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Abstract Simultaneous wireless information and power transfer (SWIPT) is studied in this paper for the

wireless powered downlink (DL) and multiuser information uplink (UL) systems. The objective is to maximize

the energy efficiency defined as the ratio of the achieved throughput over the energy cost by optimizing the time

allocation for the DL and multi-user UL traffics and its goal is to obtain the analytical expression to the optimal

time allocation yet the resulting difficulty comes from the sum throughput of the multiuser in UL as well as

the corresponding power consumption. To tackle this, the Jensen inequality is applied to approximating the

exact expression of the sum throughput for the UL multi-users, leading to an upper-bound of the counterpart.

The final closed form is exact in the single-user scenario yet approximate in the multi-user scenario. Numerical

simulations verify the tightness of this approximation and the performances of the proposed analytical scheme.
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1 Introduction

Wireless powered transmission or energy harvest becomes attractive in this literature such as [1–9].

A beamforming scheme is designed in [1] for the energy harvest in multi-input multi-output systems

with multiple energy harvest terminal and one wireless information terminal. An algorithm is proposed

in [2] for power splitting to serve the simultaneous transfer of both wireless information and energy in

multi-input single-output systems. The authors in [3] derive an approximate capacity of the point-to-

point energy-harvesting communications without wireless information transfer. The performance limit

of simultaneous wireless information and energy transfer is investigated in [4] for multi-input multi-

output (MIMO) broadcasting systems with one wireless information terminal and one energy harvesting

terminal, where the MIMO advantages are exploited as illustrated in [10,11]. The tradeoff between energy

efficiency and spectral efficiency is analyzed in [5] for the point-to-point wireless communications with

the transmitter powered by the energy harvesting only. The energy harvest is also studied from the
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Figure 1 Simultaneous energy broadcast in downlink and wireless information transfer in uplink.

perspective of the outage probability in [6]. All the aforementioned results demonstrate that the wireless

energy transfer technique provides a substantial performance gain as compared to the no power supply

in wireless communications. It is interesting to note that a throughput maximization scheme is proposed

in [7] where several terminals carry out energy harvesting via downlink wireless channel from the base

station (BS) and then all the terminals transmit the wireless information to BS via the uplink wireless

channel in a TDMA manner. However, the obtained result shown in (10) of [7] is a numerical form

since this equation cannot be solved in an analytical expression. Motivated by this observation, we focus

on deriving the analytical expression to the time allocation in the simultaneous wireless information and

power transfer (SWIPT) system. Moreover, the objective function is fundamentally from the conventional

goals such as throughput maximization as in [7], which is the energy efficiency maximization defined as

the ratio of the achieved spectral efficiency over the corresponding power consumption that results in

great difficulty for the transmission scheme design as addressed in energy efficient communications such

as [12–14]. Under the new objective function, it is very difficult to derive the solution in a closed form,

which will be tackled in this paper.

In this paper, our goal is to maximize the energy efficiency of both the wireless information and

the energy transfer where multiple users collect the energy from BS via the wireless channel and then

transmit the wireless information to BS in a time division multiple access (TDMA) manner. Without loss

of generality, the time duration is equally allocated to every user for the wireless information transfer in

the uplink channels. The solution is obtained in exactly analytical expression for the single-user scenario

yet an approximately closed form for any number of users. The numerical simulations verify the negligible

gap which results from the approximation in a multi-user scenario.

2 System model

As shown in Figure 1, for any given time duration T , the first part of this duration aT, (0 < a < 1) is

dedicated to the wireless energy transfer in downlink (DL) from the base station (BS) to all the users,

and the other part of this duration (1 − a)T is entirely used for the wireless information transfer from

each user in a TDMA manner to BS. As illustrated in Figure 2, with the same category of the quality-

of-service, every user is allocated with the equal time duration as (1−a)T
K

in uplink (UL) traffic, where

K is the number of the users of UL traffic in a TDMA manner. Without loss of generality, the time

duration T is set to 1. a is the percentage of the time duration for the DL energy transfer in the total

time duration of both DL and UL traffics.

For this setup, the total throughput of the whole system is given by [7]

R =
1− a

K

K
∑

k=1

log2

(

1 + γk
Ka

1− a

)

, (1)
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Figure 2 Transmission protocol for energy broadcast in downlink and wireless information access as the TDMA manner

in uplink.

where γk (k = 1, 2, . . . ,K) is defined as γk , poξ|hk|
2|gk|

2

Γσ2
o

, po is the transmit power in DL for energy

transfer, ξ ∈ (0, 1) is the energy percent of each user as the receiver in DL for energy harvest, hk is the

wireless channel coefficient from BS to the kth user in DL, gk is the wireless channel from the kth user to

BS in UL, Γ > 1 is the signal to noise ratio (SNR) gap for the practical modulation and σ2
o is the noise

covariance for every additive Gaussian white noise (AWGN) channel. The energy received at kth user

is given by (po|hk|2)
1−a
K

and the total energy across all the users for the wireless information transfer

can be calculated as Eall =
∑K

k=1(po|hk|2)
1−a
K

. The energy efficiency as addressed in many systems such

as [15,16] of the wireless system is defined as the achievable throughput per second in 1 Hz per Joule,

namely the ratio of the throughput over the corresponding energy consumption as

EE ,
R

Eall
=

∑K
k=1 log2

(

1 + γk
Ka
1−a

)

po
∑K

k=1 |hk|2
. (2)

We assume that the full channel state information (CSI) is available at the base station, which is

required for the optimization of the time allocation over the downlink energy tranfer and the uplink

wireless information transfer. It is our future work to study the scenario of non-ideal CSI as in [17,18].

3 Design of energy efficient time allocation for both wireless energy and

information transfer

The objective is to maximize the energy efficiency (EE) and guarantee the required quality-of-service

(QoS) as

max
a

EE, s.t. R > ro, (3)

where ro > 0 is the throughput threshold of all the users for satisfactory quality of service (QoS). The

problem in (3) can be written equivalently as

min
a

po
∑K

k=1 |hk|2
∑K

k=1 log2(1 + γk
Ka
1−a

)
, s.t.

1

R
6

1

ro
. (4)

It is proven from Lemma 3.1 in [7] that the total throughput R is concave with respect to a. Thus, both

the cost function and the constraint in (3) are convex with respect to the unknown a. The Lagrangian

multiplier approach is applied to (3) to attain the solution. The Lagrangian function is

f =
po
∑K

k=1 |hk|
2

∑K
k=1 log2(1 + γk

Ka
1−a

)
+ λ

(

K

(1− a)
∑K

k=1 log2(1 + γk
Ka
1−a

)
−

1

ro

)

, (5)

where λ > 0 is the Lagrangian multiplier. For KKT conditions, the first-order derivative of f over a is

given below,

∂f

∂a
= −

1

R2

{

R
po

K

K
∑

k=1

|hk|
2 +

[

λ+ (1− a)
po

K

K
∑

k=1

|hk|
2

]

∂R

∂a

}

, (6)

where ∂R
∂a

is expressed as

∂R

∂a
=

K
∑

k=1

γk

1− a+ γkKa
−

1

K

K
∑

k=1

log2

(

1 + γk
Ka

1− a

)

. (7)
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By substituting (6) and (7) into (5) and setting ∂f
∂a

to zero, we have

1

K

K
∑

k=1

log2

(

1 + γk
Ka

1− a

)

=

(

po

Kλ

K
∑

k=1

|hk|
2 +

1

1− a

)

K
∑

k=1

γk

1 + γk
Ka
1−a

. (8)

The solution to problem (8) is difficult to get in the analytical form because of such a complicated

expression. In what follows, we will solve this problem in two cases.

3.1 Number of users K = 1

In this case, there is only one user for the wireless information transfer in UL traffic. With K = 1, Eq. (8)

is reduced to

log2

(

1 + γ1
a

1− a

)

= 1 +

(

po

λ
|h1|

2 + 1−
1

γ1

)

γ1

1 + γ1
a

1−a

. (9)

By calculating the exponent arithmetic on both sides of (10), we have

exp

{

(po

λ
|h1|

2 + 1−
1

γ1

) γ1

1 + γ1
a

1−a

ln 2

}

·

{

(po

λ
|h1|

2 + 1−
1

γ1

) γ1

1 + γ1
a

1−a

ln 2

}

=
ln 2

2
γ1

(po

λ
|h1|

2 + 1−
1

γ1

)

, (10)

which is in the form of the Lambert function xex = y with the solution x = W{y}. Here, W{·} is the

well-known Lambert function [19,20]. Thus, we have the solution to (10) as

1 + γ1
a

1− a
=

γ1(
po

λ
|h1|2 + 1− 1

γ1

) ln 2

W{ ln 2
2 γ1(

po

λ
|h1|2 + 1− 1

γ1

)}
, (11)

which leads to the final solution to (8) as

a =
γ1(

po

λ
|h1|

2 + 1− 1
γ1

) ln 2−W
{

ϕ
}

γ1(
po

λ
|h1|2 + 1− 1

γ1

) ln 2 + (γ1 − 1)W
{

ϕ
} , (12)

with

ϕ ,
ln 2

2
γ1

(po

λ
|h1|

2 + 1−
1

γ1

)

. (13)

For the single-user case, the time dedicated to the energy transfer from BS to the user is a as in (12)

and that for the wireless information transfer from this user to BS is 1− a as

1− a =
γ1W

{

ϕ
}

γ1(
po

λ
|h1|2 + 1− 1

γ1

) ln 2 + (γ1 − 1)W
{

ϕ
} . (14)

With this manner of the time allocation, the energy efficiency is achieved to the optimum for the single-

user scenario.

3.2 Number of users K >>> 2

In this case, there are multiple logrithmic terms in the summation in the left hand side (LHS) and multiple

fractional terms in the right hand side (RHS) of (8). It is impossible to obtain the analytical solution to

such a complicated problem.

It is observed from (8) that the LHS in (8) is actually the averaged spectral efficiency across all the

uplink users for the wireless information transfer. This value is approximated by its upper bound via

applying the Jensen inequality to the LHS in (8) as

LHS =
1

K

K
∑

k=1

log2

(

1 + γk
Ka

1− a

)

6 log2

{

1

K

K
∑

k=1

(

1 + γk
Ka

1− a

)

}

= log2

(

1 +
a

1− a

K
∑

k=1

γk

)

, R̃. (15)
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The RHS in (8) involves the summation of multiple fractional terms, which can calculate the averaged

value across all these terms as

RHS =

(

po

λ

K
∑

k=1

|hk|
2 +

K

1− a

)(

1

K

K
∑

k=1

γk

1 + γkK
a

1−a

)

≈

(

po

λ

K
∑

k=1

|hk|
2 +

K

1− a

){

1
K

∑K
k=1 γk

1
K

∑K
k=1

(

1 + γkK
a

1−a

)

}

=

(

po

Kλ

K
∑

k=1

|hk|
2 +

1

1− a

){

∑K
k=1 γk

1 + a
1−a

∑K
k=1 γk

}

. (16)

This approximation method that takes the first term of the Taylor’s series over the corresponding summa-

tion of the multiple fractional forms [21] is widely used in the wireless systems such as [22] for calculating

the summation of many fractional terms. It is proven in [23] that this approximation gap approaches to

zero in the high regime of the user number K. As verified in numerical simulations, the approximated

result characterizes the exact counterpart with a negligible gap.

Substituting (15) and (16) into (8) yields

log2

(

1 +
a

1− a

K
∑

k=1

γk

)

=

(

po

Kλ

K
∑

k=1

|hk|
2 +

1

1− a

){

∑K
k=1 γk

1 + a
1−a

∑K
k=1 γk

}

. (17)

To get the solution to the unkown parameter a in (17), define

z , 1 +
a

1− a

K
∑

k=1

γk. (18)

By combining (17) and (18), we have

log2(z) = 1 +
1

z

{

( po

Kλ

K
∑

k=1

|hk|
2 + 1

)

K
∑

k=1

γk − 1

}

, (19)

where the parameter z is waiting to obtain in the analytical expression. By calculating the exponent

computation on both sides of (19) and then multiplying the factor
{(

po

Kλ

∑K
k=1 |hk|

2+1
)
∑K

k=1 γk−1
}

ln 2,

the desired expression is obtained as

exp

{

1

z

{(

po

Kλ

K
∑

k=1

|hk|
2 + 1

)

K
∑

k=1

γk − 1

}

ln 2

}(

1

z

{(

po

Kλ

K
∑

k=1

|hk|
2 + 1

)

K
∑

k=1

γk − 1

}

ln 2

)

=
1

2

{(

po

Kλ

K
∑

k=1

|hk|
2 + 1

)

K
∑

k=1

γk − 1

}

ln 2, (20)

leading to the solution as

z =
{( po

Kλ

∑K
k=1 |hk|2 + 1)

∑K
k=1 γk − 1} ln 2

Wg{ 1
2g{(

po

Kλ

∑K
k=1 |hk|2 + 1)

∑K
k=1 γk − 1g} ln 2g}

. (21)

Combining (18) and (21), the analytical expression to the target parameter a is given below

a =
2φ−W{φ}

2φ+
(
∑K

k=1 γk − 1
)

W{φ}
, (22)

where

φ ,
1

2

{(

po

Kλ

K
∑

k=1

|hk|
2 + 1

)

K
∑

k=1

γk − 1

}

ln 2. (23)
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Figure 3 Approximation gap between the exact expres-

sion in (8) and its approximation in (16).
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Figure 4 Energy energy comparison achieved by the pro-

posed scheme and the existing throughput-max scheme pro-

posed in [7] vs the increasing transmit power po (dB) at the

target throughput ro = 0.5 bit/s/Hz.

To this end, both the single-user and multi-user scenario are individually studied for deriving the

analytical expression of the time allocation over the dowlink energy transfer and the uplink wireless

information transfer. The obtained solution is accurate for the single-user case yet the result for the

multi-user case is valid for the approximated problem from applying the Jensen inequality and the ap-

proximation of Tayloar series to the original problem. The major differences of our paper from the existing

result in [7] lie in two aspects, namely, the new objective function of energy efficiency maximization that

is more complicated than the throughput maximization and the final result is in the analytical expression

instead of the numerical calculations. It is noted that the number of users served by the base station

can be any number since all of them access the service in the manner of TDMA. Also note that the

time duration for each uplink of the corresponding user can be different values, which constitutes a more

general scenario from the one studied in this paper. It is interesting to research the case with different

value settings of the time duration over all the uplinks in the future.

4 Numerical simulations

Numerical simulations are demonstrated to verify the approximation gap from the truncation over the

Taylor series as in (16) and to show the effectiveness of the proposed energy-efficient time allocation for

the joint wireless transfer of both downlink energy broadcast and uplink wireless multiuser information

access. The channel realizations are randomly simulated in 10000 cycles for the Mont Carlo simulation

method. The SNR gap for practical modulation is set to Γ = 1, the energy percentage used as transmit

power from the received energy at every user is set to ξ = 1, and the noise covariance is set to σ2
o = 1.

All the wireless channel coefficients are distributed with CN (0, 1).

It is seen from Figure 3 that the approximated expression in (16) almost overlaps with the exact

expression in (8) for any given value of a and po with the maximum gap being 5% at [po = 15, a = 0.1],

which verifies the effectiveness of this approximation.

Figure 4 demonstrates the energy efficiency over the varying transmit power from BS. Both of the

proposed scheme and the existing throughput maximization based scheme [7] are plotted from the per-

spective of the achieved energy efficiency. In the simulations setting, the required throughput is set to

ro = 0.5 bit/s/Hz. The number of user for the wireless information transfer in UL is set to K = {1, 20}.

It is seen from Figure 4 that all the curves decreases with the increase of the transmit power po. This

is because the increase of the achievable throughput in the numerator of (2) is in the log2(·) over po yet

the growth of the power consumption in the denominator of (2) is in the linear form with respect to po.

Thus, more power from the BS lower energy efficiency is produced. Independent from the number of

users K for the wireless information transfer in UL, the proposed schemes always outperform the existing
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scheme in [7] from the perspective of the energy efficiency since the existing scheme is to maximize the

throughput instead of the energy efficiency. Yet, with the increase of po, the gap between the two schemes

becomes smaller, where the gain is very slight in the high power regime because more power is not helpful

to the higher energy efficiency as long as it enables the required throughput be satisfactory. Thus, the

power waste from the perspective of the energy efficiency becomes more serious especially in the high

power regime, which makes the gain become more slight.

5 Conclusion

A closed-form solution is supplied in this paper to the time allocation of the multi-user systems with

the downlink wireless energy transfer and uplink wireless information transfer. The result is exact in

the single-user case yet approximate in the multi-user case which is validated by numerical simulations.

The proposed approach achieves a remarkable gain of the energy efficiency as compared to the existing

throughput maximization schemes.

Acknowledgements

This work was supported by National Basic Research Program of China (973 Program) (Grant Nos. 2012CB316004,

2013CB336600), National Natural Science Foundation of China (Grant Nos. 61201172, 61372101, 61221002), Na-

tional High-tech R&D Program of China (863 Program) (Grant No. 2014AA012104), Fundamental Research

Funds for the Central Universities and Open Research Fund of Key Lab of Broadband Wireless Comm. and

Sensor Network Tech. (NJUPT), Ministry of Education (Grant No. NYKL201502).

Conflict of interest The authors declare that they have no conflict of interest.

References

1 Xing C, Wang N, Ni J, et al. MIMO beamforming designs with partial CSI under energy harvesting constraints. IEEE

Signal Process Lett, 2013, 20: 363–366

2 Shi H, Wang Y, Song E. Joint beamforming and power splitting for MISO interference channel with SWIPT: an SOCP

relaxation and decentralized algorithm. IEEE Trans Signal Process, 2014, 62: 6194–6208

3 Dong Y, Farnia F, Ozgur A. Near optimal energy control and approximate capacity of energy harvesting communicaiton.

IEEE J Sel Areas Commun, 2015, 33: 540–557

4 Zhang R, Ho C K. MIMO broadcasting for simultaneous wireless information and power transfer. IEEE Trans Wirel

Commun, 2013, 12: 1989–2001

5 Xu J, Zhang R. Throughput optimal policies for energy harvesting wireless transmitters with non-ideal circuit power.

IEEE J Sel Areas Commun, 2014, 32: 322–332

6 Zhou S, Chen T, Chen W, et al. Outage minimization for a fading wireless link with energy harvesting transmitter

and receiver. IEEE J Sel Areas Commun, 2015, 33: 496–511

7 Ju H, Zhang R. Throughput maximization in wireless powered communication networks. IEEE Trans Wirel Commun,

2014, 13: 418–428

8 Liu P, Gazor S, Kim I M, et al. Noncoherent relaying in energy harvesting communication systems. IEEE Trans Wirel

Commun, 2015, 99: 1–14

9 Liu P, Gazor S, Kim I M, et al. Energy harvesting noncoherent cooperative communications. IEEE Trans Wirel

Commun, 2015, 99: 1–6

10 Xing C, Ma S, Zhou Y. Matrix-monotonic optimization for MIMO systems. IEEE Trans Signal Process, 2012, 63:

334–348

11 Xing C, Ma S, Fei Z, et al. A general robust linear transceiver design for amplify-and-forward multi-hop MIMO relaying

systems. IEEE Trans Signal Process, 2013, 61: 1196–1209

12 Bai B, Chen W, Cao Z, et al. Outage and energy efficiency tradeoff for multi-flow cooperative communication systems.

In: Proceedings of IEEE International Conference on Communications, Sydney, 2014. 10–14

13 Bai B, Chen W, Cao Z. Energy-spectral efficient transmission policy for energy harvesting nodes with rate requirement.

In: IEEE Global Conference on Signal and Information Processing (GlobalSIP), Austin, 2013. 403–406

14 Yan L, Bai B, Chen W. On energy efficiency maximization in downlink MIMO systems exploiting multiuser diversity.

IEEE Commun Lett, 2014, 18: 2161–2164



Li C G, et al. Sci China Inf Sci February 2016 Vol. 59 022305:8

15 Kim H, Park E, Park J, et al. Beamforming and power allocation designs for energy efficiency maximization in MISO

distributed antenna systems. IEEE Commun Lett, 2013, 17: 2100–2103

16 Xu Z , Yang C, Li G Y, et al. Energy-efficient CoMP precoding in heterogeneous networks. IEEE Trans Signal Process,

2014, 62: 1005–1017

17 Fei Z, Ni J, Zhao D, et al. Ergodic secrecy rate of two-user MISO interference channels with statistical CSI. Sci China

Inf Sci, 2014, 57: 102302

18 Zhang C, Ge J, Li J, et al. Robust power allocation algorithm for analog network coding with imperfect CSI. Sci China

Inf Sci, 2014, 57: 042312

19 Valluri S R, Jeffrey D J, Corless R M. Some applications of the Lambert W function to physics. Can J Phys, 2000,

78: 823–831

20 Scott T C, Mann R, Martinez II R E. General relativity and quantum mechanics: towards a generalization of the

Lambert W function. Appl Algebra Eng Commun Comput, 2006, 17: 41–47

21 Gregson P H. Using angular dispersion of gradient direction for detecting edge ribbons. IEEE Trans Patt Anal Mach

Intell, 1992, 15: 682–692

22 Yi Z, Kim I M. Joint optimization of relay-precoders and decoders with partial channel side information in cooperative

networks. IEEE J Sel Areas Commun, 2007, 25: 447–458

23 Zhang Q, Jin S, Wong K K, et al. Power scaling of uplink massive MIMO systems with arbitrary-rank channel means.

IEEE J Sel Top Signal Process, 2014, 57: 841–849


