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Abstract In this paper, a generalization of the linear feedback shift register synthesis problem is presented for
synthesizing minimum-length matrix feedback shift registers (MFSRs for short) to generate prescribed matrix
sequences and so a new complexity measure, that is, matrix complexity, is introduced. This problem is closely
related to the minimal partial realization in linear systems and so can be solved through any minimal partial real-
ization algorithm. All minimum-length MFSRs capable of generating a given matrix sequence with finite length
are characterized and a necessary and sufficient condition for the uniqueness issue is obtained. Furthermore, the

asymptotic behavior of the matrix complexity profile of random vector sequences is determined.
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1 Introduction

The linear feedback shift register (LFSR for short) synthesis problem plays an important role in design
and analysis of stream ciphers and decoding theory. With the development of parallelization [1-3],
many kinds of extensions of LFSRs are proposed. Niederreiter presented the multiple-recursive matrix
method for pseudorandom number generation [4]. Tsaban and Vishne considered the word-oriented linear
transformation shift registers (T'SRs for short) [5]. Recently o-LFSRs were studied in [6-8|. Those prompt
us to introduce the problem of synthesizing minimum-length matrix feedback shift registers (MFSRs for
short) for generating prescribed matrix sequences.

First we give the detailed description of MFSRs. Let F, denote a finite field of order ¢, where ¢ is a
prime power. Let Fy**P be the set of all m by p matrices over F,. All vectors that appear in this paper
are assumed to be row vectors if not explicitly indicated. The m x m identity matrix is denoted by I,
and the m X p zero matrix by 0,,x,. The m-dimensional zero vector is denoted by 0,,.

Definition 1. Assume the first n terms of an infinite sequence S = (S1, S2,...,Sn,...) with S; € Fgr?
are given. For a nonnegative integer d with d < n, let C(x) = Cyzt—Cy_1z¢ 11— .. —Cywith C; € IF;”X’”
for0<i<d—1and Cy=1,. If

Sy =Cq_1Sk_1+ -+ CoSip_qgford+1<k<n, (1)
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Figure 1 A matrix feedback shift register.

then d and C(x) completely specify the length and the left characteristic polynomial matrix of an MFSR
that generates the first n terms of S, as shown in Figure 1. The least degree d satisfying (1) is called
the nth left matrix complexity of the sequence S, denoted by /\/lslm’p ) (S). The corresponding polynomial
is called the nth left minimal polynomial matrix of S. The sequence {MS{””’ )(S)}?f:l is called the left
matrix complexity profile of S.

Similarly, we can define an nth right minimal polynomial matrix and the nth right matrix complexity
of S. However, we do not introduce new notations because the nth right matrix complexity of .S is equal
to the nth left matrix complexity of ST, that is, M%p’m)(ST), where ST = (ST,57,...) and T denotes
the transpose of a matrix.

MFSRs can be regarded as a generalization of the classic LFSRs and coincide with them when m =
p = 1. In this scalar case, the matrix complexity is the linear complexity. If p = 1 and m > 1, that is, the
multisequence case, an MFSR is the so-called multiple-recursive matrix method [4] and its right matrix
complexity is the joint linear complexity. Furthermore, if the coefficients C; are confined in circular
rotation operations, shift operations, or AND operations, the model is a o-LFSR [6-8]. In the same case,
if C; = a;D where D € Fg”m and a; € Fy for all 4,0 <i < d—1, an MFSR is a TSR [5].

Now we present the MFSR synthesis problem as follows.

Problem 1. Given the first n terms of a matrix sequence S, find a minimum-length MFSR capable of
generating these terms.

The well-known Berlekamp-Massey algorithm [9,10] solves the scalar case of Problem 1. As to the
multisequence case, that is, p = 1 and m > 1, there are also several synthesis algorithms [11-16]. However,
they only solved its right case. Recently, in [17,18] authors considered the similar problem except that
the leading coefficient of a minimal polynomial matrix is not required to be an identity matrix. In this
paper, we focus on the general MFSR synthesis problem.

Note that the minimal partial realization problem also deals with matrix sequences, which is one of the
fundamental problems in linear system theory and a lot of minimal partial realization algorithms were
proposed [19-25]. In Section 2, we establish the relationship between two problems and so the MFSR
synthesis problem can be solved through a minimal partial realization algorithm.

Also, if m = p > 1, Problem 1 can be regarded as the LESR synthesis problem for a single sequence
over rings of matrices. Decoding generalized Reed-Solomon codes over rings of matrices in [26,27] can
be reduced to solving Problem 1. Therefore, it is also necessary to consider the parametrization and the
uniqueness issue about minimal polynomial matrices of matrix sequences with finite length. In Section 3,
we characterize all nth minimal polynomial matrices of S and give a necessary and sufficient condition
for the uniqueness issue.

In [28-32|, some asymptotic results about the joint linear complexity profile of multisequences are
given. In Section 4, we further study the asymptotic behavior about the left matrix complexity profile of
random column vector sequences. Finally, we propose some open problems for the general matrix case in
Section 5.

2 A solution to the MFSR synthesis problem

In this section, we give a solution to the MFSR synthesis problem by establishing the link between the
MFSR synthesis problem and the minimal partial realization problem since both of them deal with matrix
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sequences. Note that a left minimal partial realization algorithm for matrix sequences rather than the
right case facilitates a comparison of two problems and so we briefly recall the left case of results in [24].

Identify the matrix sequence S with a formal power series by S(z) = > po, Sxz~*. Furthermore, it
also can be written as an m by p matrix over a formal Laurent series field K = F,((z™1)).

There is a valuation v on K whereby for a = >77 arz™% € K we put v(a) = max{—k € Z : a3, # 0}
if @ # 0 and v(a) = —o0 if @ = 0. The valuation v(A) of an m X p matrix A = (@ )mxp over K is
defined as max{v(a;;) : 1 <i < m, 1 <j < p}. We also use the projection ¢ : K™*P — F"*P such
that v = (@ij)mxp + (@i j,—v(y))mxp, Where ag; = Z:’;ko aijkr % 1<i<m, 1<j<p. Thus, the
valuation and projection can be seen as the generalization of the degree and the leading coefficient of a
polynomial, respectively.

2

Example 1. Let v = (g:l g:; ) We have v(y) = —1 and 6(y) = ((1) 0).

For a positive integer n, an m x m nonsingular polynomial matrix M,,(x), and an m X p polynomial
matrix Y, (z), if the first n terms of the Laurent expansion of M, !(z)Y,, (z) are equal to S1,Sa, ..., Sn,
then M, !(2)Y, () is called an nth left partial realization of S(z) or S. If the degree of det(M,(x)) is
minimal, then M, ! (2)Y, (z) is an nth left minimal partial realization of S(z) or S and the degree is
called the nth left McMillan degree of S, denoted by L1 )(S ). The sequence {Eslm’p )(S)}j’f=1 is called
the left McMillan degree profile of S.

So, the minimal partial realization problem for the left case is given as follows.

Problem 2. Given the first n terms of a matrix sequence S, find an nth left minimal partial realization
of S(z) or S.

Let Fy[z]™ be the Fy[z]-module of dimension m and let F7* denote the m-dimensional vector space

over F,. Define m classes [31], ..., [Bm] by

[Bi] ={(0,...,0,1,b1, ..., bp—i) €FF :bj €Fyfor 1 <j<m—i}, i=1,...,m.

i—1

A nonzero polynomial vector ¢(z) = ijo cix’ € Fylx]™, where ¢y, ..., cq € F)" and ¢q # Oy, is called
an nth left i-annihilating polynomial vector of S if ¢q4 € [8;] and

€Sk +cqg—15k—1 + - + coSk—q = Op, (2)

for all d+ 1 < k < n. The nth left --minimal polynomial vector of S is the nth left i-annihilating
polynomial vector with the least valuation.

For each i, 1 < ¢ < m, it is clear that there always exists an nth left -minimal polynomial vector of S
and we denote them by M,, 1(x), ..., M, n(z), respectively. Let My, (z) = (M1 () Myn(z))" be
a matrix and denote the polynomial part of M, (z)S(z) by pol(M,(x)S(x)) and we have the following
proposition.

Proposition 1 ([24], Theorem 1). If M, ;(x), 1 < i < m, is an nth left ¢-minimal polynomial vec-
tor of S and M, (z) is constructed as above, M, !(z)pol(M, (z)S(x)) is an nth left minimal partial
realization of S.

The proof is omitted here, see [24] for details.

Note that the valuations of M, 1(z),..., M, n»(z) maybe are not identical and so M, (x) is not a
solution of Problem 1. Therefore, Problems 1 and 2 are not the same problem.

Example 2. Consider a sequence S = ((% 8),((1) ?),((1) é),((l) (1)),(8 (1)),(8 é),) over Fs.

So, we get a 4th left minimal partial realization of S, in which

M) Brai+z+1l 224z
24\T) = .
| 2 4+ax+1

However, My(z) is not the solution of Problem 1.
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Conversely, we have the following proposition. Also, in the sequel we denote the ith row of an m x m
polynomial matrix D, (z) by D,, ;(x) for 1 <i < m.
Proposition 2. If M, ! (x)pol(M,(x)S(z)) is an nth left minimal partial realization of S, then there
exists the same nth left minimal partial realization N, !(x)pol(IN,(z)S(z)) of S such that N, ;(x) is
an nth left --minimal polynomial vector of S and the multiset {v(Ny i(z)) : 1 < i < m} is equal to the
multiset {v(M,, ;(z)) : 1 < i< m}.
Proof. It is clear that there exists a unimodular matrix U,(z) (a polynomial matrix is unimodu-
lar if its determinant is nonzero element of F,) such that N, (z) = U,(z)M,(x) satisfying N, ;(z)
is an nth left i-minimal polynomial vector of S. Furthermore, we have M, !(x)pol(M,(z)S(z)) =
N, Y (z)pol(N,(z)S(x)) and so the two multisets are the same.
Example 3. As in Example 2, by Proposition 2 we have

01 ?+lat+r+1
e (2= (23174501
By the above discussion, we get the following theorem.
Theorem 1. If M, ! (z)pol(M,(x)S(x)) is an nth left minimal partial realization of S, then any nth left
minimal polynomial matrix of S has the form C,,(z) = U, (z)(fn1(2)Mp1(x) -+ fr.m(z) M, m(2))T and
M (8) = mascicom {0(M,i(2)}, where fo,i(x) € Fola], deg(fai(x)) = MI(8) = o(Mi()),
and U, (z) is unimodular such that 6(C),(z)) = L.

Proof. It is no harm to assume that M, ;(z) is an nth left ¢-minimal polynomial vector of S by Propo-
sition 2 and so fy, ;(x) M, ;(z) satisfies (2) for 1 < ¢ < m. Put D(z) = (fn1(x)Mpi(z)--- fom(x)
M, ,n(2))T and left multiply D(z) by a unimodular matrix U, (z) such that

C,(z) =Uy(x)D(z) and §(C\(x)) = Iy,

and so C,(z) is an nth left characteristic polynomial matrix of S. Suppose that there is an nth left
characteristic polynomial matrix C},(z) with v(C/,(x)) < M%m’p)(S) = v(M,, (z)) for some t,1 < ¢t < m.
Thus, C;, ,(z) is an nth left t-annihilating polynomial vector of § with its valuation less than v(M,, +(x)).
This is impossible.

By Theorem 1, one can solve Problem 1 by simply putting

fn Z(x) — Zmaxlémém{v(Mn,i(m))}f'”(Mn,i(m))

once the solution of Problem 2 is obtained.

3. .2 2
Example 4. By Theorem 1, we have Cy(z) = (ac +;fg Jj_lm +lz ;g ac)’ which is a 4th left minimal

polynomial matrix of S in Example 2.

3 Parametrization and uniqueness of nth left minimal polynomial matrices
of S

In this section, we recall a lattice-based minimal partial realization algorithm in [24,25] and deduce a new
result, that is, Theorem 2, from which we determine the more detailed parametrization and uniqueness
issue about the nth left minimal polynomial matrices of S.

3.1 A lattice-based minimal partial realization

A subset A of KP™™ is called an F,[z]-lattice if there exists a basis w, ..., wptm of KPT™ such that

p+m
A= {Z filx)wi s fi(z) € Folz], i= 1;"'7p+m}'
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In this situation, we say that wi,...,wpym form a basis for A. For i € {1,...,p+ m}, the value
Ai(A) = min{\ € Z| there exist Fq[z]-linearly independent cv,...,q; € A with v(e;) <A, 1< j <}

is called the ith successive minimum of A. A basis w1, ..., wptm is reduced if O(w1),...,0(wptm) are
linearly independent over F,. It is not unique, but the numbers \; = v(w;) are successive minima of the
lattice if one rearranges the order of elements in the reduced basis such that v(wi) < -+ - < v(wp4m). The
determinant of the lattice is defined by det(A) = v(det(wr,...,wptm)) and is independent of the choice
of the basis. In [33], it was proved that

p+m
> w(wi) = det(A) (3)
i=1
if the basis wy,...,wptm is reduced. For any vector v, let 7 be the vector containing only the last m
components of v. The reduced basis is normal if 6(w;) = 0, for 1 < i < p and §(wp4i) € [Bi] for

1< <m.
Consider the matrix

Ip Opxm
S(x) Ipx—"1

and denote its p + m rows by €1,...,€p,Qn 1, .., 0n,m, which span an Fy[z]-lattice, simply denoted by
A, (S). By (3), it is clear that
det(An(S)) = —m(n+1). (4)

The mapping 7 : A,,(S) — F,[z]™ is given by

fi(z)er +-+ fp(x)sp + prrl(x)O‘n,l +oeee prrm(x)O‘n,m — (prrl(m)a cee 7fp+m(m))ﬂ

where fi(2),..., fp+m(x) € Fqlz]. Conversely, a nonzero polynomial vector c(x) € Fq[z]™ completely
determines its associated element in A, (S) which is given by
o(c(2))|a,(s) = (c(z)S(z) — Pol(c(z)S(z)), c(z)z™ ™).

By the definition of the normal basis, the following proposition can be obtained, see [24] for a detailed
proof.

Proposition 3 ([24], Theorem 3). Let wi,...,wptm be a normal basis for A, (S). Then, n(wp4,) for
1 <4 < mis an nth left ¢-minimal polynomial vector of S.

By Propositions 1 and 3, one can solve Problem 2. Also, by Proposition 3, the set {v(n(wp4i)) : 1 <
1 < m} is completely determined by the sequence S and is called the nth left complexity multiset of S,
denoted by {E%’Z’p)(S) :1 < i < m}. By the construction of M, (z), we have

m
£ (8) =3 (s). (5)
i=1
For a lattice A in KP™™, its dual lattice A’ is defined by
N ={y € KPt™ :v.4 € F,lz], for all v € A},

where -y = YV y(2)7) () for v = (71.(2), -, Yprm(2)) and 7' = (4 (2), -+ Yy (2))-
1

Thus, the vectors (—1,0,...,0,S11(x)z™*, Soy(z)x™ L, ... Spa(z)2™ L), (0,—1,...,0, Sia(z)z™tt,
——— ———
P P
Soo(z)z™ T, o0 Sma(z)2™ ), (0,. .., =1, S1p(@)a™ T, L) Spp(z)2™ ), (0,...,0,2"10,...,0),
—_—— ——

p p
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0,...,0,0, 2"t ...,0),...,(0,...,0,0,...,0, z"*1) form the basis for the dual lattice A’,(S) of A,,(S)
——

——
p P
and so we have
A(S) = 2™ 1A, (ST). (6)
Lemma 1 ([34], Corollary 1). Let A1,...,A\p1m be the successive minima of a lattice A, and A/, ...,
Apt+m be the successive minima of its dual lattice A’. We have
Nid+ Ny =0, fori=1,2,....,p+m.
Theorem 2. Let wi,...,wptm be a normal basis of the lattice A, (S). Then, the multiset {v(w1),
vwp)} = {=LITV(ST), =Ll (8T)) and {0, 0(@pim)} = {=n=1+LTP(S), o —n

14 L% ”)(S)}.
Proof. Let T1,. .., Tp+m be a normal basis for the lattice A,,(S™) and so the multiset {n+1+v(r1),...,n+
14+ v(mm), Cgp”lm)(ST), . E(p’m)(ST )} is a permutation of the successive minima of A/ (S) by (6 ) The

multiset {v(w1),...,v(wp), —n—1 —l—ﬂ(m’p (S),...,—n—1 +oim p)( S)} is a permutation of the successive
minima of A, (S). Let Sy be the matrix sequence obtained by the nth minimal partial realization of S
from the normal basis. For any integer | > n, the multiset {v(w1),...,v(wp), —1—1 +£(m’p)(S), co ==

+£$f,n,;1p)(5)} is a permutation of the successive minima of A;(Sp) and the multiset {{+1+v(m),...,l+
1+ v(mm), ng’lm)(ST), .. ,C%?;)m)(ST)} is a permutation of the successive minima of Aj(Sy). Therefore,
by Lemma 1, we obtain the required results.
Corollary 1. For the matrix sequence S, we have

p
£OmST) = Y0 L (ST) = 30 LU (S) = L (S),

Jj=1 i=1

3.2 Characterization of all nth left minimal polynomial matrices of S

In this section, we characterize all nth left minimal polynomial matrices of S as follows.

Theorem 3. Let wi,...,Wptm be a normal basis of A, (S) and assume that v(w;) = fﬁg’jm)(ST) for
1 < j < p. Then, any nth left minimal polynomial matrix of S can be obtained by

Fra(@)(nepe) + 35 L9 (@)n(w)))
Frm (@) (1(@pim) + 30y g5 (@)n(w)))

where for 1 < ¢ < mand 1 < j < p, fni(x) and gz(?)(x) € F,lx] such that deg(gz(?)( )< —n-—-1+

Ei:;’p)(S) + Eif?’jm)(ST), deg(fn,i(x)) = slm’p)(S) - Ei:;’p)(S), and Uy (z) is unimodular such that
0(Cn(z)) = L.

Proof. Since wi,...,wpim is a normal basis for A, (S), the associated element o(M,, ;(x))|a, (s) of
M, i(x), which is the ith row of an nth left minimal partial realization M,, ! (x)pol(M,(x)S(z)) of S,
must be a linear combination of wy, ..., w, over Fy[z], that is, o (M, ()|, (s) = Wpti —|—Zj 1 91(7;)( Ywj,

where g( )( ) is required as above by Theorem 2. By Theorem 1, we have

0(Cr,i(2))|A, (5) = fr,i(x)o(Mp,i(7))|A, (5),

where the requirement of f, ;(x) can be easily obtained. As to the choice of U, (x), it is similar to that
in Theorem 1.

Corollary 2. The number of all nth left minimal polynomial matrices of S is

MM (S) = LGP (8)+ 300y 3P (8 4+ 1)L (8)+L7 (8T)—n)

Y

¢ p(mip) (pm) [ QT
where §; ; = { _017 glsgn’i (S) + L, (SH—-n—-1<0,
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Table 1 Example 5.

(:v3+z+1 z3+x2+x+l) (z3+12+1 3 +1 ) (:vg z3+x2+x)
x2 3 +1 1 2+ 224 1 23 +22+z
(a}3+x2+1 3 +1 ) ( a3 a:3+x2+x) (x3 a:3+x2+x)
x B2tz +1 22441 x3 x2 3 +1
(w3+m+1 m3+z2+x+1) (a}3+m2+z a3 ) (x3+x2+a: x3)
2 +z+1 23 1 4+ z2 4 2 4+x+1 23
24z a3 (a}3+x2+1 a:3+1) 3 344z )
T 4+ 4+ar+1 x? 3 +1 z a3 +al+x+1
(:v +z+123+2 +x+1) (z3+x2+1 13+1) (z3+z2+x x3 )
1 B4+ 22 +r+1 a3 x? 3 +1

(:v3+z+1 13+x2+x+1)
x B4+l

Example 5. By the algorithm in [24], a normal basis of the lattice A5(S) in Example 2 is

=@ o34t 425254276 279,

4 3 4t S et a0 4 0,

I o N R N A S A B

e 34+ C e e 45 4 270).

By Theorem 3, we list all 5th left minimal polynomial matrices of S in Table 1.
3.3 Uniqueness issue

By Theorem 3, we get the following theorem.
Theorem 4. The nth left minimal polynomlal matrix of S is unique if and only if My, (m.p )(S) +
MP™(ST) <n+1and LP(S) = - = LID(S).

The following corollaries follow from Theorem 4.
Corollary 3. If (m + 1)M(m p)(S) <n+1 and Cgﬁ’p)(S) =...= En%’@p)(S), then the nth minimal
polynomial matrix of the sequence S is unique.
Proof. It follows from Corollary 1 that

MmP)(8) 4 MPm) (ST < MImP)(§ Zﬁ(p M (8T) < M) (8) 4 Zﬁg’p)(S) <n+1

So, we obtain the required result by applying Theorem 4.

Corollary 4. If p=1 and Eg;’p )(S )= = E&%”)(S), then the nth left minimal polynomial matrix
of S is unique if and only if (m + 1)M$Lm’p)(5') <n+1

Proof. The sufficient condition is obtained by Corollary 3. Conversely, by Corollary 1 we get

(m + 1MD(S) = MG (S) + L7 (ST).

The required result is obtained by Theorem 4.
Example 6. A normal basis of the lattice Ag(S) in Example 2 is

=(z 347t +:E_6,:c_6 +a 2T,

= (z~ 2+:c +o 2434t a2 27 27,
=@ e Pt S et e S b a2 79,

R R R e e R R N e )
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P+ +r+122+2
z? w341

because MéQ’Q)(S) + Mé2’2)(ST) =34+3<6+1and EgiQ)(S) = L'é?f)(S) =3.

Therefore, the 6th left minimal polynomial matrix ( ) of S is unique by Theorem 4

4 The asymptotic behavior of the matrix complexity profile for random vec-
tor sequences

In this section, let S denote a random column vector sequence over F,. We present the asymptotic
behavior of the left matrix complexity profile of S by first deducing the result for the left McMillan
degree profile of S.

Let (IFZ”XP)OO be the m by p matrix sequence space over Fy. Let pig pm be the uniform probability
measure on [Fj"*? which assigns the measure ¢~P™ to each element of Fy**P. Then, pug?,, is the complete
product measure on (IFZ”XP)‘X’ induced by pg,pm. In particular, when p =1, we use 1.5,

In [29] it was proved that we have ugS,,-almost everywhere (abbreviated fiq,m-a.e.),

E;Lm)( ST) m

lim = .

Later, the following refinement of the bounds was shown in [30,31]: we have pgS, -a.e.,

L LTS e ST
< liminf < lim sup < ,
m+1 n—00 log, n n—so0 log, n m+1

where log, denotes the logarithm to the base g.
By Corollary 1, the following theorem is obtained.

Theorem 5. For any prime power ¢ and any integer m > 1, we have pug5, -a.e.,

(m,1) mn (m,1) mn
1 L S) — L L S) — 1
< liminf == G mtl < limsup n (5) mil < i
m+1 n—o0 logq n n—s00 logq n m—+1

3 o0
In particular, we have g, -a.e.,

(m,1)
lim e C)) -
n— 00 n m—+1

Let E(£) denote the expected value of a random variable €. In [29,31] it was shown that

B(L{m(8") = 2

+0(1) asn — oo. (7)

Also by Corollary 1, we give the result about the expected value of E%m’l)(S).

Theorem 6. For any prime power ¢ and any integer m > 1, we have
mn
E(L{™V(S)) =
(£ D(S)) = S

Theorem 7. For any prime power ¢, any integer m > 1, and any integer ¢ with 1 < ¢ < m, we have

B (8)) =

+O0(1) asn — oo.

n
m+1

+0(1) asn — oo.

Proof. It follows from (5) that
B(L{D(8) = D E(LV(S)).
i=1

In view of the symmetry of £ 1) (S),... ,E%ﬁ'ﬁ,’}) (S), they have the same probability distribution. Thus,

n,1

we get the required result by applying Theorem 6.

Theorem 7 shows that each element of complexity multiset of the vast majority of m-dimensional

column vector sequences should be close to the line mLH
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Table 2 Data distribution.

L=L{"?(8) NP (L) NP (L) NP (L) NP(L)
0 1 1 1 1
1 18 18 98 42
2 312 312 5341 861
3 5184 5184 118650 2646
4 83904 80016 124950 546
5 1254672 991044 12936
6 16111428 8069397 168
7 106094997 6578442
8 128095242 978792
9 15524712 69984
10 1189536 3840
11 71424 180
12 3840 6
13 180
14 6

Theorem 8. For any prime power ¢ and any integer m > 1, we have

n

BM{™D(8)) = —Is

+0O(1) asn — oo.

Proof. The result follows Theorem 7 since F( slm’l)(S)) = max{E(EgZ’l)(S)) 1 <i<m}.
Theorem 8 and Eq. (7) show that the left matrix complexity and the right matrix complexity of the

vast majority of m-dimensional column vector sequences should be close to the line o and the line

mm—fl , respectively.

5 Some open problems

Let N}Lm’p )(L) denote the number of m X p matrix sequences with length n over I, whose McMillan
degree is L. In Table 2, we demonstrate the data distribution of Ny(Lm’p )(L) for all possible L when ¢ = 2,
and some specified n, m, p.

So, we propose three open problems for the general case as our future work. In this section, let S
denote a random m x p matrix sequence over [Fy.

1. How to get the bound for {m-p) (L).

2. For any prime power ¢ and any integers m and p, we guess

lim lem,p) (5) pm

oo
= —a.e.
n—00 n p+m Ha,pm

3. The expected value of the nth McMillan degree of random m x p matrix sequence S with length n

is guessed by
pmn

p+m

E(LI™P)(S)) = O(1) n — oo.

Generally speaking, we guess that the left matrix complexity and the right matrix complexity of the vast

majority of m X p matrix sequences should be very close to the line £~ and the line 22 respectively.

p+m p+m’
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