SCIENCE CHINA

Information Sciences

« RESEARCH PAPER - March 2016, Vol. 59 032106:1-032106:12
doi: 10.1007 /s11432-015-5305-y

Linear complexity problems of level sequences of
Euler quotients and their related binary sequences

Zhihua NIU'* Zhixiong CHEN? & Xiaoni DU?

LSchool of Computer Engineering and Science, Shanghai University, Shanghai 200444, China;
2School of Mathematics, Putian University, Putian 351100, China;
3College of Mathematics and Information Science, Northwest Normal University, Lanzhou 730070, China

Received October 22, 2014; accepted January 8, 2015; published online July 13, 2015

Abstract The Euler quotient modulo an odd-prime power p” (r > 1) can be uniquely decomposed as a p-adic
number of the form (uP~V?" ™" = 1)/p" = ag(u) + a1 (W)p+- - +ar_1 (w)p"! (mod p"), ged(u,p) = 1, where
0<aj(u) <pfor0<j<r—1and we set all aj(u) = 0 if gecd(u,p) > 1. We firstly study certain arithmetic
properties of the level sequences (a;(u))y>0 over Fp via introducing a new quotient. Then we determine the
exact values of linear complexity of (aj(u))y>0 and values of k-error linear complexity for binary sequences
defined by (a;(w))u>o0-
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1 Introduction

Let p be an odd prime and r be a positive integer. For all integers u with ged(u,p) = 1, by the Euler
Theorem we have
u?P) =1 (mod p),

where ¢(—) is the Euler Totient function. Hence we define @, (u) modulo p” by
wp®) — 1
Qr(u) = — (mod p"), 0 < Qr(u) <p", if ged(u,p) =1, (1)
which is called the Euler quotient in [1]. In fact, if we write
w?P) =14 a1p" 4+ aop® 4+ €Z, 0<a; <p" fori>1, (2)
we have @Q,.(u) = a;. For convenience, we set
Qr(lp) =0, 1 €Z. (3)
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If r = 1, Q1 (u) is also called the Fermat quotient. A more general notion, called the Carmichael Quotient,
is studied in [2]. Many number theoretic questions have been studied for these quotients and their
generalizations [1-16].

Let Z,+ be the integer residue ring modulo p”. Any element a € Z,~ has a unique p-adic decomposition
asa=ap+ap+ -+ a,—1p" ', where a; € {0,1,...,p— 1}. Hence for a sequence (s(u))y>0 over Zyr,
it has a unique p-adic decomposition as

s(u) = so(u) +s1(w)p+---+ 5,1 (u)p" ™', u>=0,

where (s;(u))u>0 is a sequence over {0,1,...,p — 1}. The sequence (s;(u))y>0 is called the ith level
sequence of (s(u))y>0, and (sy—1(u))u>0 the highest-level sequence of (s(u))y>0. They can be naturally
considered as the sequences over the finite field F),. Fan and Qi (partly with coauthors) extensively
investigated the level sequences of linear recurring sequences over Z,~ (or more generally Zys, where
M > 1is an arbitrary number), see [17-23] and references therein. Certain (s(u))y>0 over Z,- is relevant
to FCSR sequences [24].

On the other hand, Fermat quotients, Euler quotients and Carmichael Quotients have been studied
recently from the viewpoint of cryptography, see [5,10,11,25-34]. More exactly, the authors of [11]
studied the linear complexity profile of the Fermat quotient sequence (Q1(u))y>0. As we know, this is
the first work to consider the cryptographic feature of Fermat quotients. The authors of [5,10] used
Fermat quotients and Euler quotients to define pseudorandom sequences. The first one is the binary
threshold sequence (e(u))y>0 defined by

(4)

The second one, by combining @,.(u) with x, which is a fixed multiplicative character modulo p” of order
m > 1, is the m-ary sequences (e(u)),>0 defined by

exp(2mie(u)/m) = x(Qr(v)), 0 <e(u) < mif ged(Qr(u),p) =1 (5)

and é(u) = 0 otherwise. Most recent studies are concentrated in the case of r = 1: the authors of [5,10]
investigated measures of pseudorandomness as well as linear complexity profile of (e(u))y>0 and (€(u))u>0
via certain character sums over Fermat quotients, the authors of [30,33] determined the linear complexity
(see below for the definition) of (e(u))u>0 and (€(u))u>0 if 2 is a primitive element modulo p?, and later
the authors of [26,27,29] extended to a more general setting of 2P~! # 1 (mod p?), the authors of [26,31]
also determined the trace representations and the k-error linear complexity (see below for the definition)
of (e(u))y>0 and (€(w))u>0, respectively. The authors of [32] extended [27] further to determine the linear
complexity of (e(u))y>0 when r > 1 under the assumption of 2P~ # 1 (mod p?). We refer the reader
to related references for details. All results indicate that such sequences have desirable cryptographic
features.
Hence in this paper, we describe the Euler quotient Q. (u) as the p-adic decomposition

Qr(u) = ag(u) + ar(w)p + -+ + ar—1(w)p" ™, u >0,

where 0 < a;(u) < p for 0 < j < r — 1, and consider the linear complexity of the level sequences
(a;(uw))us0 over F,, via introducing a new quotient, which coincides with the level sequences (a;(«))y>o0-
Our second aim is to determine the k-error linear complexity for certain binary sequences defined by the
level sequences (a;(u))u>0 of the Euler quotient Q,(u).

We conclude this section by recalling the notions of the linear complexity and the k-error linear com-
plexity. Let F be a field. For a T-periodic sequence (s(u)),>0 over IF, we recall that the linear complexity
over F, denoted by LC¥((s(u))u>0), is the least order L such that (s(u)),>o satisfies

s(lu+L)=cr_1s(u+L—1)+---+c1s(u+1)+cos(u) for u >0,
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where ¢g #0, ¢1,...,c—1 € F. Let
S(X)=5(0)+s(1)X +s(2)X2+ - +s(T - 1)XT! e F[X],

which is called the generating polynomial of (s(u))y>0. Then the linear complexity over F of (s(u))u>0
is computed by
LC™((s(w)uzo) =T — deg (ged(X" — 1, $(X))), (6)

see, e.g. |35,36] for details. For integers k > 0, the k-error linear complexity over I of (s(u))yu>0, denoted
by LCi((5(1))us0), is the smallest linear complexity (over ) that can be obtained by changing at most
k terms of the sequence per period, see [37,38|, and see |39] for the related even earlier defined sphere
complexity. Clearly LCg((s(u))us0) = LC ((s(u))u>0) and

T > LC((s(u))uz0) = LCT((5(w)uz0) = -+ = LCI ((s(u))us0) = 0,

where [ equals the number of nonzero terms of (s(u)),>0 per period, i.e., the weight of (s(w))u>o0-

The linear complexity and the k-error linear complexity are important cryptographic characteristics
of sequences and provide information on the predictability and thus unsuitability for cryptography. For
a sequence to be cryptographically strong, its linear complexity should be large, but not significantly
reduced by changing a few terms. And according to the Berlekamp-Massey algorithm [40], the linear
complexity should be large enough.

2 A new quotient

In this section, we introduce a new quotient to represent the level sequences of the Euler quotient Q,-(u).
For integers r > s > 0, we can check

Qr(u) = Qs(u)  (mod p°), u=>0. (7)
In fact, for plu we have Q. (u) = Qs(u) = 0 by the assumption of (3). Now we suppose ged(u, p) = 1. Let
ufP) =14 bip® +bop™ + -+ €Z, 0< by by,... <p°,
we see that Qs(u) = by by (2). On the other hand, we verify
ufP) = (uPP NPT = (14 byp® + bop® + )P =1+ bip" + (B3ba(p’~° — 1)/2)p"F* +--- € Z,

from which we derive
wr®) _ 1 ) B
e = b (a7 = )2
We get Q- (u) = by (mod p*). Hence we prove (7).
From (7), for integer > 2 one can define a new quotient from Z,-+1 (the additive group of numbers
modulo p"*1) to Z, (the additive group of numbers modulo p) by
Q- (U) - Q'r‘—l(u)

Hy_1(u) = o1 (mod p), 0< Hy—1(u) <p, u>=0. (8)

Indeed, we can write
Qr(u) = Qr_1(u) + Hr—1(w)p™™', u =0

and hence
Qr(u) = Ho(u) + Hy(w)p+ -+ + Hy_q(u)p"™', u>0

by induction on r—1, where Ho(u) = Q1(u) by (7). Hence (H;(u))yu>0 is indeed the highest level sequence
Of (Qi+1(u))u>0 fOI‘ 7 2 1.
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For example, if r = 2 and
Up71:1+01p+02p2+"'627 0<017627"'<pa

we have Q1(u) = ¢; and Q2(u) = ¢1 + (Bt c2ca)p (mod p?), and hence

—1
Ho(w) = 1, Hi(u) = o=cley  (mod p).

For p|u, we have Hy(u) = Hy(u) = 0.

Since the ith level sequence of (Q,(u))y>0 is the highest level sequence of (Q;+1(u))u>0 for i > 0, we
only consider the highest level sequence of (Qr(u))y>0 in the sequel, i.e., the quotient H,_1(u). Below
we prove two simple properties for H,_1(u). We remark again that Ho(u) = Q1(u), which is the Fermat
quotient.

Theorem 1. For any integers v, k and r > 1, we have
H, 1(v+kp")=H,_1(v) — kvP~2 (mod p).

Proof. For r =1, Hyp(u) is the Fermat quotient Q1(u) and the result follows, see [11]. For r > 1, since
the least period of (Qr—1(u))u>0 is p”, together with v» = v (mod p) we get
T k ") — r— T - r— Y —
Hrfl(v+kpr) = Q (’U+ p ) - Q 1(1)) = Q (U) Q 1(1)) +k(p71)v<ﬁ@) 1
p'r— p'r—l
= H, 1(v) + k(p—1)v""  (mod p).

We complete the proof.
The least period of (Hy—1(w))u>0 follows from Theorem 1 directly.
Theorem 2. For integer r > 1, the least period of (H,—1(u))u>0 is p"*.

We remark that Leeb [41] extended the Fermat quotients to introduce the notion of Fermat quotients
of order i > 1 by defining

FO(u) = Qu(u)

and for 7 > 1

_ p—1_ 1 _ p(1) —F®? 2 _ ... _pG=1 i—1
pl

with 0 < F® (u) < p for all integers u with ged(u, p) = 1 and F® (u) = 0 otherwise. Indeed,
FOMW)=¢, i>1
for ged(u, p) =1, if
wWl=14+eap+ep’+---€Z, 0<eci,co,...<p.

We find that F()(u) is different from H,_;(u) defined in (8). (Note that Leeb introduced this definition
for more general settings.)

3 Linear complexity of level sequences

In this section, we determine the exact value of the linear complexity of the highest-level sequence
(Hy—1(u))u>0 of the Euler quotient Q,(u).

Theorem 3. For integers r > 1, the linear complexity (over the finite field F,,) of the highest-level
sequence (Hy,_1(u))y>0 of Euler quotients in (1) and (3) satisfies

LC™ ((Hy—1(1))uz0) =p" +p— 1.
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Proof. From Theorem 2, the least period of (H,_1(u))y>0 is p"1. So for all integers u = ig+i1p+---+
irp" (mod p™*1) with 0 < ig,i1,...,i, < p, we see that (H,_1(u)),>0 can be represented by

Hy_y(io +iwp+ - +ip" +jp ") = plio, i1,...,iy) for j >0,

where the polynomial p(Xo, X1,...,X,) € Fp[Xo, X1,..., X ] /(X — X0, X7 — X4q,..., XP —

T

X,y is of the
form

= Z Z e Z Hy_i(co+cip+-+cr1p™™h) H (1—-(Xi—a)™') - X, X072,
C():O (;1:0 6771:0 =0

since

Hy_1(ig+i1p+ - +ip" + jp )
H,_ 1(z' Firp o dpap" ) — (i Fip 4 A dpgp )P

p—1 p— p—1 r—1
= Z Z Z H. 1(co+eip+--+ecap™™h H (1 — (g — cl)pfl) — z‘rz‘](T2 (mod p)
0=0c1=0 cr—1=0 =0

by Theorem 1.

Then the degree of p(Xo, X1,...,X,) is deg(p) = p" + p — 2, see [42] for the definition of the degree
of multi-variable polynomials. Hence by [42, Theorem 8], we have LC™ ((H,_1(u))u>0) = deg(p) + 1 =
p"+p—1.

The case of r = 1 in Theorem 3 has been reported in [11].

4 Linear complexity and k-error linear complexity of binary sequences de-
rived from level sequences

In this section, we use the highest-level sequence (H,_1(u))y>0 of the Euler quotient Q,(u) to define
some families of binary sequences and determine their linear complexity and k-error linear complexity.
Suppose that 2 is a primitive root modulo p?. Then it is clear that 2 is also a primitive root modulo p"
for every n > 1, see e.g. [43].

From Theorem 1, the quotient H,_1(—) induces a surjective map from Z;,.H (the group of invertible
elements modulo p" ™) to Z,. Let

Di={u:0<u<p ™ ged(u,p) =1, Hy_1(u) =1}

for | =0,1,...,p — 1. We define a p"!-periodic binary sequence (f(u)),>0 by

1, if wmod p™t! € Ujez Dy,
flu) = p lez/ w0, (10)
0, otherwise,
where 7 is a non-empty subset of {0, 1,...,p—1}. In particular, if 7 = {p+1 p“ o p=11 (F(u)uso

is the binary threshold sequence defined in (4) when r = 1 and if Z is the set of quadratic non-residues
modulo p, (f(u))u>o0 is the binary sequence defined in (5) when r = 1 and m = 2.

Before we present main results of the linear complexity and k-error linear complexity for (f(u))y>o0,
we prove some auxiliary statements. Define

=Y X"eF[X

ueD;

for0 <l <p.
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Lemma 1. Forr >1,0<!<pand1<j<r, the map u — umod p? from D; to Z;j is surjective
and each element in Z;j exactly has p"~7 many pre-images in Dj.

Proof. For each 1 < v < p” with ged(v,p) = 1, the numbers v + mp”™ belong to different D; (0 <1 < p)
when m runs through the set {0,1,...,p — 1} by Theorem 1, hence each D; is of the form

Dy={v+mpp": 1<v<p”, ged(v,p) =1, my, =v(H,—1(v) — 1) (mod p)}.
We will find that
Dy mod p" = {umod p" :u € Di}y =7, 0<I<p,
further we have
D; mod p? = Ly mod p/ = Ly 0<1<p,
for 1 < j <r—1. So the map u + u mod p’ from D; to Z;j is surjective and the number of pre-images
of each element in Z;j can be calculated easily.

From the proof of Lemma 1, each D; has the cardinality |D;| = p"~!(p — 1). Here and hereafter, we
use |S| to denote the cardinality of a set S.

Lemma 2. Let r > 2 and 6 € Fy with 67" = 1 but 67 # 1. For 0 < I < p, we have

Proof. We have

u=0
and
pr—l 1 -
1—67
> o= g
u=0 -
Then by Lemma 1, we derive
pr—1 prlo1
D)= > "=y 6"~ > =0
uGZ;r u=0 u=0

We complete the proof.
Lemma 3. Let 7 > 2 and 6 € Fy with #” = 1. For 0 < I < p, we have

Di(6) = 0, ifé=1,
: 1, otherwise.

Proof. For 6 # 1, using Lemma 1 with j = 1 we have

p! P! 1—gr
D) =p 'y 6" => 0" 6" = —5 t1=1
u=1 u=0

For 6 = 1, we have D;(1) = p"~(p — 1) = 0 since |D;| =p" 1 (p — 1).
Lemma 4. Let 6 € Fy with 67 = 1 but § # 1 and G(X) € Fo[X] with 1 < deg(G(X)) < p. If 2 is a
primitive root modulo p, we have

GO)=1=GX)=X+X>+-- -+ X1

Proof. Since 2 is a primitive root modulo p, we see that 1 + X + X2 + ... + XP~! is the minimal
irreducible polynomial with the root 6. So if G(0) = 1, we derive

I+ X+ X%+ -+ XPH(G(X) - 1).

With the restriction on deg(G(X)), we get G(X) = X + X%+ --- + XP~!. The converse is true after
simple calculations.
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Now we present our main result, which is a generalization of [31, Theorem 1] for the case of r = 1.
However, we need more knowledge for the proof. Here we only assume r > 2.
Theorem 4. Let r > 2 and (f(u))u>0 be the binary sequence of period p"*! defined in (10) using the
highest-level sequence of Euler quotients in (1) and (3) and a non-empty subset Z of {0,1,...,p— 1} with
1 <|Z] € (p—1)/2. If 2 is a primitive root modulo p?, then the k-error linear complexity over Fy of
(f(u))u>o satisfies

Pl —p4p—1, if0<k<p Tl
LC]£2((f(U))u>o) _ prit—p+1, it <k <prlp—1),
N it prip—1) <k <prip—DIZl, [T > 1
0 it k=p'(p-1)Z,

if |Z] is odd, and otherwise

T _pr i 0<k<pti(p - 1)|Z],
LCR2((f (w)uz0) = {ﬁ ! if k i p:fzp —(f)|1|.)| |
Proof. Let
Fu(X) = Di(X) + e(X) € Fo[X] )

el

be the generating polynomial of the sequence obtained from (f(u)),>0 by changing exactly k terms of
(f(uw))u>o0 per period, where e(X) is the corresponding error polynomial with &k terms. Fy(X) is in
fact the generating polynomial of (f(u))u>0. It is easy to see that if k is equal to or larger than the
Hamming weight of (f(u))y>0, the error linear complexity will reduce to zero. So we always suppose
that k < p"~1(p — 1)|Z| due to |Dy| = p"~1(p — 1), in this case F(X) is non-zero. We will consider the
common roots of Fj(X) and X LA 1, the number of the common roots will help us to derive the values
of k-error linear complexity of (f(u))u>0 by (6).
We divide all roots of X? " — 1 into four groups

Gi={0cT,: gp”lzl, 9#751}, Go=1{0cTFy: 6P =1, oP # 1},
Gy ={0€Fo: 0P =1,0#1}, Go={1}.

It is easy to check that |G1| = p"! —p", |Ga| =p" —p and |G3| = p — 1.
First, all € G; are roots of ®(X) = 1+ X? + X2 + .-+ X®=D?" which is irreducible since 2 is a
primitive root modulo p?. If F(0) = 0 for some 6 € G, we have

(X)) Fi(X)

and write
Fr(X) = o(X)m(X). (12)

Since
deg(Fi (X)) = deg(®(X)) + deg(m(X)),

we restrict deg(m(X)) < p" and write
(X)) =X"+ X"+ + X" with 0O vy <v1 <...<wvp_1 <p,

where ¢ > 1 since Fj(X) is a nonzero polynomial. Then the exponent of each monomial in ®(X)n(X)
forms the set
{foj+lp": 0<j<t—1,0<I<p—1},

which can be divided into two sets A and B with

A={v;+lp": 0<j<t—1,0<I<p—1,v; #0, Hr_1(v; +1p") € I},
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B={v;+1lp": 0<j<t—1,0<I<p—1}\ A

By Theorem 1, A contains |A| many numbers with

t—1)|Z if vjg=10
|A|{< Tl if v =0,

t|Z|, otherwise,

and B contains tp — |A| many numbers.
Hence, from (11) and (12), we find that the set of the exponents of monomials in e(X) is

(UiezDi \ A) U B,
the cardinality of which is

_ _ 2t —-1)|Z|, ifvy=0
r—1 r—1 ) )
p T (p=DIZ| - |A|+|Bl=p" " (p—D|Z|+tp—
( =14l +15] ( I 2t|Z|, otherwise.
Due to |Z| < (p—1)/2 and tp — 2¢|Z| > 0 we have

PN = DIZI - AL+ Bl > p T p - DIZ] >

However, it is impossible that e(X) has p"~1(p — 1)|Z| many terms and k terms simultaneously, a con-
tradiction. So ®(X) 1 Fj(X), i.e.,
Fk(ﬁ) 7& 0, for 0 € G;. (13)

Second, we consider the case § € Go. By Lemma 2 we get

0, if k=0,
Fi(0) = ' for 6 € Ga. (14)
e(0), otherwise,
Finally, we consider the case 8 € G3 U G,4. By Lemma 3 we get
1], if k=0,
Foo) =4 7 ' for 0 € G (15)
e() + |Z|, otherwise,
and
0, if k=0,
Fi(0) = ' for 0 € Ga. (16)
e(f), otherwise,

Now we draw the following conclusions.
(1) If |Z] is even, we find that

LCo* ((f(w))uz0) = LC™2((f(w))uz0) = (p — 1)p"

and for any 1 < k < p"~!(p — 1)|Z], the number of the common roots of Fj(X) and XP — 1 will not
increase by (13)—(16). So we have

LR ((f()uz0) = (p = 1)p", for k <p™ ' (p—1)|Z].
(ii) If |Z] is odd, we find that
LCG((f (w)uz0) = LC™2((f(u)uz0) = (p = )p" +p — 1.
Since 2 is a primitive root modulo p?, we see that

2 22 R CE D |
0, 6,6 ,..., 0 € Gy
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are different for any 6 € Gy. If e(f) # 0 for some 6 € Gy, we have e(6%') # 0 for 0 < i < p"~*(p—1). That
is to say, if such case occurs, there will be at least p"~!(p — 1) many 6 € Gy such that e(#) # 0 and hence
the number of the common roots of Fi(X) and X P _ 1 will not increase compared to the case k =0
by (14). So according to (14)—(16), we need to find the smallest k¥ > 0 such that the error polynomial
e(X) (with k terms) satisfies

0, if 8e Gy,
e(@) =<1, iffegs, (17)
1, if 0 € Gy,
and
0, if 6 € Go,
e(@) =41, iffegs, (18)
0, if 6 € gy,
respectively.

We firstly search for e(X) satisfying (17) and consider e(X) modulo (X?" —1). We note that e(X) # 0
(mod X?" — 1) since e(f) = 1 for 6 € G3 U Gy. Let

X —1
AX) = Y7 T

Clearly A(f) =0 for all § € G and A(f) =1 for all § € G5 U G4. The facts that

=14+ XP 4 X2 o XD e Ry X,

XPA(X) = A(X) (mod XP" —1)

and

e(X) = 7(X)A(X) (mod X" —1)
for some non-zero polynomial 7(X) with degree < p guarantee that the error polynomial e(X) with the
smallest k£ > 0 terms satisfying (17) should be of the form

e(X)=AX)=1+XP+ X% 4.4 XE 0P (mod X7 —1)

r—1

and hence k = p"~1. That is, when k = p"~! one can choose a suitable e(X) as above such that the

number of the common roots of Fi(X) and X 1 s equal to p” — 1, and for any k < p"~!, any

e(X) with k terms will not satisfy (17), this implies that the number of the common roots of Fj(X) and
X7 — 1 will not increase (compared to the case k = 0). So we derive

LC((f(u))uzo) = (= D)p" +p—1 for k<p™™
and
LCR((f(w)uz0) = (p = 1p" +1 for k=p"".

Now we consider e(X) satisfying (18). Following a similar way above, we derive by Lemma 4 that the

error polynomial e(X) with the smallest k£ > 0 terms satisfying (18) should be of the form
e(X)= (X + X%+ 4+ XPHAX)
= (X 4+ X244 XPH1+ XP 4 X 4y X(p"*l—l)p) (mod X?" — 1)
and hence the smallest k = p"~!(p — 1). That is, when k = p"~1(p — 1) a suitable e(X) as of the form
above guarantees that the largest number of the common roots of Fj(X) and X P 1 equal to p”.
So we derive
LC((f(u)uz0) = (p = )p" +1 for p" ' <k <p™'(p—1),
and
LC2((f(w)uzo) = (= 1)p" for p"'(p—1)<k<p -1, |Z[>1.

We complete the proof.
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Theorem 4 indicates the binary sequences are cryptographically strong. By the way, we mention here
the sequences (F()(u)),>o of Fermat quotients of order i > 1 (9) and a construction of binary sequences
defined by (F¥(u))u>o. It is easy to check that

FO®u+kp') = FO(v) — kP2 (mod p).
Following a similar proof of Theorem 3, we obtain
LC™ (FY (u))uz0) = p' +p— 1
for ¢ > 1, also see a proof in [41] for a more general case. Define
ﬁl(i) ={u:0<u<p™ ged(u,p) =1, F(i)(u) =1}

for 1 =0,1,...,p— 1 and the p'*'-periodic binary sequence (f*(u)),>0 by

. i1 (%)
f(i)(u) _ { 1, if w (mod p'*t') € UiezD;"”, w0,

0, otherwise,

where 7 is a non-empty subset of {0,1,...,p—1} with 1 < |Z| < (p—1)/2. If 2 is a primitive root modulo
p?, using a similar proof of Theorem 4 we have for i > 2

i+1

P —pitp—1, if 0<k<p,
i+l e i1 i1
LCE((fO@)so) =4 £ 2D it pt <k <p - 1),
> ptl — ot if plfl(pf N<k< pz—l(p D7), 7] > 1,
0, if k>pt(p-1)Z|,

if |Z] is odd, and otherwise

< piil(p - 1)|I|a

_ k
LC]FQ (1) U))u> = i
i (Y (w)uz0) { pi~(p—1)[Z].

For i = 1 the result above also holds, see [31].

5 Concluding remarks

In this paper, we define a new quotient, which coincides with the highest-level sequence of Euler quotients
decomposed as p-adic numbers. We use this quotient to determine the exact values of linear complexity of
the highest-level sequence of Euler quotients and values of k-error linear complexity for binary sequences
derived from the highest-level sequences.

We note that there are p"~!(p — 1)|Z| many 1’s in one period of the constructed binary sequences.
such sequences are not balanced. It is more frequent to define binary balanced sequences for some special
applications. Unfortunately, we cannot construct balanced sequences in the way described in this paper
when r > 1. However, we can modify the definition to reduce the imbalance as much as possible by
defining

1, ifu (mod p7'+1) € UiezD; U P,

~u = u =0,
fw) {0, otherwise,

where P = {ip : 0 < i < p"} and a non-empty subset Z of {0,1,...,p — 1} with 1 < |Z|] < (p —1)/2.
Together with

p"—1 . r41
0, if 6P =1but o £1 _
{ ! wor AL 9Ty

D 0= 1, ifer—1,

u=0
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we can get exact values of k-error linear complexity of (f(u)),>o if 2 is a primitive root modulo p* by
following the same way of the proof of Theorem 4.
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