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Abstract B-spline curve extension is an important operation in computer aided design systems. In this paper,
we present a new extension algorithm for B-spline curves. The algorithm uses curve unclamping to generate
a uniform B-spline curve segment from the original curve and gradually extends the segment to pass through
every target point. Algorithms of uniform B-spline curves are used such that our algorithm has a low time cost
and can easily handle arbitrary-order derivative constraints at the target points. Generalization for non-uniform
rational B-spline curve extension is also discussed, and examples show the efficiency of our method.
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1

Introduction

B-spline curve extension is a basic operation in computer aided design systems [1]. Given an original
curve P (t) and several target points {Ri }, curve extension methods aim to find a resulting curve Q(t),
which contains all the curve points of P (t) and also passes through every target point Ri .
Curve extension is useful in many practical applications, such as curve blending, curve interpolation,
and curve approximation. For instance, an original curve can be extended to the end point of another
curve so as to implement the operation of curve blending [2]. Since the resulting curve passes through
every target point, curve extension can also be treated as a solution for curve interpolation [3]. In curve
approximation, curve extension can be used to extend the initial curve to the selected key points step by
step so as to gradually improve the fitting accuracy [4].
The widely used algorithm for B-spline curve extension was proposed by Hu et al. [1]. They used
curve unclamping to extend the original curve. One new control point was added for each target point
and evaluated through the inverse process of the de Boor algorithm. Assuming that the degree of the
original B-spline curve is p, the extension curve would have C p−1 continuity with the original curve at the
joint point. Based on the work of Hu et al. [1], the following two papers mainly focused on handling the
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continuity constraints at the target points. Chen et al. [4] used the method of undetermined coefficients
to control the tangent direction of each target point. Liu et al. [2] added three new control points to the
extension curve for each target point so as to fit G2 constraints at the target points. Other extension
methods were also studied. Shetty and White [5] and Zhou et al. [6] directly generated a G2 curve
segment between the original curve and the target point for curve extension. Fan et al. [7], Mo et al. [8],
and Xu et al. [9] used cubic B-spline curves for extension and focused on optimal shape control. Xu [10]
extended the original curve to only part of the target points and used the remaining points for curve
approximation. Zhang et al. [11, 12] focused on the extension problem for disk/ball B-spline curves.
There is still room to improve the method of Hu et al. [1]. Their method has a relatively high time cost,
and derivative constraints cannot be directly specified for each target point. In this paper, we propose
a new extension method, which has a low time complexity and can handle arbitrary-order derivative
constraints for each target point. In our method, operations of curve clamping and unclamping are used,
and algorithms of uniform B-spline curves are applied. We first present our method for B-spline curves,
and then generalize it to handle non-uniform rational B-spline (NURBS) curves.
The rest of the paper is organized as follows. Section 2 introduces the concept of clamped/unclamped
and uniform B-spline curves. Section 3 presents our extension algorithm for B-spline curves, and Section 4
generalizes the method for NURBS curve extension. Section 5 analyzes the time cost and presents several
examples. Section 6 concludes the paper.

2
2.1

Preliminaries
Clamped and unclamped B-spline curves

A pth-degree B-spline curve is defined as
P (t) =

n
X

Ni,p (t)Pi ,

tp 6 t 6 tn+1 ,

(1)

i=0

where {Pi | i = 0, 1, . . . , n} are the control points and {Ni,p (t)} are the pth-degree B-spline basis functions
defined on knot vector T = {t0 , t1 , . . . , tn+p+1 } [13].
A B-spline curve is called clamped if its knot vector T satisfies t0 = t1 = · · · = tp and tn+1 = tn+2 =
· · · = tn+p+1 . Otherwise, it is called unclamped. In most cases, we use only clamped B-spline curves,
but unclamped B-spline curves are still useful.
Clamped and unclamped B-spline curves can be converted to each other through the operations of
knot insertion and removal [13].
2.2

Uniform B-spline curves

We call an unclamped B-spline curve P (t) (as defined in (1))uniform if its knot vector is evenly distributed,
which means t1 − t0 = · · · = tn+p+1 − tn+p = ∆.
Evaluation of a uniform B-spline curve is simple, since its basis functions are all translates of one
another. If P (t) is uniform, we can compute its curve point through the formula:
P (t) = [up , up−1 , . . . , 1] Mp [Qj−p , . . . , Qj ]T ,

(2)

where t ∈ [tj , tj+1 ], u = (t − tj )/(tj+1 − tj ), and Mp is a (p + 1) × (p + 1) constant matrix (see [14]).
Mp is usually computed and stored in advance. In the following section, we present a method to
calculate its value.
2.3

Evaluation of Mp for uniform B-spline curves

The following method can be used to compute the matrix Mp for arbitrary values of p.
Consider a uniform B-spline curve Q(t) defined on t ∈ [0, 1] with degree p, control points {Qi | 0 6 i 6
p}, and knot vector {−p, −p+1, . . . , p+1}. First, we clamp the curve to knot vector {0, 0, . . . , 0, 1, . . . , 1, 1}
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to make it a Bézier curve [13]. Assume {Pi } are the control points after clamping. Then, we can compute
the curve points through the formula:
Q(t) = [B0,p (t), B1,p (t), . . . , Bp,p (t)][P0 , P1 , . . . , Pp ]T ,
where {Bi,p (t) = Cni ti (1 − t)n−i | 0 6 i 6 p} are the Bernstein basis functions. Denote W1 as a transform
matrix from the power basis to the Bernstein basis, and W2 as a transform matrix from control points
{Qi } to control points {Pi }.
[B0,p (t), B1,p (t), . . . , Bp,p (t)] = [tp , tp−1 , . . . , 1] W1 ,
[P0 , P1 , . . . , Pp ]T = W2 [Q0 , Q1 , . . . , Qp ]T .
Then, we have
Q(t) = [tp , tp−1 , . . . , 1] W1 W2 [Q0 , Q1 , . . . , Qp ]T .
It follows that Mp = W1 W2 .
W1 can be computed through the following formula:
(
p−i−j
× (−1)p−i−j ,
Cpj × Cp−j
i,j
W1 =
0,

if i + j 6 p,
otherwise,

where W1i,j (0 6 i, j 6 p) is the element of W1 at the ith row and jth column.
W2 can be computed through curve clamping. Assign control points of the uniform curve {Qi | 0 6
i 6 p} as the ordinary basis vectors of the (p + 1)-dimension space


(Qi = 0, . . . , 0, 1, 0, . . . , 0)T ,
| {z } | {z }
i−1

p−i+1

and call the curve clamping algorithm to get the control points of the clamped curve {P i | 0 6 i 6 p}.
Then, we have
W2 = [P 0 , P 1 , . . . , P p ]T .
After W1 and W2 are determined, Mp can be computed through Mp = W1 W2 .

3

Extension algorithm for B-spline curves

The extension problem is described as follows. The input is a clamped B-spline curve P (t) with degree
p, control points {Pi | 0 6 i 6 n}, and knot vector
{t0 , . . . , tp , tp+1 . . . , tn , tn+1 , . . . , tn+p+1 },
| {z }
|
{z
}
p+1

(3)

p+1

where t0 = · · · = tp and tn+1 = · · · = tn+p+1 . We need to extend it to the target points {Ri | 1 6 i 6 s},
(m )
(1)
(0)
and fit high-order derivative constraints {Ri , Ri , . . . , Ri i } at each target point (0 6 mi < p).
The original domain of P (t) is defined over the interval [tp , tn+1 ]. If a new control point Pn+1 and
a new knot tn+p+2 are added to the curve, its domain will expand to [tp , tn+2 ]. Notice that the point
Pn+1 only affects P (t) in the interval [tn+1 , tn+2 ], and the shape of P (t) within its origin domain remains
unchanged. So, P (t) can be extended to a target point R by just setting P (tn+2 ) = R and solving the
value of Pn+1 . The method of Hu et al. [1] used the inverse process of the de Boor algorithm to evaluate
new control points, which has a relatively high time cost and is hard to handle derivative constraints at the
target points. To overcome this problem, our algorithm uses another way to evaluate new control points.
Our basic idea is using uniform B-spline curves to generate the extension curve. The algorithm consists
of three steps. First in preprocessing, we construct a uniform B-spline curve that shares the same
boundary with the input curve P (t) and regard it as a new input curve. Second in the main process, we
extend the uniform B-spline curve step by step, with one more target point added in each step. Third in
postprocessing, we clamp the resulting curve and join it together with P (t) to get the final result.
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Preprocessing

Assume that knot tn has multiplicity xn in knot vector T1 . For the input curve P (t), we insert knot
tn for p − xn times so as to split it into two B-spline sub-curves Pl (t) and Pr (t). Pl (t) is defined over
{tp , . . . , tp , tp+1 . . . , tn−1 , tn , . . . , tn } and Pr (t) is defined over {tn , . . . , tn , tn+1 , . . . , tn+1 }.
| {z }
| {z } |
{z
}
| {z }
p+1

p+1

p+1

p+1

Set δ = tn+1 − tn . Since Pr (t) is a Bézier curve, we use curve unclamping to convert it to a uniform
B-spline curve C0 (t), with control points {Qi | 0 6 i 6 p} and knot vector {r0 , r1 , . . . , r2p , r2p+1 }, where
ri = tn + (i − p)δ.
C0 (t) is uniform and completely coincides with P (t) at the right-side end point, so from now on we
regard C0 (t) as the new input curve.
3.2

Extend the curve to target points

We implement the extension algorithm step by step. In each step, one more target point is added
to the current curve. Without loss of generality, we consider step k (1 6 k 6 s). Before this step,
the original curve has become Ck−1 (t), with control points {Qi | 0 6 i 6 nk−1 } and knot vector
Pk−1
{r0 , r1 , . . . , rnk−1 +p+1 }, where nk−1 = p + i=1 (mi + 1). At step k, we need to extend Ck−1 (t) to target
(1)
(2)
(m )
point Rk , with the specified derivatives {Rk , Rk , . . . , Rk k }. The extension result will be Ck (t), with
control points {Qi | 0 6 i 6 nk } and knot vector {r0 , r1 , . . . , rnk +p+1 }, where nk = nk−1 + mk + 1.
Now mk + 1 new control points {Qnk−1 +1 , Qnk−1 +2 , . . . , Qnk } remain unknown. We compute their
values from the following derivative constraints:
(m)

Ck

(m)

(rnk +1 ) = Rk , 0 6 m 6 mk ,

(4)

(m)

where Ck (t) is the mth-order derivative of Ck (t).
A recurrence formula is required to compute high-order derivatives for ordinary B-spline curves, but
it is much easier for uniform B-spline curves. The derivative of a B-spline curve P (t) can be computed
through the following formula [13]:
P ′ (t) =

n−1
X

Ni+1,p−1

i=0

p(Pi+1 − Pi )
,
ui+p+1 − ui+1

where {Pi } are the control points and {ui } are the knots. P ′ (t) is also a B-spline curve. Since (ui+p+1 −
ui+1 )/p = ∆ is a constant value for uniform B-spline curves, we can further compute the high-order
derivatives using the formula:
n−m
X
(m)
Ni+m,p−m (t)Pi ,
P (m) (t) =
i=0

where 0 6 m < p and

(m)

Pi

=

m
1 X j
C (−1)m−j Pi+j .
∆m j=0 m

That is to say, the mth-order derivative of a pth-degree uniform B-spline curve P (t) is also a uniform
(m)
| 0 6 i 6 n − m}.
B-spline curve, with degree (p − m) and control points {Pi
(m)
From above, we know that Ck (t) is also a uniform B-spline curve, with degree (p − m) and control
points


m


X
1
(m)
j
Cm
(−1)m−j Qi+j | 0 6 i 6 nk − m .
{Qi = m
(5)


δ j=0
Since Ck (t) is uniform, we can use (2) to compute its curve points. Consider a knot rl that lies in the
interval [rl , rl+1 ]. Set u = 0 in (2), and we have
Ck (rl ) =

p
X
i=0

Mpp,i Ql−p+i ,
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where Mpp,i is the element of Mp at the pth row and ith column. Notice that rl also lies in the interval [rl−1 , rl ], so the curve point at knot rl does not depend on Ql , which means the element Mpp,p is
always zero.
(m)
Similarly, since Ck (t) is uniform, we can compute its value at the end point rnm +1 using
(m)

Ck

(rnk +1 ) =

p−m−1
X

(m)

p−m,i
Mp−m
Qnk −p+i+1 .

(6)

i=0

Combining (4)–(6), we have
(m)
Rk

p−1
1 X m,l
= m
w Qnk −p+l+1 ,
δ

(7)

l=0

where
min(l,p−m−1)

wm,l =

X

p−m,i l−i
Mp−m
Cm (−1)m−l+i .

(8)

i=max(0,l−m)

m ranges from 0 to mk . In (7), we have mk + 1 constraints and mk + 1 unknown control points
{Qnk−1 +1 , Qnk−1 +2 , . . . , Qnk }, which produce a linear system


A0,0 . . . A0,mk

 1,0
 A

 .
 ..

Amk ,0

. . . A1,mk
..
..
.
.
. . . Amk ,mk



Qnk−1 +1





B0


 
  Qnk−1 +2   B1

 

= .
..

  ..
.

 
Qnk
Bmk






,



where A is a (mk + 1) × (mk + 1) matrix with elements
Am,j = wm,j+p−mk −1 ,

(9)

and B is a (mk + 1)-dimensional vector with elements
(m)

Bm = δ m Rk

−

p−m
k −2
X

wm,l Qnk −p+l+1 .

(10)

l=0

Solve this linear system to get the values of control points {Qi }. Then, the resulting curve Ck (t) is
determined.
3.3

Postprocessing

After s steps, all the target points are added to the curve, and the right segment Pr (t) of P (t) becomes
the extension result Cs (t). Now we join it together with the left segment Pl (t) to get the final result.
Clamp curve Cs (t) to knot vector {rn , . . . , rn , rn+1 . . . , rns , rns +1 , . . . , rns +1 } , join the curve Pl (t) and
| {z }
|
{z
}
p+1

p+1

Cs (t) together, and remove the joint knot tn for (p − xn ) times. Then, the final curve is determined, and
its knot vector is
{tp , . . . , tp , tp+1 , . . . , tn−1 , tn = rn , rn+1 , . . . , rns , rns +1 , . . . , rns +1 },
|
{z
}
| {z }
p+1

P
where ns = si=1 (mi + 1). The curve has n + ns + 1 control points.
The overall algorithm is shown in Algorithm 1.

p+1
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Algorithm 1 B-spline curve extension to multiple target points
Require: A pth-degree B-spline curve P (t) defined over knot vector T (in (3)), and target points with specified high-order
(m)
derivatives {{Ri
| 0 6 m 6 mi } | 1 6 i 6 s}.
Ensure: A B-spline resulting curve.
1: Curve splitting. Assume knot value tn has multiplicity xn in T . Insert knot tn for (p − xn ) times and split P (t) into
two segments Pl (t) and Pr (t).
2: Curve unclamping. Let δ = tn+1 − tn . Unclamp the right segment Pr (t) to get a uniform B-spline curve C0 (t).
P
3: Iteration steps for extension. Set nk = p + ki=1 (mi + 1) and ri = tn + (i − n)δ. In each step k (1 6 k 6 s), target
point Rk is reached, and curve Ck−1 (t) is extended to Ck (t), with control points {Qi | 0 6 i 6 nk } and knot vector
{r0 , r1 , . . . , rnk +p+1 }. The new control points are computed through the linear system
A × [Qnk−1 +1 Qnk−1 +2 . . . Qnk ]T = B,
where A and B are determined from (8)–(10).
4: Curve clamping. Clamp the resulting curve Cs (t).
5: Curve joining. Join the two curves Pl (t) and Cs (t) together, and remove the joint knot tn for (p − xn ) times to get the
final result.

4

Generalization for NURBS curves

Our algorithm can be generalized to handle NURBS curve extension. A pth-degree NURBS curve P (t)
is defined as
Pn
A(t)
i=0 Ni,p (t)wi Pi
=
,
(11)
P (t) = P
n
w(t)
i=0 Ni,p (t)wi

where {Ni,p (t)} are B-spline basis functions, {Pi } are the control points, and {wi } are the weights. We
(m)
need to extend it to target points {{Ri | 0 6 m 6 mi } | 1 6 i 6 s}.
A rational curve in n-dimensional space can be represented as a polynomial curve in (n+1)-dimensional
space using homogeneous coordinates [13]. So, our basic idea is to call our B-spline curve extension
algorithm in homogeneous space. A NURBS curve P (t) can be represented as a B-spline curve P w (t) in
homogeneous space as
n
X
Ni,p (t)Piw ,
P w (t) = (A(t), w(t))T =
i=0

Piw

T

where
= (wi Pi , wi ) are the homogeneous coordinates.
We need to find the corresponding target points in homogeneous space. Assume that the target point
(m) (m)
(m)
{Ri | 0 6 m 6 mi } corresponds with the point {(Xi , vi )T | 0 6 m 6 mi } in homogeneous space.
Then, at the point Ri the following equation should hold:
(m)

P (m) (t) = Ri

(m)

, A(m) (t) = Xi

(m)

, w(m) (t) = vi

.

The mth-order derivatives of the NURBS curve P (t) are obtained (see [13]) through
P
l
(l)
(m−l)
A(m) (t) − m
(t)
(m)
l=1 Cm w (t)P
P
(t) =
.
w(t)

(12)

(13)

Thus, substitute (12) into (13), and we have
(m)
Xi

=

m
X

(l)

(m−l)

l
Cm
vi Ri

.

(14)

l=0

(m)

We assign values for {vi | 0 6 m 6 mi } in advance, and use (14) to compute the corresponding values
of Xi . Then, the target points in homogeneous space are determined, and we can call the extension
algorithm for B-spline curves to get the extension result. The overall process is shown in Algorithm 2.

5

Analysis and examples

First, we analyze the time cost of our algorithm. For each target point Ri , evaluation of the matrices
A and B costs Θ((mi + 1)2 p), and solving the linear system costs Θ((mi + 1)2 ). The preprocessing
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Algorithm 2 NURBS curve extension to multiple target points
(m)

Require: A pth-degree NURBS curve P (t), and target points with specified high-order derivatives {{Ri
| 0 6 m 6
mi } | 1 6 i 6 s}.
Ensure: A NURBS resulting curve.
1: Get the corresponding B-spline curve P w (t) in homogeneous space.
w(m)
(m) (m)
(m)
2: Compute the corresponding target points Ri
= (Xi , vi )T in homogeneous space. Assign values for {vi
|06
(m)

m 6 mi } (user defined), and then compute the values of {Xi

| 0 6 m 6 mi } using (14).

w(m)
Ri

3: Take P w (t) as the original curve, and
as the target points. Call Algorithm 1 to get the B-spline resulting curve
Qw (t) in homogeneous space.
4: Get the resulting NURBS curve Q(t) from Qw (t).

Table 1
Curve degree

Point count

4

Time comparison between two methods

Execution time (µs)
Hu’s

Ours

Ratio

Curve degree

Point count

Execution time (µs)
Hu’s

Ours

Ratio

8

1.19

1.10

92%

8

1.58

1.29

82%

16

1.92

1.23

64%

16

2.65

1.45

55%

32

3.39

1.54

45%

32

4.79

1.74

36%

64

6.28

2.06

32%

64

9.01

2.25

25%

5

and postprocessing steps consist of a curve splitting, a curve unclamping, a curve clamping, and a curve
joining, respectively, among which each operation costs Θ(p2 ). So, the whole time cost of our algorithm
Ps
is Θ(p2 + p i=0 (mi + 1)2 ).
Compared with the method of Hu et al. [1], our method has a lower time complexity. Hu et al. [1] used
the inverse process of the de Boor algorithm to evaluate the new control points, which costs Θ(p2 ) in
every step. Assuming that the count of target points is s, their method has a time complexity of Θ(sp2 ).
Meanwhile, if derivative constraints are not demanded at every target point, the time complexity of our
method will be only Θ(p2 + sp), which is better than theirs.
Table 1 shows the time comparison between our method and Hu et al. [1]. The degree of original
B-spline curves ranges from 4 to 5, and the count of target points ranges from 8 to 64. The points are
randomly located in 3D space. We run the process 10000 times for each case and record the average
execution time. As shown in Table 1, as the degree of curves and the count of target points increase, the
time efficiency of our method also rises.
We illustrate several results of our method as the following. A simple example is shown in Figure 1.
We extend the initial curve to multiple target points so as to construct the outer contour of a sport utility
vehicle (Figure 1(a)).
In Figure 2, we use our method to draw the shape of character ‘@’. In Figure 3, we use our method to
reconstruct the shape of a human face profile. In these examples, we first manually specify some simple
initial curves, and then sample the target points from original pictures. Tangent vectors are also specified
to improve the shapes of resulting curves.
Figure 4 shows an example of constructing a closed curve. We extend the original curve from one end
to the other, such that the resulting curve is closed.

6

Conclusion

This paper presents an algorithm for B-spline curve extension. We construct a uniform B-spline curve
from the original curve and use it to generate extension curves. Operations of uniform B-spline curves are
more efficient than normal B-spline curves, so our method is simple and fast. Assuming that the curve
degree is p and the count of target points is s, our method only costs a time complexity of Θ(p2 + sp),
while the method of Hu et al. [1] costs a time complexity of Θ(sp2 ). Arbitrary-order derivative constraints
at the target points can be specified in our method. Generalization for NURBS curve extension is also
discussed.
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(a)

(b)

(c)

Figure 1 (Color online) Constructing outer contour of a sport utility vehicle. (a) The original picture, (b) the initial
B-spline curve and sampling points, and (c) the resulting curve.

@
(a)

(b)

(c)

Figure 2 (Color online) Drawing the shape of character ‘@’. (a) The standard shape of the symbol “@”, (b) the initial
curve, target points, and tangent vectors, and (c) the resulting curve.

(a)

(b)

(c)

Figure 3 (Color online) Reconstructing human face profile. (a) The discrete points from original input data; (b) the
target points sampled from (a) and the estimated tangent vectors; (c) the resulting curve.

(a)

(b)

(c)

Figure 4 (Color online) Example of a closed curve. (a) illustrates an ideal dumb-bell shape. (b) shows the sampled target
points and the estimated tangent vectors. (c) shows the resulting curve of our method, whose shape is close to (a).
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Future work

In some cases where input points are irregularly distributed, our extension method may produce unexpected shapes as we use global uniform knot values. The method of Hu et al. [1] used the chord-length
parameterization to generate new knots and also suffers from this problem. In this case, it is still a
challenging problem to generate a reasonable shape with a low time cost.
An important application of curve extension is B-spline curve approximation of other known curves.
The basic idea is taking input points sampled from the input curve and extending the initial B-spline
curve to these points. Chen et al. [3, 4] have done some research on this topic and used the tangent
directions of sampled points for curve extension. Since our extension method can specify high-order
derivatives at each point, these approximation methods may be further improved.
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