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Abstract Thanks to the channel reciprocity, the time division duplex (TDD) operation is more preferred in
massive multiple-input multiple-output (MIMO) systems. Avoiding the heavy feedback of downlink channel
state information (CSI) from the user equipment (UE) to the base station (BS), the uplink CSI can be exploited
for the downlink precoding. However, due to the mismatches of the radio frequency (RF) circuits at both sides
of the link, the whole communication channels are usually not symmetric in practical systems. This paper is
focused on the RF mismatches at the UEs and the BS for the multi-user massive MIMO systems with zero
forcing (ZF) precoding. The closed-form expressions of the ergodic sum-rates are derived for evaluating the
impact of RF mismatches on the system performance. Theoretical analysis and simulation results show that
the RF mismatches at the UEs only lead to a negligible performance loss. However, it is imperative to perform
reciprocity calibration at the BS, because the RF mismatches at the BS contribute to the inter-user interference

(IUI) and result in a severe system performance degradation.
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1 Introduction

Multiple-input multiple-output (MIMO) antenna systems has been used in wireless communications to
provide diversity gain and spatial multiplexing gain [1]. Scaling up MIMO to a large scale, classified as
massive MIMO [2], potentially offers higher network capacity and better reliability. Therefore, massive
MIMO has become a promising technique for the next generation wireless communication systems [3,4].

In a massive MIMO system, with the knowledge of the downlink channel state information (CSI) [5-7],
the base station (BS) can use the precoding to simultaneously serve many user equipments (UE) in the
same time-frequency resource [8]. However, for frequency division duplex (FDD) systems, the numbers
of both the downlink pilots and the channel responses each UE must estimate are proportional to the
number of antennas at the BS [3]. Thus, the overhead of the downlink pilots and the feedback of downlink
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CSI are much heavy and becomes unacceptable due to the large number of BS’s antennas. While for
time division duplex (TDD) operation, transmission signals experience the same physical perturbations
in both uplink and downlink directions if the time interval is less than the channel coherence time [9].
Thanks to the channel reciprocity, the BS can obtain the CSI for both uplink and downlink channels
through uplink pilots from the UEs. Therefore, TDD operation is more preferred for massive MIMO
systems. Furthermore, the BS can use the zero forcing (ZF) precoding to transmit signals by exploiting
the estimated CSI because of its high spectral efficiency [10].

However, in practical systems, the whole communication channel consists of not only the wireless
propagation part, but also the transceiver radio frequency (RF) circuits at both sides of the link [11].
Normally, RF circuits include mixers, filters, analog to digital (A/D) converters, power amplifiers, etc.,
and are highly related to the temperature and humidity of the environment [12]. Although the wireless
propagation channel is reciprocal, the mismatches of the transceiver RF circuits destroy the reciprocity of
the whole communication channel. Hence, RF mismatches lead to a severe performance degradation of the
system by damaging the ZF precoding and introducing the inter-user interference (IUT) [13]. Therefore,
reciprocity calibration is necessary to maintain the channel symmetry for TDD systems.

To overcome the RF mismatches at both sides of link, total least squares based calibration was proposed
for MIMO systems [12,14]. However, this method is based on exchanging the calibration signals between
the transmitter and the receiver, of which the heavy feedback cannot be tolerated for massive MIMO
systems. Thus, it is important to address how and how much the RF mismatches affect the system
performance, in order to find more feasible calibration methods. There are many researches to study the
RF mismatches. On the one hand, hardware calibration should be performed at both the BS and the UE
for fully exploiting channel reciprocity [15,16]. On the other hand, Refs. [13] and [17] gave the conclusion
that it is necessary to only perform calibration at the BS, and there is no need for calibration at the
UE because the RF mismatches at the UE have little impact on system performance. Nevertheless, the
impact of RF mismatches studied so far has been evaluated only by simulations. Therefore, it is essential
to perform the theoretical analysis, which is the focus of our paper.

This paper is focused on the RF mismatches at the UEs and the BS respectively for the multi-user
massive MIMO systems with ZF precoding. The analytical method can also be applied to large-scale
distributed antenna systems (DASs) [18,19]. The main contributions of this paper include: Firstly, the
amplitude and phase mismatches of RF gain at the UEs are investigated. The closed-form expressions for
the lower bound of ergodic sum-rates are derived to evaluate the impact of RF mismatches on the system
performance. Secondly, the amplitude and phase mismatches of RF gain at the BS are investigated. The
closed-form expressions for the approximation of ergodic sum-rates are derived to evaluate the impact
of RF mismatches on the system performance. Thirdly, according to theoretical analysis and simulation
results, the RF mismatches at the UEs only lead to a negligible performance loss and there is no need to
perform calibration at the UEs. However, it is imperative to perform reciprocity calibration at the BS,
because the RF mismatches at the BS contribute to the IUI and result in a severe system performance
degradation.

The rest of this paper is organized as follows. The general model of the RF gain for multi-user massive
MIMO systems is described in Section 2. The impact of both the amplitude and phase mismatches at
the UE on the system performance is studied in Section 3. In Section 4, the downlink sum-rates of
the system considering both the amplitude and phase mismatches at the BS are investigated. Then,
simulation results and discussions are presented in Section 5. Finally, conclusions are summarized in
Section 6.

The notation adopted in this paper conforms to the following convention. Vectors are denoted in lower
case bold: @. Matrices are upper case bold: A. Iy denotes the identity matrix of M x M. (-)*, ()"
and ()H represent conjugate, transpose, and Hermitian transpose, respectively. Tr (A) is the trace of A.
[A];; denotes the ith row jth column element of A. The operator £ (-) denotes expectation. N (1, 0?)
stands for normal distribution with mean p and variance o2. U [a, b] stands for uniform distribution on
the interval [a, b].
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2 System model and fundamentals

In this section, a multi-user massive MIMO system with ZF precoding is considered. The BS is equipped
with M antennas, and there are K single-antenna UEs in the system. M > K is assumed for the
massive MIMO system. The system model of RF mismatches and the receiving signals for the downlink
transmission are presented.

2.1 Amplitude and phase mismatches of transceiver RF circuits

In practice, the whole communication channel consists of not only the wireless propagation part, but
also the transceiver RF circuits of antennas at both sides of the link. Each antenna of the BS and a
UE has a transmit RF and a receive RF module. Cgg and Cgg,; denote the transmit and receive RF
matrices of the BS, respectively. Cuyg and Cug, denote the transmit and receive RF matrices of the
UEs, respectively. All of these matrices are diagonal. Define

Cgs,t = diag (tBs,1,-- - tBS,m,» - - - » tBS, M) 5 (1)
Cpgs,, = diag (rBs1,---,TBS,ms---,"BS,M) (2)
Cug,s = diag (tug,1,---,tUB k) - - - LUB, K ) (3)
Cug, = diag (rug1,---,TUB k- - -, TUB,K ) s (4)
where tps.m, rBs.m (M =1,...,M) and tug, rvex (k=1,...,K) are the RF gains characterized as
tBs,m = |tBs,m|€L¢tBs”", TBS.m = |TBSm|€?ESm, tupy = |tUE,k|€L¢%E’k; ruEk = |ruk|e®URr. The

amplitudes of the RF gains are assumed to be of log-normal distribution [13,15], and the phases are
assumed to be of uniform distribution [13,15,20]. Therefore, we have the following notations: In |tgg m| ~
N(0a5]23$,t)7 %S,m ~ u[io‘?s’@?S]; In |rBS,m| ~ N(Ov(S]%S,r)a ¢f3$,m ~ u[iePsvo?S]; In |tUE,k| ~ N(Oa
512}E,t)’ ¢%E,k ~ U[—OEE, etUE]? In |ruE k| ~ N(0, (%E,r)v (b{jE,k ~ U[—OPE, GPE]

2.2 Downlink signal model

Considering the RF gains, the uplink and downlink channels are given by

Gur = Cps H Cyg, (5)
GpL = Cug . HCBs t, (6)
where H € CE*M represents the small-scale channel matrix, and each element hy,(k = 1,...,K;
m=1,...,M) is a zero mean circularly symmetric complex Gaussian random variable of variance 1/2

per dimension, which denotes the wireless channel coefficient from the mth antenna of the BS to the
kth UE. From (5) and (6), the whole communication channel becomes non-reciprocal due to the RF
mismatches, i.e. Gpr, # GEL.

For clarity and brevity of analysis, uplink channel estimation is assumed ideal. Then, when ZF pre-
coding is exploited by the BS, the overall downlink signals at the UEs are written as

* * -1
y = BGoLGYL (GULGoL) =+, (7)

where [ = \/l/Tr[(GEL 1)t is the scaling factor to satisfy the transmit power constraint. y =
[y1,- - ,yK]T ]T is the signal vector transmitted to the UEs
with the power constraint € [zz;] = P. m is the complex additive white Gaussian noise vector, in which
the elements are independent and identically distributed (i.i.d.) complex Gaussian random variables with
zero mean and variance o2.

Substituting (5) and (6) into (7), one obtains

is the receiving signal vector. © = [z1,...,TKk

Yy = ﬂCUE,rWC[}}lg’tm + n, (8)
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where .
W = (HCgsCps  H") (HCps,Cps . H") . (9)

Because of the RF mismatches at the BS, Cpg+ # Cgs,r, W is not equal to an identity matrix. Thus,
the non-symmetric characteristic of the transceiver RF circuits will cause the IUI and degrade the system
performance.

2.3 Ideal RF circuit

The case of ideal RF circuit is given for comparison, when there is no mismatch for RF gain. In the ideal
case, RF gain matrices become identity matrices, which are given by

Clisl = il = Iy, (10)
Ciftl = Cfe) = I (1)
Then, the overall downlink receiving signals at the UEs are written as

y zﬁidealfn +n, (12)

Bideal = \/ 1/Tr[(H H%)~1]. When the number of antennas at BS is large, according to the characteristic
of the Wishart matrices [21], we have

K

Tr {(HHH)“} 2

(13)

where “a.s.” is the abbreviation of “almost sure”. Thus, we obtain the signal-to-interference-plus-noise-
ratio (SINR) of the ith UE as follows

. P M-K
ideal 2
i = . =p- 14
i O_g ideal p K ’ ( )
where p = P / o2. Then, the sum-rates of all UEs are given by
K K
Rldeal _ Z R;deal _ Zlog (1 + ,yzl_deal). (15)
i=1 i=1
At high SNR, we further obtain the lower bound of the sum-rates [10]
K
. ) M—-K
Rldeal _ 1 ideal _ K- 1 1 . 16
LB ; og (7,4°Y) og (p) + log N (16)

3 Impact of RF mismatches at UE

For clarity of analysis, the impact of RF mismatches on the system performance at the UE and the BS
are investigated separately.
Considering the amplitude and phase mismatches at the UEs, the uplink and downlink channel matrices
are rewritten as
GuL = H"Cugy, (17)
GpL = CUE,rH- (18)

Then, substituting (17) and (18) into (7), the downlink signals at the UEs are given by

Y= ﬂUE_misCUE,rC[E}}]’tm +n, (19)

where SUE_mis = ¢1/Tr[(CUE7tHHHCBE7t)*1]. From (19), we can see that the RF mismatches at the
UE do not contribute to the IUI.
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When the number of antennas at the BS is large, one obtains [21]

K
—17 a.s. 1 1
Tr {(CUE,tHHHC{TEvt) } = M-K Z tug.il®
= ltus.

Then, for large M, the SINR of the ith UE is given by

2
UE_mis |TUE,i|

Yi =p- ﬂ%E_mis '

tug,il®

Therefore, the sum-rates of all UEs under the RF mismatches are given by

K K
RUE_mis _ Z RZUE_mis _ Z IOg (1 + ,YZ_UE_mis).
1=1

i=1

Using (21), the ergodic rate of the ith UE is given by

2
£ [RZUE_mis] =& [log <1 +p . ﬂ%E_mis . |TUE,Z| >‘| )

|tUE,z‘|2

With the following Jensen’s inequality [22,23]

£ [log (1 + elnx)] > log (1 4 ef[lnx]) ,

2
£ I:RPE_HHS} > 10g 1+ exp Eln p- B%E_mis . |7aUE,7€|2
[tug.q

we have

K
1og{1+exp <ln(p)+ln(MK)5 [ln <Z ﬁ)])}
i—1 IYUE,:

Since In (z) is a concave function, one obtains

K K
& [m <Z ﬁ)} <In lf,‘ (Z ﬁ)] =In (K . eQé%E,c>.
i=1 IVUE,i i—=1 ILUE,i

Substituting (25) into (24), a lower bound of the ergodic sum-rates is given by

mi M-K —262
EI:RUE_ S}LBl:K.log{l_Fp. I .e 26UE,t}.

At high SNR, we further obtain another much lower bound of the ergodic sum-rates

. M—-K
5[RUE_mls} Ly = K- |:10g <p . = e 26UE¢):|

=K- {log (p) + log (%) — (loge - 25%E,t)]

_ pideal mis
- RLB - APgUEH

where
ARDS — K . {loge . 25%E,t}

(22)

(23)

(27)

(28)

is the system performance loss due to the RF mismatches at the UEs. According to (28), the sum-rates
decrease slightly if the variance of the amplitude mismatch is small, and the phase mismatch causes no
degradation on the system throughput. It can be seen that the RF mismatches at the UEs can be handled
by transmitting pilots through the precoding to the UEs. The overhead for these supplementary pilots

is very small [3], which scales linearly with the number of the UEs.
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4 Impact of RF mismatches at BS

Considering the amplitude and phase mismatches at the BS, the uplink and downlink channel matrices
are rewritten as

GuL = Cgs, H”, (29)
Gpr = HCggs. (30)

Then, substituting (29) and (30) into (7), the downlink signals at the UEs are given by
Yy :ﬁBS_miswm +n, (31)

where 8Bs_mis = \/1/Tr[(HCBS,tC§S’tHH)*1]. Similar to (20), we have

K 1 & B

* —17 a.s.

Tr [(HCBS,YCBSJHH) } 2 = (M 3 |r357m|2> :
m=1

When the number of antennas at BS is large, e.g.

1 U )
: - 2 _ 26 .
i 7 D Iresml” = e,
m=1
we obtain X
* —17 a.s. _ 952
Tr [ (HCpssCis JH™) | 225 ——=— - 720, (32)

From (31), it can be seen that the non-reciprocity of the RF gain at the BS will result in the IUL
Hence, the receiving signal of the ith UE is

K
Yi = Besmis[Wli@i + Besmis Y, W],z + ni, (33)
Jj=1,j#i
and the SINR of the ith UE is
BS_mis __ P BIQBS_mis i |[W]u|2 34
Yi - 9 K 2 . ( )
P Bismis - 2t W] +1

Then the sum-rates of all UEs under RF mismatches are

K K
RBS_mis — Z R?S_mis — Z 10g (1 + ,YZBS_mis). (35)
i=1 i=1
In order to derive [W],,, we introduce a variable 7,,, = tgs m /7Bs,m (m = 1,..., M) and define a matrix
H (i=1,...,K) € CEXM 5
[ hyy o+ him -0 hia

hi—1y1  h—vym - h—1ym

Hz: = hati o RimTm - hamTar | - (36)
hiisnr -+ hrrym - harnym
hici -+ him - hru

Then, according to the characteristic of the matrix, we have
_ det (H},Cgs,,Cps ,H")
" det (HCps, Chg HY)
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Theorem 1. From (37), when the number of BS antennas is large, i.e. M — oo, we can get the
approximation as follows

SBs,+0ms .

2 P2
9 € -sinc? (0ps¢) - sinc® (Ops,r)
W];l" = yr: ~ (38)
e BS,r
Proof. See Appendix A.
Consequently, in order to investigate [W]ij, we define a matrix HJ; (i,j =1,...,K) € CHEXM a5
[ hin o him 0 haw |
hiv -+ him -+ him
Hi = by - hgym = hg-nu (39)
hiiti -+ himTm -+ hinTm
hg+nr = hgrym - hgym
| hxkr o hgm - hram |
Then, according to the characteristic of the matrix determinant, we have
det (H].Cgs .Cjg , H™)
[W]ij = ’ ’ (40)

 det (HCps, Cpyg HY)

Theorem 2. From (40), when the number of BS antennas is large, i.e. M — oo, we can get the
following approximation
2 1 1

=— . — |:626]23$,t T 02085, _ 266]233,t/2+6]233,r/2 - sinc (Ops 1) - sinc (Ops.c) |- (41)
M 626Bs,r ’ ’

W]

ij

Proof. See Appendix B.
Then, the ergodic rate of the ith UE under RF mismatches of BS is given by

M-—K
& [R?S‘mis] =log< 1+ (K/:)(AfiK; A1 , (42)

where

A1 = sinc? (HBS,t) - sinc? (QBS,r) )

Ao = 2B 20850 9985/ 2H0Bs.:/2 L gine (fBs.t) - sinc (Ops,r)- (43)

At high SNR, we further obtain the lower bound of the ergodic sum-rates

mis M A idea! mis
E[RBS‘ }LB =K- {108; <ﬁ : r:)} = Ris" — ARRY, (44)

where

AR K~{10g(p)+1og <i—j> —log [(M _1\14().(1;_ 1)” (45)

is the performance loss due to the RF mismatches at the BS. It can be seen from (45) that the performance
loss is not only related to the RF mismatches, but also increase with the transmit power. From the analysis
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Figure 1 (a) Ergodic sum-rates versus the transmit power of the BS; (b) ergodic sum-rates versus the amplitude variance
of RF mismatches 5%E at the UEs.

above, for BS, both amplitude and phase mismatches will result in a severe performance degradation.
Hence, it is important and imperative to perform reciprocity calibration at the BS.

Fortunately, we can multiply the precoding matrix by a calibration diagonal matrix C¢, on the left,
which satisfies Cpg tCcal = 0calCBS,r- Ocal IS & non-zero scalar. It is dependent on the calibration method
and has no impact on the system performance, since it can be eliminated by normalizing the transmitting
power. Then, after the perfect calibration, the receiving signals at the UE can be written as

Yy = acalﬁcaICUE,rCGEl],tx +mn, (46)

where .. is the scaling factor under calibration. With respect to (19), we can see that the IUI caused
by the RF mismatches at the BS can be eliminated through the reciprocity calibration.

5 Simulation results

In this section, simulations are performed to show the impact of RF mismatches on the system perfor-
mance and validate the theoretical analysis. The simulation parameters are set as follows. The number
of antennas at the BS is 256, which serves 12 single-antenna UEs.

5.1 Impact of RF mismatches at the UE

Figure 1 illustrates the impact of the amplitude mismatches of the RF gain at the UEs. Let the amplitude
variance of RF mismatches at the UEs 5%E7t = 5%E,r = 0%, and set 63 be 0.1, 1, and 2 dB respectively.
From Figure 1(a), it can be seen that all the ergodic sum-rates for different setups increase with p. That
is, the amplitude mismatches cause no IUI on the system performance, which is consistent with (26).
It is also shown that the curves are very close even though 5%E increases from 0.1 to 2 dB, so that
the amplitude mismatches degrade the system performance very slightly. As shown in Figure 1(b), the
performance loss is only about 5% when 63 is 3 dB. Further, ergodic sum-rates decrease approximately
linearly with the amplitude variance, which is consistent with the theoretical result (28).

Figure 2 demonstrates the impact of the phase mismatches of the RF gain at the UEs. Let the phase
range of RF mismatches at the UE Oyg ¢ = fug,r = Oug, and set Oyg be 7/12, /6 and 71/3 respectively.
From Figure 2(a), it can be seen that all the ergodic sum-rates for different setups are the same, although
their phase ranges fyg are different. It is also seen from Figure 2(b) that ergodic sum-rates keep constant
with the variance of fyg. Then, we can draw the conclusion that the phase mismatches of the RF gain
at the UEs have no impact on the system performance.
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Figure 2 (a) Ergodic sum-rates versus the transmit power of the BS; (b) ergodic sum-rates versus the phase range of RF
mismatches Oyg at the UE.
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Figure 3 (a) Ergodic sum-rates versus the transmit power of the BS; (b) ergodic sum-rates versus the amplitude variance
of RF gain mismatch 6]235 at the BS.

5.2 Impact of RF mismatches at the BS

Figure 3 depicts the impact of the amplitude mismatches of the RF gain at the BS. Let the amplitude
variance of RF gain at the BS 5]2337t = (51235’r = 634, and set 3¢ be 0.1, 1, and 2 dB respectively.
From Figure 3(a), it can be seen that ergodic sum-rates increase gradually with the transmit power, but
approach a limit when p increases to the high region. In other words, the amplitude mismatches cause
the IUI on the system performance, which is proved by (42) and (43). When 034 increases from 0.1 to 2
dB, the sum-rates decrease significantly because of the IUL As shown in Figure 3(b), the larger p is, the
severer the performance loss is, which is consistent with the theoretical result (45). When 034 is 3 dB
and p is 10 dB, the performance loss is almost 30%.

Figure 4 demonstrates the impact of the phase mismatches of the RF gain at BS. Let the phase
range of RF mismatches at the BS 0ps = 0psr = Ops, and set Ops be 7/12, /6 and 71/3 respectively.
From Figure 4(a), it can be seen that ergodic sum-rates increase gradually with the transmit power, but
approach a limit when p increases to the high region. According to (42) and (43), the phase mismatches
of the RF gain at BS not only cause the IUI, but also degrade the power of the signal transmitted to
the intended user, both of which result in the great loss of the system performance. From Figure 4(b), it
can also be seen that the higher the transmit power is, the more severely the ergodic sum-rates decrease,
which is consistent with the theoretical result (45). When fpg is 7t/3 and p is 10 dB, the performance
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Figure 4 (a) Ergodic sum-rates versus the transmit power of the BS; (b) ergodic sum-rates versus the phase range of RF
mismatches Ogg at the BS.

loss is almost 45%, which is unsatisfactory.

From the simulation results, we can draw the conclusion that the RF mismatches at the UEs only lead
to a negligible performance loss. However, it is imperative to perform reciprocity calibration at the BS,
because the RF mismatches at the BS contribute to the IUI and result in a severe system performance
degradation. Therefore, compared with the method in [12,14], more feasible calibration methods were
proposed in [24,25]. Only the antennas of the BS were involved to exchange the calibration signals. The
UEs were excluded from the calibration procedure and the feedback was not required.

6 Conclusion

In this paper, we have carried out investigation in the impact of the RF mismatches on the performance of
multi-user massive MIMO systems with ZF precoding. Due to the gain mismatches of the transceiver RF
circuits, the whole communication channel is actually not reciprocal, and the uplink CSI cannot be simply
used for performing the downlink precoding. According to our theoretical analysis and simulations, for
the RF gain mismatches at the UEs, the phase mismatches cause no decrease on the system throughput,
and only the amplitude mismatches lead to a slight performance loss. While the RF mismatches at the
BS are the major factor of contributing to the IUI, both the amplitude and the phase mismatches result
in a severe system performance degradation. Therefore, there is no need to calibrate the RF mismatches
at the UE, but it is important and imperative to perform the reciprocity calibration at the BS.
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Appendix A Proof of Theorem 1

According to (36), by moving the ith row to the top, we transform H; into

[ hiimi o+ himTm oo hamTar |
hin -+ him - him
H; iotorm = h(i—l)l o hG—tym o hmnm |- (A1)
hirnr - Ragrnym o harym
L hx1 - hrkm - hrwm |
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Then, we write HT, ;. as H . =[alT A;__F 1T, where
hin -+ him - hiyg
P S e Ry
al = [him,. .. himTm, ... hinTi], A7 = G-t G=Lym (=1
hiirnr = Payrym - PGy
| hx1r - hrm - hrMm |
Correspondingly, we transform H into
[ R o Rim o hiu
hit -+ him 0 hiyg
Hi_reform = h(i—l)l te h(i—l)m e h(i—l)M ’ (A2)

harr = Rarnym - Parnym

L hx1 -+ hxm -+ hxm |
and write Hj_reform as HT ¢ = [af AzT T, where a; = [Ri1, .- - him, - - - hips]. Define
* H * H
‘szz = H;;_reformCBS,rCBS,rH , Pi= Hi_reformCBS,rCB&rH ’ (A3)

then, according to (37) and the characteristic of the determinant, one obtains

W].. A4
Wl det (®;®H) (Ad)
Further, according to the properties of block matrices, we have
THTH u;rz ur T Trr—1, 7H
det (<I>“-<I>“- ) = det i = det (UE) - det (u” —u-U-"u- ) , (A5)
quH U* 2 11 7
17 1
where
uf =yl uf =gl Un = el
and
%] = a]CpsCps H", ¥;= A;CpsCps H"
When the number of BS antennas is large, i.e. M — oo, we can get the simple approximations as follow
1 I 2 2 262 1 I 2
aim D ki lres " =€ [|TBS,J‘| ] =ersss, lim Y highiy|res ;|° =0. (A6)
j=1 j=1
Thus, the approximation of ¥ is given by
626%51‘, s=v,s<1—1,
. 1 2 .
]\/Ih—r>noo M ' [‘I}z_']s,v = eQéBS,r’ s+1=wv, s>1, (A7)
0, others,
and
. H )~ ! (0)
lim | Wk (\1:7.\1:__ ) w.| =19, (A8)
M — oo g v ? s ?
For simplicity of discussion, we defining the matrices as follow
[I(O)] _ 1, s:v;ﬁi, [I(l)] _ 1, s=v=rt, (Ag)
v dsw 0, others; s 0, others.
Therefore, according to (A8), we obtain
- (1) S 2
f U = T o7 | () | Tt =T = (S P s, | - (A10)

j=1
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Since
M 5 5
: 2 5 246 2 . .
Jim =Y i tes jrgs ;= € [tos.mis ;| = €’Bse/>H0Bs/? sinc (6ps. ) - sine (0s,r)
j=1
then,

~1, rH 2 SRg 63 L2 o2
det (u:l - u%UE u;% ) = M= .e"BS;tT7BS;r . ginc (GBS,t) - sinc (9337r) .

Similar with (A5),
Uii U3

det (qn@?) = det "
uz Un

= det (Uﬁ) - det (u” — ui;Ui__ilug> s
where u;; = 1/%1,[)?, u; = 1/)1-\11?, and v¥; = aiCBs,ng&rHH. Consequently, we have
-1 (1) .- 2 ’
-1
wii — U=l = il — o, [@H (wrelh) \P] Wi = Dyl = [ 37 ki |res |
j=1

Then, according to (A6), one obtains

2
det (u” — u,.—.U,__,lfu,Ii,) — M2.4Bs,r,
1 7 11

By the approximations above, we can derive the simple close-form expression of |[W]” |2 as

det (UE) - det (u; - u;%UZlu'CH) det (u;’Z - u%UZluiH>

HW]“|2: i i _ T
h det (U—) -det (ui; —uU="u det (ui; — uU="ull
7 T tatE Y i Wity Y
2 2
B 988,698 r . ginc? (GBS,t) - sinc? (GBS,r)
s, '

Appendix B Proof of Theorem 2

(A11)

(A12)

(A13)

(A14)

(A15)

(A16)

According to (39), by subtracting the ith row from the jth row and moving the jth row to the top, we transform H;; into

[hi1 (1= 1)+ him (T — 1) - hang (tag — 1) ]
h11 e him e hin
hi1 him, hin
71 _
ij-reform —
hG-vr = hGonm o hgonm
hGenr 0 PGrym 0 PGynM
L hk1 hkm hx ]

Then, we write H7! as HT!

T — [ q7lT ATT
ij_reform ij_reform — [ai A; 1", where

az—li[hil(’rl—1),...him(7'm—1),...hiM(’T]M—1)].

Correspondingly, we transform H into

hji - hjm 0 him
hiin -+ him - him
Hj ietorm = | hgj—1y1 - hG—1ym - hg—1m | >
hG+or =+ hGg+ym = hGepm
L hx1 -+ hxm - hrm |

and write H,_reform 88 Hj_reform = [a]T A]I T, where
a; = [hj1,...hjm,...th} .
Define

1 1 * H * H
‘ﬁz—]’ =H] CBS,rCBS’rH ) q>j = Hj_reformCBS,rCBS’rH )

ij-reform

(B1)

(B2)

(B3)
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then, according to (40) and the characteristic of the determinant, one obtains

w, [ = S0 ) (o7 20™)

ij

det (@; )

Further, according to the properties of block matrices, we have

H 71 uT,l
i ~
det (‘I’{jl‘ﬁ{jl ) = det *J = det (Uf) - det (u'-r-l —uT!
1H U— 23 e (%)
u= —
i Ji
where
71 _ 11, r1H 1 _ grlgH 77— _ w_awH
uip =il ug =9l Uy = Ul
and

1 * H * H
Yi = aj Cps,Cps,H", ¥5=A;Cps,Cps.H

Similar with (A8), we can get the get the approximation as follows

—1
lim |wH (xp—,xpk_l) o-| =1
M — o0 J J g J .

s

Therefore, we obtain

-1
71 rlyr—1, w1H _ 71, r1H 71 H H r1H_ r1p(1) 1 H
it —uU=teT = g7yt g {\1:7 (wyet) \I/]—} I =l ]
M 2
=" hihly (tBs,k - Tﬁs,k) TBS,k
k=1
Since
o 2
lim — - hiph’y (t —-r rh
Jim ]CZ:I ikhir (tBS,k — TBS,k) TBS &
2 2 2
=& [|tBS,k| + |res,k|” — 2tBs,kTBs,k] € [!TBS,Ic| ]
2 2 2 52 2462 2 . .
— ¢20Bs,r . [626Bs,t + e29Bsr _9¢ BS,t/ + Bs,r/ -sinc (0ps,) - sinc (GBS,r)]7
then,

_ H 2 2 2 53 2462 2 . .
det (ufll —udu=tymt ) = M- e*%Bsx . [626]35" + e20Bs,r _2¢ Bs’t/ + str/ - sinc (GBS,t) - sinc (GBSJ)].

iy g i

Similar with (A13)-(A15), we obtain

Wii W=
pH) — 17755 — ). o~
det (@;@11) = det o | ) = e (U55) - det (uj; — u U=
3 JI
and ,
U U = M2 . o49Bs
det (u]] ujjUﬁ ujj) =M*-e .
Therefore, we can derive the simple close-form expression of |[W], |2 as
) . 71 _ ,,71y7—1 1H
‘[W} . 2 _ det (U].].> det (u“ uz UT]' uz )
* ) . o ~UZ
det (Ujj> det (u” u’jjUﬁ uﬁ>
1 _ ,,7ly7—1 1H
_ det (u” ul Uﬁ U )
gy U1y H
det (u]] u].jUﬁ uﬁ>
1 1 2634 263 5Bs t/2+6]233 r/2 : i
=y 2 [e v 4e T —2e B ’ -sinc (Ogg,t) - sinc (OBs,r) ]
e OBs,r

(B4)

(B5)

(B6)

(B7)

(B8)

(B9)

(B10)

(B11)

(B12)



