SCIENCE CHINA

Information Sciences

« RESEARCH PAPER - January 2016, Vol. 59 012102:1-012102:14
doi: 10.1007/s11432-015-5355-1

A fixed-parameter algorithm for the maximum
agreement forest problem on multifurcating trees

Feng SHI', Jianxin WANG!*, Yufei YANG!, Qilong FENG!,
Weilong LI' & Jianer CHEN'?

1School of Information Science and Engineering, Central South University, Changsha 410083, China;
2Department of Computer Science and Engineering, Texas A& M University, College Station, Texas 77843-3112, USA

Received October 8, 2014; accepted April 7, 2015; published online December 21, 2015

Abstract The Maximum Agreement Forest (MAF) problem on two given phylogenetic trees is an important
NP-hard problem in the field of computational biology. In this paper, we study the parameterized version of
the MAF problem: given two unrooted (multifurcating) phylogenetic trees 71 and To with the same leaf-label
set L, and a parameter k, either construct an agreement forest of at most k trees for 77 and 7%, or report that
no such a forest exists. Whether there is a fixed-parameter tractable algorithm for this problem was posed as
an open problem several times in the literature. In this paper, we resolve this open problem by presenting a
parameterized algorithm of running time O(4¥n®) for the problem.
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1 Introduction

Phylogenetic trees have many applications in a variety of fields including vaccine design [1], haplotype
analysis [2] and human language evolution [3]. A phylogenetic tree can be represented by a tree T, a
leaf-label set L, and a one-to-one correspondence \ between the leaves of T" and the elements in the set L.
A phylogenetic tree is rooted if a specific vertex in the tree is designated as the root of the tree, otherwise,
the tree is unrooted. A phylogenetic forest F' is a collection of phylogenetic trees with disjoint leaf-label
sets, whose union is called the leaf-label set for the forest F'. Therefore, a phylogenetic tree is a special
phylogenetic forest. A phylogenetic forest is binary if each of its vertices is of degree either 1 (i.e., a leaf)
or 3 (i.e., a non-leaf). An important issue in the study of phylogenetic trees is defining a proper metric
to measure the similarity between phylogenetic trees. There have been several such metrics proposed in
the literature, such as Robinson-Foulds distance [4], NNI (Nearest Neighbor Interchange) distance [5],
TBR (Tree Bisection and Reconnection), and SPR (Subtree Prune and Regraft) distances [6,7].

In this paper, we study the complexity of the maximum agreement forest problem, which is closely
related to the above proposed metrics for the similarity of phylogenetic trees. We first give some necessary
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definitions. Two phylogentic forests F; and F» are isomorphic if there is an isomorphic mapping from Fj
to Iy such that the corresponding leaves have the same label. The forests F} and Fs are homeomorphic
if after smoothing degree-2 vertices, they become isomorphic (smoothing a degree-2 vertex v means to
replace v and its incident edges by a new edge connecting the two neighbors of v). We will simply say
that a phylogenetic forest F’ is a subforest of another phylogenetic forest F' if F’ is homeomorphic to a
subforest of F. Note that because of the leaf labeling, if both F’ and F have no degree-1 non-leaf vertices
and if F’ is homeomorphic to a subforest of F, then such a subforest in F' is unique. Therefore, in this
case, it makes sense to say that two given forests F; and Fy are disjoint or intersecting in a forest F' if
the homeomorphic copies of | and F, in F' are disjoint or intersecting. An agreement forest F™* for two
phylogenetic forests F; and F> with the same leaf-label set L is a phylogenetic forest whose leaf-label set
is L such that F* is a subforest of both F; and F,. The agreement forest F* for two phylogenetic forests
Fy and F; is a mazimum agreement forest (MAF) if the size of F* (i.e., the number of trees in F'*) is the
smallest over all agreement forests for F; and Fb.

The concept of MAF was introduced by Hein et al. [8]. It has been known that the size of MAF
precisely characterizes a number of similarity metrics for phylogenetic trees. Allen and Steel [9] proved
that the TBR, distance between two unrooted binary phylogenetic trees is equal to the size of their MAF
minus 1, which is bound by, at least half of, their SPR distance. Bordewich and Semple [10] proved that
the rSPR distance between two rooted binary phylogenetic trees is equal to the size of their rooted version
of MAF minus 1. Hickey et al. [11] studied the SPR distance between two unrooted binary phylogenetic
trees, and proved that their SPR distance is not larger than the size of their MAF minus 1. Baroni et
al. [12] proved that the hybridization number of two rooted binary phylogenetic trees is equal to the size
of their maximum acyclic agreement forest minus 1. In terms of its computational complexity, it is known
that computing the size of an MAF of two phylogenetic trees is NP-hard [8].

The theory of parameterized computation and complexity is a recently developed subarea in theoretical
computer science. The techniques in this theory have been applied successfully in solving a large number
of NP-hard problems [13-18]. In this paper, we will focus on the parameterized version of the MAF
problem of two unrooted phylogenetic trees, which is formally defined as follows:

(Parameterized) Maximum Agreement Forest (Max-AF)

Input: two unrooted phylogenetic trees 77 and T» with a common leaf-label set L

Parameter: &

Output: either an agreement forest F' of at most k trees for T7 and T or report
that no such an agreement forest exists

Two instances (T, Ts; k) and (77, Ts; k') of the Max-AF problem are equivalent if the trees T and Th
have an agreement forest of size k if and only if the trees 7] and T4 have an agreement forest of size k’.
A kernelization algorithm for the Max-AF problem is a polynomial-time algorithm that on an instance
(T1,Tz; k) of Max-AF produces an equivalent instance (77, Ty; k') (the kernel) such that k' < k, and that
the size of the leaf-label set for the trees T and T4 (i.e., the kernel size) is bounded by a function of the
parameter k. An algorithm A for the Max-AF problem is fized-parameter tractable [19] if its running time
is bounded by f(k)n®®), where f(k) is a function only depending on the parameter k but independent
of the input size n.

The Max-AF problem for binary phylogenetic trees has been studied by a number of researchers
in parameterized computation. Allen and Steel [9] developed a kernelization algorithm for the Max-
AF problem on binary phylogenetic trees, which produces a kernel of size bounded by ¢(k — 1), where
¢ < 28. This kernelization result implies a fixed-parameter tractable algorithm for the Max-AF problem.
Hallett and McCartin [20] applied the two kernelization rules proposed in [9] and developed a fixed-
parameter tractable algorithm of running time O(4¥k®) + p(n) for the Max-AF problem on unrooted
binary phylogenetic trees, where p(n) is a polynomial that is the running time of the kernelization
algorithm. The algorithm in [20] was further improved by Whidden and Zeh [21], who developed a
fixed-parameter tractable algorithm of running time O(4%k + n3) or O(4¥n) for the Max-AF problem on
unrooted binary phylogenetic trees.
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On the other hand, the computational complexity for the Max-AF problem on multifurcating (i.e.,
binary and non-binary) phylogenetic trees has not been studied as extensively as that on binary trees.
A recent result by Linz and Semple [22] shows that computing the hybridization number of two rooted
multifurcating trees is fixed-parameter tractable. However, the parameterized complexity of the Max-
AF problem on multifurcating trees remained unknown. Whether the Max-AF problem on unrooted
multifurcating trees is fixed-parameter tractable was posed specifically as an open problem by Hallett and
McCartin [20] in 2007, and was posed again by Whidden et al. [23] for rooted and unrooted multifurcating
trees in 2011.

Note that it is important to extend the study to multifurcating trees. For many biological data sets
in practice [24], the reconstructed phylogenetic trees are in general not fully resolved. This may be
due to either the tree reconstruction methods or the use of consensus trees. Evolutionary biologists
often construct phylogenetic trees using methods that assign a measure of statistical support to each
edge of the tree. Contracting edges with poor statistical support eliminates bipartitions that may be
artifacts of the manner in which the tree was constructed, but the resulting trees will be multifurcating.
Another component of tree comparisons is the ability to deal with multifurcating nodes in trees that
are incompletely resolved. While most traditional phylogenetic methods produce completely resolved,
strictly bifurcating trees, the statistical support at some of these bifurcating nodes may be extremely
weak. Thus, a disagreement between two trees that is based on a weakly supported topological feature
may be of no interest, and it is often preferable to collapse the corresponding feature into a multifurcating
node. Finally, in broad phylogenomic studies most sets of putatively orthologous genes or proteins will
not cover the entire reference tree, so it may be necessary to “project” the reference tree by removing the
non-represented taxa before performing the comparison. Polytomies, alternatively called multifurcations,
refer to vertices in a phylogenetic tree that have more than two direct descendants. A hard polytomy
refers to an event during which an ancestral species gave rise to more than two offspring species at the
same time [25], whereas a soft polytomy represents ambiguous evolutionary relationships as a result of
insufficient information [26]. Recent research in biology and evolution [27] has shown that the majority
of tree space in typical phylogenetic studies consists of multifurcating trees, and that multifurcations can
introduce irresolvable problems for certain well-known tree-search algorithms (such as NNT algorithm [5]).
An important problem that the biology literature [28] is attempting to solve is the SPR distance between
unrooted multifurcating trees, whose complexity still remains open.

In this paper, we present an O(4kn5)—time fixed-parameter tractable algorithm for the Max-AF problem
on unrooted multifurcating trees, resolving the open problem posed in [20,23]. It is interesting, and a bit
surprising, to point out that our algorithm in fact follows very closely the ideas proposed by Hallett and
McCartin [20], who presented a fixed-parameter tractable algorithm for the problem on unrooted binary
trees and asked whether the problem on unrooted multifurcating trees is fixed-parameter tractable. Both
algorithms in [20] and in our current paper are based on elimination of incompatible quartets in trees.
However, to apply the techniques on multifurcating trees, a more complicated quartet topology, the star
quartet, and many subtle topological structures in multifurcating trees that do not appear in binary trees
must be carefully and correctly handled. From this point of view, the main contribution of our work is
to provide new, thorough, and systematical methods in dealing with more complicated topological and
combinatorial structures in non-binary trees and in the additional quartet structure.

We note that the optimization version of the Max-AF problem on multifurcating trees has also been
studied. In particular, Rodrigues et al. [29] developed an approximation algorithm with rate d 4+ 1 for
the problem, where d is the maximum number of children a vertex may have.

2 Max-MF, TBR distance, and quartets

For a phylogenetic forest F' with a leaf-label set L, if we do not allow degree-1 non-leaf vertices, then
each subset L’ of L uniquely determines a subforest F’ of F whose leaf-label set is L’: the subforest F’
is just the union of the paths in F that connect the pairs of leaves whose labels are in L’. The subforest
F' will be called the subforest induced by L'.
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We will assume that there are no degree-1 non-leaf vertices in a phylogenetic forest. During our process
of phylogenetic forests, we may create such vertices—in this case, we simply remove them. Based on this
observation, if we know that F* = {T7, Ty, ..., T/} is an agreement forest for two phylogenetic forests
F and F’ with a common leaf-label set L, then we can construct F* from the forest F' (or, similarly,
from the forest F”), as follows. Let the leaf-label set for the tree T;* be L;, for i = 1,2,..., k, where
LiULyU---ULg = L. We apply the following operation repeatedly, starting from the forest F; = F' and
inductively assuming that there is no degree-1 non-leaf vertices in the forest F;: (1) delete an edge in F;
to split a tree T} in F; into two subtrees T;L and T,’L' such that no label set L; contains elements in both
T; and T}; (2) repeatedly remove degree-1 non-leaf vertices and let the resulting forest be Fi ;1. Note
that the above process is always possible because by definition, F* is a subforest for the forest F. The
above process stops at an integer ¢ when F; is homeomorphic to F*. Therefore, the critical operation in
constructing the agreement forest F* for the two phylogenetic forests F' and F’ is to identify a set of edges
in ' whose removal splits the forest F' into k subtrees with the label sets Ly, Lo, ..., L, respectively.
Since removing a degree-1 non-leaf vertex can be implemented by first removing the incident edge then
removing the degree-0 vertex, the agreement forest F'* can also be constructed from the forest F' by first
removing a proper set of edges to split F' into a forest, then removing all non-leaf vertices whose degree
has become 0.

Since there is one-to-one correspondence between the leaves of a phylogenetic forest F' and its leaf-label
set L, when there is no ambiguity, we sometimes may simply say that a label a in L is in a subtree of F’
if the leaf labeled a is in the subtree.

Allen and Steel [9] proved that the TBR distance between two unrooted binary phylogenetic trees is
equal to the size of their MAF minus 1. The proof can be modified to give the same result for unrooted
multifurcating trees. For completeness, we provide here details for this proof on multifurcating trees. We
first extend the definition of TBR to multifurcating trees.

Definition 1. A tree bisection and reconnection (TBR) operation on a phylogenetic tree T is to remove
an edge in T, resulting in two subtrees T7 and T5 in T, then reconnect T and T, by a new edge e, where
each end of the edge e can be on either a non-leaf vertex or the midpoint of an edge in 77 and T5.

Note that in the definition of the TBR operation on binary trees [9], it is required that the ends of the
new edge e should be midpoints of edges in 77 and T5, to ensure that the resulting tree is a binary tree.
For multifurcating trees, we relax this condition and allow the ends of the new edge e to join non-leaf
vertices in 17 and T5.

The TBR distance din,(T1,T2) between two phylogenetic trees Ty and T3 is the minimum number of
TBR operations that transform 77 into Ts. Clearly, dip, (T1,T2) = dipe (T2, T1).

Theorem 1. For any two unrooted phylogenetic trees Ty and T, with the same leaf-label set, dip, (71, T2)
= MAF(T1,Ts) — 1, where MAF(T7,T») is the size of an MAF for 77 and Tb.

Proof. We prove the theorem by induction on dip, (71, T2) and MAF (T, Ts).

For dip, (T, T2) = 0, we have Ty = Ty, and T} (or T») itself clearly makes an MAF for T} and 7. Thus,
MAF(T1,T3) = |T1| = 1, and the theorem holds true. For the case din, (T1,T2) = 1, T1 # T», and we can
remove an edge e in T4, resulting in two subtrees 77 and T of T}, then reconnect 77 and T” with a new
edge es to obtain T5. This implies that {T7,7"} is an agreement forest for T and T5. Since Ty # Tb,
{T',T"} must be an MAF for T} and T5, thus, MAF(T},T2) = 2. The theorem thus again holds true.

Now assume dip, (71, T2) = d > 1. Then there is a phylogenetic tree T3 such that din, (T1,75) =d — 1,
and dipy(T3,72) = 1. By the inductive hypothesis, MAF(T1,75) = d, so 71 and T3 have an MAF
F = {T{,...,T}}, where T, are disjointed subtrees in T3 (and in 77). From dg,.(T3,72) = 1, the
tree Ts can be obtained from the tree T3 by first removing an edge e; then reconnecting the two resulting
subtrees by a new edge. This means that T3 \ {e1} is a subforest of T5. Since F' is a subforest of T3,
F\ {e1} must be a subforest of Ty. Therefore, F' \ {e1} is an agreement forest for Ty and T, (note that
F is also a subforest of T7). Since F'\ {e1} consists of at most d + 1 trees, we get MAF(T,T2) < d + 1,
which shows that dip, (T1,T2) = MAF(Th,To) — 1.

To see the other direction, let MAF(T},T2) = d + 1, where d > 1. Then Ty and T3 have an MAF
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Figure 1 Four topological structures for the quartet Qr(a,b,c,d).

F={Ti,...,T;,,} with d+1 trees. Since T7,..., T}, are disjoint in 77, there must be a simple path Py
in 77 that connects two trees in F' such that no internal vertex of P; is in F. Without loss of generality,
suppose that the path P has its two end-vertices vq and vgy 1 in Tj and T}, respectively. We can
construct a new tree T3 as follows: first add a new edge e; between vg and vgy1 in the tree 75, which
causes a unique cycle C' in To U {e1}. Since the edge e; crosses between two trees in F, there is an
edge ey in the cycle C that is not in F. Now the tree T3 is obtained from T3 U {e1} by removing the
edge ep. Note that 7)) = T; U T, , U{e1} is a subtree in both 77 and T3 (for T3, more precisely, T} is
homeomorphic to the subtree T; U T, , U{P1}). Therefore, {T7,...,T;_,,Ty} is an agreement forest
for Ty and T3, i.e., MAF(TY,T3) < d. By the inductive hypothesis, din, (T1,75) < d — 1. Observing that
the tree T5 can be obtained from the tree T3 by first removing the edge e; then adding the edge es, we
conclude immediately that

dipr(T1,T2) < dypr(T1,T5) +1 < (d—1) + 1 =d = MAF(Ty,T5) — 1.

This completes the proof of the theorem.
The following definition will be critical in our discussion.

Definition 2. Let F be a phylogenetic forest with a leaf-label set L. For four elements a, b, ¢, and d in
the set L that are in the same tree in F, define the quartet Qr(a,b,c,d) to be the unique 4-leaf subtree
in F that is induced by the label subset {a,b, ¢, d}.

Up to homeomorphism, there are exactly four different structures for a quartet Qr(a,b,c,d), as given
in Figure 1 (a)—(d), which will be named ab|cd, aclbd, ad|bc, and (abcd) structures, respectively. The
ablcd, aclbd, and ad|be structures will be called butterfly structures, and the (abed) structure will be called
a star structure. Note that a quartet by itself is also a phylogenetic tree. We say a quartet @ is in a
phylogenetic forest F' if () is homeomorphic to a subtree in F.

Let F be a phylogenetic forest. Following the notations in [20], for a butterfly quartet abled in F, the
unique vertex v in F' that separates the leaves labeled by a, b, and ¢, respectively, is the junction for a
(also the junction for b). The junction for ¢ and d is defined similarly. For a star quartet (abcd) in F', we
similarly define the junction for a (also the junction for b, ¢, and d) to be the unique vertex in F' that
separates pairwise the four leaves labeled a, b, ¢, and d, respectively. For a leaf labeled a in a quartet @
in a phylogenetic forest F, if v is the junction for a, we will denote by F(*®) the connected component of
F\ {v} that contains a. All leaves in a quartet that share the same junction are called siblings. Therefore,
each leaf in a butterfly quartet has a single sibling, while each leaf in a star quartet has three siblings.

Definition 3. Let F be a phylogenetic forest and let T' be a phylogenetic tree with the same label set.
A quartet Q@ = Qp(a,b,c,d) in F is a minimum incompatible quartet for T (briefly, an F-MIQ for T) if
(1) @ is not a quartet in T'; and (2) for each z € {a,b,c,d}, if in the label set {a,b,c,d} we replace the
label of a sibling of x by any label in F(*:@) then the resulting label set induces a quartet in the forest
F' that is also in the tree T

Note that if a phylogenetic forest F' contains a quartet Q = Qr(a,b, ¢, d) that is not in a phylogenetic
tree T, then F' must contain an F-MIQ for T', which can be constructed from the quartet @ as follows. If
Q = Qr(a,b,c,d)is not an F-MIQ, then since @ is not in T, by definition, there must be an = € {a, b, ¢, d}
and a label 2’ in F(*®@) such that the quartet Q' = Qr(a’,b’, ¢, d’) is also not in T, where {a’, V', ¢/, d'} is
the set {a, b, ¢, d} with a sibling of  being replaced by a’. If @’ is still not an F-MIQ for T', then we repeat
the above process on @Q’. Since the total number of vertices in F@'.Q) y p®.Q) y p(.Q) y pd.Q) jg
strictly smaller than that in F(*@ UF®Q@) U Q) yF@Q@) the above process must eventually terminate
with a quartet in F' that is an F-MIQ for T. As a consequence, if the phylogenetic forest F' contains no
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Figure 2 Qp and Qr are butterfly quartets. (a) Quartet @ in F; (b) quartet Q' in T; (c) label a’ in F; (d) possible
positions for a’ in T
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Figure 3 @ is a butterfly and Q’ is a star. (a) Quartet Q in F; (b) quartet Q' in T; (c) label @’ in F; (d) possible
positions for a’ in T.

F-MIQ for the phylogenetic tree T', then every quartet in F' is in the tree T.

Definition 4. Let F be a phylogenetic forest and let Q@ = Qr(a,b,c,d) be a quartet in F. An edge e
in F is a prong for the quartet Q if for some x € {a, b, ¢,d}, the edge e is incident to the junction v for z
and is on the path from v to x in F.

Note that removing a prong in a quartet () will split the tree containing Q into two subtrees, one
containing one label in ) and the other containing three labels in Q.

3 On minimum incompatible quartets

In this section, we study the structures of minimum incompatible quartets. We will fix a phylogenetic
forest F' and a phylogenetic tree T' with the same leaf-label set L.

Assume that the forest F' contains a quartet that is not in the tree T'. By our discussion in the previous
section, F' has an F-MIQ Q for T. We discuss how we can delete edges in the forest F' so that F' contains
no F-MIQ for T'. We start with the following lemma.

Lemma 1. Let Q = Qr(a,b,c,d) be a quartet in the forest F that is an F-MIQ for the tree T. Let
x be any label in {a,b,c,d}, and let 2’ be any label in F(*®) Then for the quartet Q' = Qr(a,b, c,d)
induced by {a,b,c,d} in the tree T, the label 2’ is in T@Q"),

Proof. Since Q is an F-MIQ for T, the two quartets Q and @’ are different. Because of the symmetry,
we can assume, without loss of generality, that 2 = a, and let o’ be in F(%@),

Case 1. The quartet Q@ = Qp(a,b,c,d) in F is the butterfly quartet ab|ed, and the quartet Q' =
Qr(a,b,c,d) in T is the butterfly quartet ac|bd. See Figure 2 (a) and (b).

Since a’ is a label in F(*Q) the tree in F induced by the labels {a,a’, b, ¢, d} must be the case as shown
in Figure 2(c). Now consider the position of the label a’ in the tree T'. There are seven different possible
positions, call them positions A, B, C, D, E, H, and K, respectively, in the tree T" where the label o’
can be located, as shown in Figure 2(d). If the label @’ is in one of the positions B, D, E, and K, then
the quartet Qr(a,a’,c,d) in T is the butterfly quartet acla’d. If the label o’ is in position C, then the
quartet Qr(a,a’,c,d) in T is ad|a’c. If the label o’ is in position H, then the quartet Qr(a,a’,c,d) in T
is the star quartet (aa’cd). Therefore, when o' is in any of the six positions B, C, D, E, H, and K, the
butterfly quartet aa’|cd in the forest F' is not in the tree T'. But this contradicts our assumption that the
quartet @) is an F-MIQ for T', which, by definition, requires that if we replace label b by the label a’ in
F(@&Q) then the resulting quartet Qr(a,ad’,c,d) in F should be in the tree T'. This proves that the label
@' can only be in position A4, i.e., @’ must be in T(®@").

Case 2. The quartet Q@ = Qp(a,b,c,d) in F is the butterfly quartet ab|ed, and the quartet Q' =
Qr(a,b,c,d) in T is the star quartet (abed). See Figure 3 (a) and (b).

The proof goes very similar to that for Case 1. Because a’ is in F(*@), the quartet Qr(a,d’,c,d)
in F must be aa’|ed (see Figure 3(c)). On the other hand, it is easy to verify that if a’ is in any of
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Figure 4 Q isastar and Q' is a butterfly. (a) Quartet Q in F; (b) quartet Q' in T'; (c) label a’ in F'; (d) possible positions
for @’ in T.

the positions B, C, D, and K in the tree T' in Figure 3(d), then the quartet Qr(a,a’, ¢, d) induced by
{a,d’,c,d} in the tree T is not aa’|cd. Therefore, in these cases, the quartet Qr(a,a’,c,d) in F is not in
T, contradicting the assumption that Q = Qr(a,b, ¢, d) is an F-MIQ for T. Thus, ¢’ must be in position
A in T in Figure 3(d), i.e., @' is in T(@Q).

Case 3. The quartet Q@ = Qp(a,b,c,d) in F is the star quartet (abed), and the quartet @ =
Qr(a,b,c,d) in T is the butterfly quartet ab|cd. See Figure 4 (a) and (b).

The proof again goes similar to that for Case 1, but gets slightly more complicated. First consider
the quartet Q; = Qr(a,a’,c,d) in F (i.e., replace the sibling b of a by a’ in F(®®?)). The quartet Q;
is the butterfly quartet aa’|cd (see Figure 4(c)). If a’ is in one of the positions C, D, or K in the tree
T as shown in Figure 4(d), then the quartet Qr(a,d’,c,d) induced by {a,a’,c,d} in the tree T is not
aa’|ed. Thus, in these cases, the quartet Q1 = Qr(a,d’,¢,d) is not in the tree T, which contradicts the
assumption that Q@ = Qr(a,b, ¢, d) is an F-MIQ for T. Now consider the quartet Q2 = Qr(a,a’,b,d) in
F (i.e., replace the sibling ¢ of a by a/ in F(©®)). The quartet Qs is the butterfly quartet aa’|bd (see
Figure 4(c)). If o’ is in one of the positions B, E, or H in the tree T as shown in Figure 4(d), then the
quartet Qr(a,a’,b, d) induced by {a,a’,b,d} in the tree T is not aa’|bd. Thus, in these cases, the quartet
Q2 = Qr(a,a’,b,d) is not in the tree T, which again contradicts the assumption that Q = Qr(a,b, ¢, d)
is an F-MIQ for T'. Thus, again ¢’ must be in position A in the tree T in Figure 4(d), i.e., o’ is in 7@,

Because of symmetry, Cases 1-3 include all possible cases. Thus, the lemma is proved.

In the next lemma, we show that in an F-MIQ Q = Qr(a,b,c,d) for the tree T, if we replace a label

x € {a,b,c,d} by any label 2’ in F(*®Q) we still get an F-MIQ for T
Lemma 2. Let Qr = Qr(a,b,c,d) be a quartet in the forest F' that is an F-MIQ for the tree T', and let
x € {a,b,c,d}. Then for any label 2’ in F(*:%r) the quartet Q% = Qr(a’,b,c,d) in F is also an F-MIQ
for T'.
Proof. Again by symmetry, we can assume that z = a, and let @’ be in F(®@r)_ Let Qr = Qr(a,b, ¢, d)
and Qf = Qr(a’, b, c,d) be the quartets in the tree T induced by the label sets {a, b, ¢, d} and {d', b, ¢, d},
respectively. By Lemma 1, the label a’ must be in T(®®7) ie., in position A in Figures 2(d), 3(4),
and 4(4). Therefore, the quartet Q% = Qr(da’,b,¢,d) in F can never be in the tree T: (1) in Figure 2,
Q' = d'bled in F while Q) = ac|bd in T'; (2) in Figure 3, Q% = a’blcd in F while Q7. = (a’bed) in T'; and
(3) in Figure 4, Q% = (a/, b, ¢,d) in F while Q/» = a'bled in T'. Therefore, the quartet Q% = Qr(da’,b, ¢, d)
in F'is not in the tree 7.

In order to prove that Q% is an F-MIQ for T', we also need to prove that for any = € {da/,b, ¢, d}, if we
replace in the set {a’, b, ¢, d} a sibling of x by a label in F' (I’Q’F), the resulting label set induces a quartet in
F that is also in T'. First note that in the forest F, the junction for a’ in the quartet Q% = Qr(a’,b, ¢, d)
and the junction for a in the quartet Qr = Qr(a,b, ¢,d) are the same vertex in F, and that the junctions
for b, ¢, and d in the quartet Qp are also the junctions for b, ¢, and d in the quartet @, respectively
(see Figures 2(c), 3(3), and 4(3)). Therefore,

(a.Qr) _ F(a',Q%)’ FO.QF) — F(b,Q%), F(eQr) — F(C7Q/F)’ and F(Qr) — p(d.Qr)

Similarly, and by Lemma 1 (see Figures 2(d), 3(4), and 4(4), and note that the label ¢’ is in position A),
we also have
7(a.QT) _ T(a/,Q'T)7 T70.QT) _ T(be’lT)’ 7(e.Qr) _ T(CvQ/’I‘)v and T(@QT) — 7(d.Q7)

Now suppose that we pick an o in F(@Qr) = F(@Qr) By Lemma 1, a” is in T(*Q7) = T(".Q7)  Thus,
all three labels a, o/, and a” are in F(@QF) = F(@Qr) in the forest F, and are in T(®Q1) = 7(a".Q7) ip
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the tree T'. Therefore, if we let y be a sibling of @’ in Q’z, then y is also a sibling of a in Qp. Now let
{z1,22} ={d’,b,c,d}\ {d’,y}. It is easy to verify that if we replace the label a in quartet Qr(a,a”, 21, 22)
in F by label o/, we will get the quartet Qr(a’,a”, 21, 22) in F; and if we replace the label a in quartet
Qr(a,a”; z1,29) in T by label a’, we will get the quartet Qr(a’,a”, z1,22) in T. Because Q is an F-MIQ
for T, the quartet Qp(a,a”, z1,22) in F and the quartet Qr(a,a”,z1,22) in T must be the same. In
consequence, the quartet Qp(a’,a”, 21, 22) in F' and the quartet Qr(a’,a”, z1, z2) in T must be the same.
This shows that in the set {a’,b, ¢, d} if we replace a sibling y of o/ by a label a” in F(@.QF)  then the
resulting label set will induce a quartet in F' that is also a quartet in T'.

In a similar (actually a bit simpler) way, we can verify that for each label z in {b, ¢, d}, if we replace
in the label set {a’,b,c,d} a sibling of z by a label 2z’ in F(*@%) then the resulting label set will induce
a quartet in F' that is also a quartet in 7.

This completes the proof that the quartet Q% = Qr(a’,b,¢,d) in F is an F-MIQ for T.

Corollary 1. Let Qr = Qr(a,b,c,d) be a quartet in the forest F' that is an F-MIQ for the tree T', and
for each = € {a, b, c,d}, let 2’ be any label in F(*@r), Then the quartet Q% = Qr(a’,b',c’,d’) in F is an
F-MIQ for T.

Proof. For a’ in F(“%9F) by Lemma 2, Q% = Qr(a’,b,c,d) is an F-MIQ for T. Note that the junction
for a in QF and the junction for o’ in Q% are the same vertex, and the labels b, ¢, and d also have the
same junctions for the two quartets. Therefore, if we apply Lemma 2 on the quartet Q% and the label
b, we will get that the quartet Q% (a’,¥',¢,d) is an F-MIQ for T'. Repeat this analysis on labels ¢ and
d', we will eventually prove that the quartet Q% = Qp(a’,V',',d') in F is an F-MIQ for T.

Recall that a prong for a quartet Qr(a, b, ¢, d) is an edge that is incident to the junction v of a label x in
{a,b,c,d} and is on the path from v to z. The following theorem is critical for our main algorithm for the
Max-AF problem. Also recall that an agreement forest F* of two forests F; and F5 can be constructed
by first removing a set Er of edges in F; then removing non-leaf vertices whose degree has become 1.
Therefore, if an edge e in the forest Fj is in the set Er, then we will say that the edge e is not in the
agreement forest F'*.

Theorem 2. Let Q be a quartet in the forest F' that is an F-MIQ for the tree T. Then for any
agreement forest F'* for F' and T, at least one of the prongs for ) is not in F'*.

Proof. First, suppose that F-MIQ Q = Qr(a,b,c,d) for T is a star quartet (abed). Let the unique
junction for the labels a, b, ¢, and d in @ be the vertex v, and let [v, us], [v, up], [v, uc], and [v, ug] be the
four prongs for Q). Assume the contrary that all four prongs are in the agreement forest F*. Since the
forest F'* contains no degree-1 non-leaf vertices, by extending the four edges [v, us], [v, us], [v,uc], and
[v, ug], from the vertex v, in F*, we will be able to find labels o’ in F(*®) b in F®Q) ¢ in F(¢Q) and d’
in F(@) such that the quartet Qr(a’,¥,¢/,d’) in F is in the agreement forest F*, which implies that the
quartet Qr(a’,b’,',d") in F is also in the tree T'. But this is a contradiction because by our assumption
the quartet @ = Qr(a,b,c,d) is an F-MIQ for T, and by Corollary 1, the quartet Qr(a’,t',c',d’) in F
should also be an F-MIQ for T, thus, it should not be in the tree T

Now suppose that the F-MIQ Q = Qr(a,b, c,d) is the butterfly quartet abled. Let the junction for a
and b be v1, and let the junction for ¢ and d be va. Let [v1,ug], [v1,up], [v2, uc], and [va, ug] be the four
prongs for ). Again assume the contrary that all four prongs are in the agreement forest F*. There are
two subcases.

Subcase 2.1. All edges on the path Pglv1,vs] from vertex vy to vertex vy in @ are also in F*. Then
the path Pgluy,v2] plus the four prongs are contained in a single tree in F*. Similar to the above proof,
by extending the prongs, we can get labels a/ in F(»@) ¢ in FO:Q) ¢ in F(¢Q) and d’ in F(%Q) such
that the quartet Qr(a/,b’',c/,d") in F is in the agreement forest F* so is also in the tree T, contradicting
the assumption that Qp(a’,b’, ¢, d’) is an F-MIQ for T

Subcase 2.2. An edge e in the path Pp[vi,vs] is not in F*. Then because the four prongs are all
in F*, by extending the two prongs incident to vy in F*, we can get two labels ¢’ in F(®@) and ¥ in
F®Q) such that the path Pr[a/, V'] from o’ to b’ in F* is entirely in F*; and by extending the two prongs
incident to vy in F*, we can get two labels ¢/ in F(©®) and d’ in F(*®) such that the path Pg|[¢/,d’] from
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c to d' is entirely in F*. Moreover, since the edge e separates the junctions v; and vg, which are on
the paths Prld’,V'] and Pg[c/,d'], respectively, the two paths Pgla’,b’] and Pr[c/,d'] are vertex-disjoint.
Because Ppla’,b'] and Pp[c/,d’] are two vertex-disjoint paths in F* and because F* is a subforest of
T, the path Pr[a’,b’] that connects ¢’ and " in T and the path Pr[c¢,d’] that connects ¢’ and d' in T
should also be vertex-disjoint. However, this derives a contradiction, as follows. By Corollary 1, the
quartet Qp(a’,b’,c/,d") in F is an F-MIQ for T. Therefore, the quartet Qr(a’,b’,¢’,d") in the tree T
is different from the quartet Qr(a’,b’,¢',d’) in the forest F. Since the quartet Q = Qr(a,b,c,d) is a
butterfly quartet ablcd, the quartet Qr(a’,t’,c/,d’) in F is the butterfly quartet a’b'|c’d’. Therefore,
the quartet Qr(a’,b’,,d’) in the tree T' should be either the butterfly quartet a’c’|b’d’, or the butterfly
quartet a'd'|b'¢’, or the star quartet (a'd’'c’d’). However, in any of these cases, the paths Prla’,b’] and
Pr[c/,d'] in the tree T cannot be vertex-disjoint, which is the contradiction.
This completes the proof of the theorem.

4 On conflicting edges

In this section, we consider the phylogenetic forest F' and the phylogenetic tree T with the same leaf-label
set L where F' has no F-MIQ for T. Recall that this means that every quartet in the forest F is also in
the tree T'. For a vertex v, we will denote by deg(v) the degree of v.

Let F' be the phylogenetic forest with a leaf-label set L. We say that three labels a, b, and ¢ in L
meet at a vertex v in F if a, b, and ¢ are in the same tree in F, and if v is the degree-3 vertex in the
subtree of F' that is induced by {a,b,c}. Note that the vertex v where the three labels meet must be a
non-leaf vertex.

Lemma 3. Let F be a phylogenetic forest and let T be a phylogenetic tree with the same leaf-label set
such that F' contains no F-MIQ for T. Then for any non-leaf vertex v with deg(v) > 3 in the forest F,
there is a unique vertex v’ in T such that if three labels a, b, and ¢ meet at v in the forest F', then they
meet at v’ in the tree T'.

Proof. Let the non-leaf vertex v with deg(v) > 3 be in a tree T} in F. Note that three labels meet at v
in F if and only if they are from three different connected components of T3 \ {v}.

Suppose that the three labels a, b, and ¢ meet at v in F and meet at v’ in T. Consider a fourth
label a’ & {a,b,c} in the tree Ty such that o/, b, and ¢ are from three different connected components
of Th \ {v}. Then, o/, b, and ¢ also meet at v in F. We show that a’, b, ¢ must meet at v’ in T. The
four labels a, a’, b, and ¢ make a quartet Q = Qr(a,a’,b,c) in F: if a and o’ are in the same connected
component of 77 \ {v}, then @ is the butterfly quartet aa’|bc, and if @ and @’ are from different connected
components of 77 \ {v}, then @ is the star quartet (aa’bc). Since F' contains no F-MIQ for T', the quartet
Q is also in the tree T. Now by examining the structures of the butterfly quartet aa’|bc and of the star
quartet (aa’bc) in the tree T, we can easily verify that in the tree T the three labels o', b, and ¢ must
meet at the same vertex where the three labels a, b, and ¢ meet, i.e., the three labels a’, b, and ¢ also
meet at vertex v’ in T

Now consider arbitrary three labels a’, b’, and ¢’ that meet at v in F. Since the three labels a, b, and ¢
are from three different connected components of 77 \ {v}, we can assume, without loss of generality, that
the three label @/, b, and ¢ are from three different connected components of 77 \ {v}, thus, they meet at
vin F. If @’ = a, then clearly o/, b, and ¢ also meet at v' in T. If a’ # a, then the previous paragraph
shows that a’, b, and ¢ also meet at v’ in T.. Repeating this process with the label triples (a’,b,¢) and
(a’,V,c), and assuming that o', b’, and ¢ are in three different connected components in 77 \ {v}, we can
derive that the three labels a’, V’, and ¢ meet at v’ in the tree T. Finally, we repeat the process again
on the triple sets (a’,b’,¢) and (a’,V’,¢’), which derives that the labels a’, b, and ¢ also meet at v’ in
the tree T'.

This proves that any three labels meeting at v in F' must meet at v’ in T

The following definition is an extension of a definition in [20] on binary phylogenetic forests. Our
definition is applicable on general phylogenetic forests. Recall that we assumed that a phylogenetic tree



Shi F, et al. Sci China Inf Sci  January 2016 Vol. 59 012102:10

does not have non-leaf vertices of degree less than 2.

Definition 5. Let F be a phylogenetic forest and let T be a phylogenetic tree with the same leaf-label
set, such that F' contains no F-MIQ for T. The S-mapping from vertices v with deg(v) # 2 in F to
vertices in 7' is defined as follows:

(1) If v is a leaf in F', then S(v) is the leaf in T" with the same label;

(2) If v is a non-leaf vertex with deg(v) # 2, then (v) is the vertex v" in T such that if three labels
meet at v in F, then the labels also meet at v’ in 7.

By Lemma 3, the S-mapping is well-defined.
Let F' be a phylogenetic forest. A path with two end-vertices v; and vy in F' will be denoted by
Prlv1, v2]. An internal vertex of a path is a vertex on the path that is not an end-vertex.

Lemma 4. Let F be a phylogenetic forest and let T" be a phylogenetic tree with the same leaf-label
set, such that F' contains no F-MIQ for T. Let v and w be two vertices in the same tree in F' such that
v # w, deg(v) # 2 and deg(w) # 2. Then in the tree T, 5(v) # B(w).

Proof. If both v and w are leaves in F', or if one of them is a leaf and the other is a non-leaf, then by
definition, 8(v) # B(w). Thus, we assume that both v and w are non-leaf vertices, with deg(v) > 3 and
deg(w) > 3.

Since v and w are in the same tree in F', there is a unique path Pr[v,w] between v to w in F. Since
deg(v) > 3 and deg(w) > 3, we can find four labels a, b, ¢, and d such that the paths Pg[a,v], Pr[b,v],
Prle,w], Prld,w], and Pp[v, w] make a butterfly quartet Q = ab|ed in F, in which v is the junction for
a and b, and w is the junction for ¢ and d. Since F' contains no F-MIQ for T, the quartet Q = ab|cd is
also in 7T'. Since a, b, and ¢ meet at v, and a, ¢, and d meet at w in F';, we must have a, b, and ¢ meeting
at S(v), and a, ¢, and d meeting at S(w) in T. Comparing this with the quartet Q@ = abled in T, we
conclude that S(v) is the junction for a and b, and S(w) is the junction for ¢ and d for the quartet @ in
T. Therefore, 5(v) cannot be f(w) — otherwise, the quartet @ in T would be a star quartet (abed).

Lemma 5. Let F' be a phylogenetic forest and let T be a phylogenetic tree with the same leaf-label
set, such that F' contains no F-MIQ for T'. Let vy, va, and vs be three vertices in ' whose degrees are
not equal to 2 such that the vertex vq is on the path Pg[vi,v3] in the forest F', then the vertex B(vs) is
on the path Pr[S(v1), S(vs)] in the tree T

Proof. If v = v1 or vo = v3, then the lemma obviously holds true. Thus, we can suppose that vs is an
internal vertex of the path Pr[v1, vs] with deg(vs) > 3.

If both v; and vs are leaves, labeled a; and ag, respectively, then by extending from v, we can find a
label as such that the labels a1, a2, and a3 meet at vy in F. By definition, the labels a1, as, and a3 meet
at B(v2) in T. Thus, the vertex S(v2) is on the path Pr[5(v1), 8(vs)] = Prlai,az] in the tree T

If vy is a leaf labeled a; and w3 is a non-leaf vertex with deg(vs) > 3, then by extending from vs we
can find two labels a3 and a4, and by extending from vy we can find a fourth label as such that a1, as,
as, and a4 make a butterfly quartet ajas|agay, where the junction for a; and ag is ve, and the junction
for az and a4 is vs. Since F' contains no F-MIQ, ajaz|azay is also a quartet in T', where the junction for
ay and as is B(v2), and the junction for a3 and a4 is S(v3). This gives immediately that vertex S(vs) is
on the path Pr[B(v1), B(vs)] = Prlai, B(vs)] in T

Finally, suppose that both v; and v3 are non-leaf vertices. Extending from v, and vs, respectively, we
can find two labels a1 and a3 such that the path Pr[a,as] contains the path Pglv1,vs]. Since vq is on
the path Pr[v1,v3], we have the following relations in the forest F:

(1) v1, ve, and vs are on the path Pplas,asl;

(2) vy is on the path Pglaq,vs], and vs is on the path Pr[vs, as).

Note for each of the paths Pglai,as], Prlai,ve], and Pglva,as], at least one end-vertex is a leaf.
Therefore, we can use what we have proved above, and get the following relations in T

(1) B(v1), B(v2), and B(vs) are on the path Prla1,asl;

(27) B(vy) is on the path Prlai, B(v2)], and S(vs) is on the path Pr[5(v2), as].

This gives immediately that the vertex B(ve) is on the path Pr[8(v1), 8(vs)] in T

A chain C in the forest F is a path with at least two vertices such that the end-vertices of C' have
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degree # 2 and all internal vertices of C have degree 2. Note that if two distinct chains in F intersect,
then they must intersect at a vertex that is the end-vertex of both chains. Moreover, two distinct chains
can intersect at no more than one vertex.

Definition 6. Let F' be a phylogenetic forest and let T be a phylogenetic tree with the same leaf-
label set, such that F' contains no F-MIQ for T. Two distinct chains Pglvi,ve] and Pplwi,ws] in
F are conflicting on T if the number of vertices in F' at which the chains Pr[v1,vs] and Prlwi, ws]
intersect is strictly smaller than the number of vertices in T at which the paths Pr[8(v1), 8(v2)] and
Pr[B(wr), B(w2)] intersect.

Since two distinct chains in F' can intersect at no more than one vertex, two conflicting chains in F' must
be in one of the following two cases: (1) the chains Pr[v1, v2] and Prlwy,ws] in F' do not intersect but the
paths Pr[3(v1), B(v2)] and Pr[8(w1), B(wsz)] in T intersect; or (2) the chains Pr[v1,vs] and Pplwy, ws] in
F intersect at an end-vertex and the paths Pr[S(v1), B(v2)] and Pr[B(w1), f(ws2)] in T intersect at more
than one vertices.

Theorem 3. Let F be a phylogenetic forest and let T be a phylogenetic tree with the same leaf-label
set, such that F' contains no F-MIQ for T'. Let C; and C3 be two chains in F' that are conflicting on 7.
Then no agreement forest for F' and T can contain both chains C; and Cs.

Proof. Let C; = Prlv1,v2] and Cy = Prlw;, ws2]. We split the proof for three different cases.

Case 1. the chains (7 and (5 share a common end-vertex vy = ws.

Then vy (= ws) is the only intersecting vertex for the chains Cy and Ca, and vy is on the path Pr[v1, w1]
in the forest F. By Lemma 5, the vertex 5(v2) (= S(wz)) is on the path Pr[5(v1), 8(w1)] in the tree T'.
However, this would imply that S(vs) is the only vertex in T at which the paths Pr[8(v1), 8(v2)] and
Pr[B(w1), B(ws)] intersect, contradicting the assumption that the two chains C; and Cy are conflicting
on T'. Therefore, this case is impossible.

Case 2. The chains C7 and Cs are in the same tree in F' but do not intersect.

In this case, there is a unique path in F' that connects an end-vertex in C'; and an end-vertex in Cs
without passing through any other vertices in the chains. Without loss of generality, let this path be
Prlva, ws]. Then in the forest F', we have, vy and wg on the path Prlv1,ws]; v2 on the path Prlvy, ws],
and wy on the path Pplvg,w1]. By Lemma 5, in the tree T, we must have S(vs) and B(ws) on the
path Pr[B(v1), B(w1)]; B(ve) on the path Pr[8(vi),S(ws)], and S(ws) on the path Pr[B(vs), 8(w1)].
Moreover, by Lemma 4, 5(v2) # S(w2). Combining all these, we conclude immediately that the paths
Pr[5(v1), B(v2)] and Pr[B(w:), B(w2)] do not intersect in T', again contradicting the assumption that the
chains C and Cy are conflicting on 7T'. Therefore, this case is also impossible.

Case 3. The chains C7 and Cs are in two different trees in the forest F'.

Assuming the contrary, suppose that the two chains C; and Cs in F' are both contained in an agreement
forest F* for F and T. Note that the forest F* can be obtained from F by deleting a proper subset of
edges in F'. Therefore, if C; and Cy are in different trees in F', then they must be also in different trees
T} and T3, respectively, in F*. Here we should be more careful: the end-vertices of C; and Cy may
become degree 2 in F*, so C7 and C3 may no longer be chains in F*. On the other hand, by extending
C1 and Cs in the trees T} and T3, respectively, we can always find two labels a; and b; in 77, and two
labels as and by in Ty, such that C; is contained in the path Pg«[a1,b1] and Cs is contained in the path
Pp+lag, bs]. Since the paths Pg«[a1,b1] and Pg«[ag, bo] are in different trees in the agreement forest F™*
for F and T, the two corresponding paths Pr[ai,b1] and Prlaz, bs] in the tree T must not intersect.

Note that the paths Pg«[a1,b1] and Pps[az,bs] in F* are just the paths Prlai,b1] and Prlag, bs] in F
because F'* can be obtained from F' by deleting edges. Moreover, since in the forest F', the vertices v; and
vy (in fact, the chain C1) are on the path Pr[a1,b1], and the vertices w; and ws (in fact, the chain Cs) are
on the path Prlag, bo], by Lemma 4, the vertices 8(v1) and B(v2) (and the entire path Pr[8(v1), 5(v2)])
are on the path Pr[ai,b;], and the vertices S(w;1) and B(wsz) (and the entire path Pr[8(w1), B(ws2)])
are on the path Prlag,bs]. Since the paths Prlai, b1] and Prlas,bs] in the tree T' do not intersect, we
derive that the two paths Pr[3(v1), 8(v2)] and Pr[5(w1), 5(w2)] do not intersect in the tree T', but this
contradicts the assumption that the paths Pp[vy,ve] and Pplw;,ws] in F are conflicting on the tree T'.
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Therefore, the agreement forest F* for F' and T cannot contain both chains Cy and C5 in F' that are
conflicting on T'. This completes the proof of the theorem.

This leads to the following theorem, which is a very nice characterization for agreement forests for
phylogenetic trees and forests.

Theorem 4. Let F be a phylogenetic forest and let T be a phylogenetic tree with the same leaf-label
set, such that F' has no F-MIQ for T, and contains no conflicting chains on 7. Then F itself is an
agreement forest for F' and 7.

Proof. Let T* be a tree with a leaf-label set L* in F', and let T** be the subtree in 7" that is induced
by the leaf-label set L*. Since F has no F-MIQ for T, the trees T* and T™** have the same collection
of quartets. Since a phylogenetic tree is uniquely characterized by its quartet set [30], we conclude that
the trees T* and T** are homeomorphic, i.e., the tree T* is a subtree in T'. Therefore, every tree in the
forest F' is a subtree in T.

If two trees 17 and T3 in F intersect at a vertex v in the tree T', then we must be able to find a chain
Cy = Pplv1,v2] in T} and a chain Cy = Pplwi, we] in Ty such that the two paths Pr[8(v1), 8(v2)] and
Pr[B(w1), B(w2)] in the tree T intersect at v. The chains C; and Cs are in different trees in F' thus they
obviously do not intersect. Thus, the chains C; and C5 in F' are conflicting on 7', but this contradicts the
assumption that the forest F' contains no conflicting chains on T'. Therefore, no two trees in the forest F'
can intersect in T'.

It follows from above directly that the forest F' is a subforest of the tree T, upto homeomorphism.
Moreover, F' is of course a subforest of itself. Therefore, the forest F' is an agreement forest for F' and T

5 The algorithm

Now we are ready to present our algorithm for the Max-AF problem. For a phylogenetic forest F', denote
by |F| the number of trees in F. Instead of working on two phylogenetic trees, we work on a slightly more
general case that constructs an agreement forest for a phylogenetic forest F' and a phylogenetic tree T
We will also assume that during our process, whenever a non-leaf vertex of degree less than 2 is created,
we will immediately remove the vertex.

Algorithm MaxAF(F,T;k)
INPUT: F' is a phylogenetic forest, T is a phylogenetic tree, and k is the parameter
OUTPUT: an agreement forest F* of at most |F| + k trees for F and T if such an F* exists, or ‘No’ if such an F*
does not exist.
1. if (k < 0) then return ‘No’;
2. if (F has an F-MIQ Q for T') then
2.1 let Fj, 1 < i < 4, be the four forests, each is obtained from F' by removing a prong in the F-MIQ Q;
2.2 recursively call MaxAF(F;, T;k—1), 1 <1i<4
2.3 if any of these calls is successful
then output the solution returned by a(ny) successful call; else output(‘No’);
3. else if (F contains two chains C1 and C2 conflicting on T') then
3.1  let F| and F} be the two forests obtained from F' by removing C1 and C2, respectively;
3.2 recursively call MaxAF(F|,T;k — 1) and MaxAF (F},T;k — 1);
3.3 if any of these calls is successful
then output the solution returned by a(ny) successful call; else output(‘No’);
4. else ouput F.

The correctness of the algorithm follows from the theoretical results presented in previous sections.
For the phylogenetic forest F' and the phylogenetic tree T', suppose that there is an agreement forest F'*
of at most |F| + k trees for F and T. If F has an F-MIQ @ for T, then by Theorem 2, at least one
prong in @ is not in F*. Thus, in step 2.1, at least one of the forests F; contains the forest F*. Let
us assume without loss of generality that the forest F; contains F*. Then F* becomes an agreement
forest for Fy and T. Moreover, after deleting the prong, the number of trees in the forest is increased
by 1, i.e., |Fi| = |F| + 1. Therefore, in this case, F; and T have an agreement forest F* of at most
|F| 4+ k = |Fi| + (k — 1) trees. Therefore, inductively, the recursive call MaxAF(F;,T; k — 1) will return
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a forest that is an agreement forest for F' and T of at most |F| + k trees. On the other hand, if none of
the recursive calls returns an agreement forest, then the agreement forest F* with at most |F| + k trees
for F' and T cannot exist. This case is also correctly handled by step 2.3.

If F has no F-MIQ for T but contains two chains C; and C5 conflicting on 7', then by Theorem 3, at
least one edge in the chains C; or C5 is not in F*. Note that once an edge in a chain is removed, all
internal vertices of the chain will be removed by the process of repeatedly removing non-leaf vertices of
degree less than 2. Therefore, we can simply remove the entire chain in a single step. Moreover, similar
to the analysis for step 2, one of the recursive calls in step 3.2 will return an agreement forest of at most
|F| + k trees for F and T'.

Finally, if the algorithm reaches step 4, then the forest F' neither has F-MIQ for T nor contains chains
conflicting on T'. By Theorem 4, the forest F' itself is an agreement forest with at most |F| + k trees for
F and T (note that because of step 1, we have k > 0 at step 4). This case is correctly handled by step 4.

Now we consider the complexity of the algorithm. Suppose that the leaf-label set L for F' and T
consists of n elements. Then, the number of vertices in F' and T is bounded by O(n). For each label
quadruple (a, b, c,d), we can construct the corresponding quartets in ' and T and compare if they are
homeomorphic, in time O(n). We do this for each of the O(n*) label quadruples in L. Note that we do
not have to test if a quartet in F' is an F-MIQ for T: by the comments following the definition of F-MIQ
in Section 2, a quartet Q = Qr(a,b,c,d) in F that is not in 7' and minimizes the number of vertices in
F(aQ) y p®.Q) g FQ) y FdQ) must be an F-MIQ for T. Therefore, step 2 of the algorithm takes time
O(n®) before it makes the recursive calls. Step 3 takes time O(n?) because the number of pairs of chains
in F is bounded by O(n?). Therefore, in time O(n®), the algorithm MaxAF reduces the given instance
into at most four smaller instances with the parameter decreased by 1. This gives immediately that the
running time of the algorithm MaxAF is bounded by O(4%n?).

To solve the original Parameterized Maximum Agreement Forest problem (Max-AF) for two trees T}
and T», with the parameter k, we simply call the algorithm MaxAF(T1,To; k — 1).

Theorem 5. The Parameterized Maximum Agreement Forest problem (Max-AF) can be solved in
time O(4%n®).

6 Conclusion

We presented an O(4*n®)-time algorithm for the Max-AF problem, which is the first fixed-parameter
tractable algorithm for the problem on multifurcating phylogenetic trees. This resolves an open problem
posed by several previous researches [20,23].

Recently, a new result for the Max-AF problem has been obtained. Chen et al. [31] proposed a param-
eterized algorithm of running time O*(3*) by analyzing the bottommost sibling set. Much attention has
been focused on the study of parameterized Maximum Agreement Forest problem on multiple trees [32].
We remark that our result is obtained independently. Compared with the above results, what is more
interesting in our research is the systematic study on the graph theoretical structures of quartets and
the quartet characterizations for agreement forests for multifurcating phylogenetic trees. These graph
theoretical results should be useful for further study on similarities of multifurcating phylogenetic trees
and for efficient exact and approximation algorithms for related problems.
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