(3) When x(t) € {01, 5%6, 5ig, 018}, only u(t) = 6} is allowed;
(4) When z(t) € {6%, 016, 07, 610}, only u(t) = 6% is allowed.
In addition, we assume that the state is only allowed to evolve within

2 3 4 5 6 13 14 15 16
- {5167 516; 5167 516; 5167 5167 5167 5107 510; J 0}'

The input and state constraints are transferred to the collections of subsets {%; } and {%A }, respectively.
Then, based on {?/ YN {%}, a collection of matrices {U;} is selected; these are listed in Table 2. Define
U [Ul UQ, Ul()] then

Lf] = LﬁW[&gQ]MT,8W[478]
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with
Blki(Ly) = 016[1531450506006 016 13 2 4],
Blka(Ly) = 016[15631550506 006 04 13 6 4],
Blks(Ly) = 016[15636 130506006014 1314 ],
Blky(Lp) = 016[1534130506006 014 13 1 4].

By Proposition 4, the controllability matrices T}, ¢ and T can be easily calculated; this calculation is
omitted due to the length limitation. We can use T to determine the reachable set for any initial state
and all of the largest controllable subsets. For instance, a simple calculation shows that

[Coly(Te)] " =[0001100000001101],
Row,(Te)=[1111000000001111].

Thus, by Proposition 2, we have
‘%(54116) = .7 (Coly(Tc)) {6167 16> 16’ 1675
and by Corollary 1 the largest controllable subset containing 614 is

€ (615) = -7 [Coly(Tc) A [ROW4(TC)]T]
- {516a 5187 5%%? 5

In addition, by Proposition 5, this BCN is not controllable.

Choose Xy = 516 and Xg = 618 16- It is easy to check that the shortest admissible path from Xy to X4
is 015 — 618 — 6ig and one of the admissible control sequences is v(0) = § and v(1) = 6. Thus the
control sequence for the original BCN is u(0) = Uyv(0) = 6% and u(1) = Uysv(1) = 63.

8 Concluding remarks

In this paper, we investigated controllability of BCNs with state-dependent constraints under the frame-
work of STP of matrices and the algebraic form of BCNs. We proposed an input transformation that
can transfer a BCN with input constraints into one with free input. Based on this, controllability ma-
trices can be easily obtained. We showed that state constraints can be equivalently expressed as input
constraints and a variation of the input transformation has been proposed for BCNs with both input and
state constraints. An illustrative example has also been provided to explain the main idea and the results
obtained in this paper.
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