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B 1 (MEREE) THEESTRERSEEENEEREE.

Figure 1 (Color online) Structural diagram of the gradient-free distributed resource allocation algorithm.
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A R

SEO P MBS 1401 T Taylor I MY 90 & = oy — bsinwt, &; = v; — bwcoswt, 7] LATF ]

Ci(z;)sinwt = C;(&;)sinwt + VCi(ii)bsin2wt + bRy,

Hp R, REEM BT, R RER ¢ PRGN

& = 1y,
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K
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j=1
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K K
i = —kb? Z it (Yi —y;) —kb? Z Yiaij (0 —05),
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Hrr, 23—k oA SR E 0 28 BRIk, BT b 22— NEE 0 FIESEL, R, &SI, B DUEfS I SF3
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VCk(zk)), TR RS (5) KIEIE, B

&=,

0= —b*VC(&) — b*y — kb*0, -
§ = kb (2 — d) + 2kb*0 + kb*Lz — kb Ly,
3= —kb>Ly — kb2 L.
EX1 (ZWICHK [42]) K (z*, 0%, y*, 2*) 2 FHIRS (6) BIFHTA, s
’U* = O[K],
—VO(x") —y" — kv* = 07,
(7)

" —d+ 20" + L2" — Ly* = Ok,
Ly* + Lo* ZO[K].

Rk, BRI RS (6) BIFH i SV RE R (1) R EZ PR AR,

EIE1 AR 1~3 B]OL, o = col(x}, - ,xl) RALFHERB (1) HREE, Y EICHFE o, v,
2* € RE 15 (a*,v*,y*, 2*) ' FYIRSE (6) HISF-fi .

WEER G, B (x%, 0%, y*, 2%) 2 PR SG (6) HIP AL REE X 1, 7R3

Ly = 0], (8)
VCO(z*) +y* = 0k, 9)
¥ —d+ L2 = O[K]. (10)

AR, 3 (8) M (9) BWRE (2) M —AAIUROL. WAk, R 3 F, #3X (10) 23R 1] FTRMGEIC (2) )
FAARXWESL. NI, 256518 1 015 o* 2T E (1) sl E.

R, W o REVFRE RS (1) MERREE, BAeie (2). Bk, ] y* = VO(2*) = col(VCy (7)), -+,
VCk (5)), BATA (8) A1 (9) WAL [, 1T 1] (2* — d) = Oy, A& BB 3, ATHEH 2% — d € Range(£),
Hrf Range FonfHIk 2 0], #— A 2* € RY fff?ﬂ (10) AL T, & v* =0, ATRAMRE] (2%, 0%, y*, 27)
W (7). AT, FE7E o, yr, 2f € RE 15 (2, 0%, y*, 2%) TR (6) 10T 5.

EHEL 1R, PR (6) E’ﬁ@fﬁ@Aé}:iﬁﬂﬁ‘ﬂ%ﬁj (1) BRI E. Rk, 5230k (23] )8 &, FA1d
WM RS (6) P47 AR E 1R AF B0 A0 TR BOEE (4) X T RARZ VR FE R & (1) B9 Rk,

EIE2  FRW 1~3 oL, BB kL

[+ Ay 01802

202 (L)

A (L
x5 4 e 02 =5+ U

Hp o= 22?7172_1_ ’\K(L)b +b0+1, x= 2+091+4092, 0<o< ﬁ, 01 =
(x*,v*, y*, z*) X‘T?$i’]/¥\éﬁ (6) ETH@%%E"]-
WA Bl z=2—a*0=0—v*g=y—y* 2=2—2° WP RS (6) 7T LLFEH# N

U= —b>H — by — kb*v,
j = kb’T + 2kb*0 + kb’ LZ — kb2 L7,
= —kb2 Ly — kb* Lo,

(12)
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Hep H=vC(z) - VC(z*).

I 3, 18 pij = viasy, W £ ATULEE—DNBEFFEN B = [pijlkxx TG HZEBEFAHNEF Laplacian
MR TR, AR M = [m,M] € RN, m = Ll € R, M e RN i3 MTLM =
diag(Ma(L), -, A (£)). Bk, fEW R IEAZ AR e

€ :=col(&1, &) = Mz, 9 := col(¥y,9) = M1,
1 = col(ni,m2) = M g, (:=col((1, () = Mz,

Hdr, &, 01, m, QL ER, &, V2, mp, (2 € RETL T, RS (12) WHEEM MM RAPIAN T R4, B

él = 1917
U = —b>mTH — b*ny — kb?04,
1 T 1 (13)
m = kb%&, + 2kb%9,
¢ = O]
Fl
52 - 192,
Oy = b2 M H — b’ — kb*0, 14
No = kb?Eo+2kb% 95+ kb2 M T LM ((o—n2),
Co = —kb>MT LM (s + 95).
Z ek Lyapunov &%
k , K2 —kb2 -k o, 1 , 1. .., o )
= 5 —_— = = —|m2 — : 1
14 2||£+19|| + 5 1€1° + 2H19+77H + 2H<2|| + lelnz Call (15)

il ¢ = col(¢,9,m,G), BIAHE] M k> 2 +2,0<b< 2 Uk o>0M, VIE (20, y",2%) AhiEsE, JFHIE
allvl* <V < elly)?, (16)

;H\:EP, C1 = min{)\1(¢1)7>\1(¢2)}, Cy = )\2(@1) + A3(€p2),

E2p%2—kb%2 k1

P P 2 2 2
2k T2k

@1 = 5 @2 = _g % %
_o o ;1

2k 2k 1 2 1 11

2 2 2

BEAh, W AR SE (13) M (14) B, TAMGE] Vv S HON

V== (k%% — kb — k) ||[9]|> — b*n"0 — kb* (7 m " H + & MTH) — 6% |1n||?
—(k+1D)*WOTm H + 93 MY H) — 0*(pfm™ H +n3 M H) (17)
— kb*(92 + m2) "M LMno + 0b? (2 — G) " MY LM (G + U2) + 0b? (2 — (o) (&2 + 20).

FEFEE 1R 2,4 0 =min{0y,--- 0k}, £ = max{ly, -, lx}, BAH

EmTH+ &M H = (& — 2%)"(VC(2) — VO(27)) = 0)|¢]1%, (18)

202 0
— (k+1)p*(WTm " H + 95 M H) < (k+ 1)b? ( i 19> + 8||«£||2> ; (19)
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By 1
RO M) <0 (1P ). (20)

M Schur %5 B AT %1,

MTCM iMTLM
IMTLM Ak (L)Ik
R E AR, P,

— kb2 (99 4+ m2) T MY LMy = —kb%col(na, ¥2) *Tcol(nz, ¥2) + MHM? < Muﬁgn? (21)
R Young A5, W LIS 2

o <RI + e, 22)
b — G M LM (G + 02) < —Z2HE) 1 24 2, (e 2+ 0l (23)
ob? (12 — ()" (&2 + 202) < 2052||772||2+M||C2||2+0b2£)2(||§2H2+4H192H2)’ (24)

For g = A8 4 2ell) o) — 1y 2 L MR (18)~(24) AR (17) AT

V< —fﬁllﬁll2 — k|91 = kallnll* — Kallé2ll?,

Holt vy = Tht?0 — 8 — 020 — 020, ky = (KB — kb® — k) = b° — (k + D02 — MAE) 5125, — 4512,

Ky = bz ob2(2+ 1), k= Z2E) L MBH kAR (11) B, TUMEE K > 0,0 = 1,2,3,4. TR, 44
3 (16) Mk = mln{fﬁw‘f2,f€3,f€4} FATH

v<-Zv
C2

WAL XN G o= 0, T2, ATCAMR IR U35k e (11) B, (2%, v, y*, 2%) ST FRIRS (6) £IRH
FaE .

FRES R £ MRHIEME Mo (L) F N g (£) WA T 22 SR 28 S P 254, TovEAE A U B R A B e A
ELAEREN, AR SCHR [43] $2 H 850 AT A v B ml DL A R R 1) R I8 A5 5 HE, 20 A U7 Laplacian
SE R B RAAEAE S R B2 IR AIE [ . DRI, AL AT AR A B (4) BOMTREAL B BN, (R REAA S I e BE 2 rhik
TS oA R

JEF 5 (4) Bk, BLaIN k- KRS —3 SPA e e X.

FEX2 (B WCHK [40) GIRELEREL o [0,a) — [0,00) MRS, H o(0) = 0, WARILE T »- 2% W
Rk BB B:[0,a) = [0,00) R a =00 LK B(r) = oo (M r — oo), MFRILET koo- FHREL, WRESK
1 ]0,a) x [0,00) — [0,00) W2 (1) X TR ER s € 0,00), v(r,s) BT w- FKREL, (2) X THAEE M
r€[0,a), BREL y(r,s) & s BIHBIEREL, H y(r,s) = 400 (M s — +oo), MFHET xp- FRLL
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®1 KEHSH

Table 1 Parameters of generators.

Generator ID Agent ID Parameter Value
1 1 [a1,b1,c1, D1] [2,4.76,4, 10]
2 2 laz, b2, c2, D3] (1,6,2,15]
5 3 [a3, b3, c3, D3] [2.3,—1,—0.25, 6]
8 4 [a4, b4, ca, Da) (1.4,-2.2,0.2,3]
11 5 las, bs, c5, Ds)] [2,1.5,0,12]
13 6 las, be, c6, D] [1,-2.9,6.3,4]

ERB4 B Lyapunov KUETEBIERIT 0150k, B 2 A1 3 UET T AR 405 s M A LBV
(6) FIF- 5 125 LRI SPA U 1. T, MUHRSEFL 1, AT LIS B MR A AR (1) T MRS Z %
RRE I (1) B ORI B — A A,

RS RIS B R SURAE T B RO IE Wt B b Sch T FL e W 5 4 e R T 41
BT IS, — 71, Sk e R b R LA B T M T4 B L DR L, G 7 o bR 150, N 7 3
AR, 7, B T T RSB T RAT 1 P RIS A RO, B3R T A DL RGNS
Fi k.

SEs 7RI AL R M TEH R LS, (1) T, SRR S k. WIS S A b R o W RS
B A BB, 55, BE k> 0 PoE RGUHETHR AR R MMIBERIE, 814K & A B TR R
bk, (B RTTRES) R ROE SRR, HK, WORE SR b > 0 BIHtants S Msma, 2 3m i
SHE I, BOREY b AR SRR A5 2 I R 0, BN R T2 SHRAI; 22, BN b &
ASHR R TR, (AT SR LUOR R AR B AT Jo, FANJR MBI, SCoR R b (BT b {RHF— 8 SPA B4
bk, NS ACEFARA T BB RR. BUS, B w > 0 R RS E A S R 1, S IO
1) w TTHR G MR DL AT S, (AL 0 ) T A\ R 3, L BB TR R . [k,
%3 NBHOEEBER (11) B TR, DURER SR R R, SR SR 1 7 e 2.

i

B

2 b

>

4 HUEEH

T BAE A TR EL L (4) WA R0, A I I 0 22 5 R BE I A (1) HEAT BUE A SR SR AT
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ZREE 2 Frosi IEEE 30 28 RGN TR A 40 Hp & R AL 2600 1, 2, 5, 8, 11 AT 13. ¥4
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[ 136845 0 o, RIDOE A B B AR /I, 7R S 4 2 R] FR 45 B I puise.

SR, IZIEEMNSEIET B H v = [1.5,4.5,1,0.5,0.5,0.25]T S P H7r smd il A m B, N T3 e At TR, 6
ANRENFEAERRBGRL S0, P =D, i P, e R B — G KB HIhER, B8 MW, D = 50 MW
NEDEFR. REREHERMN R Ci(P) = a; P2+ b, P; + ¢;, ZE BAARIUE N 1.
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MIBE S R 4 M 5 Fios. Bk, B 4 G0 T 8EVE (4) PERPIRSIE o(t) LS, B 5 R T AR
PRAE RS, T CUE R B AL Sh R B i3 D U S S A IE B 1 ARk, H R GOIRAS R SOS F2 R FF R
€, RHIUE G BB S, X R AT A0 B IR B RE (4) MBI BOR AR 25 1 2 n) L, 38 B4
RIFrIshatae . g56 Q000 R ERMSE T RN, 77 545 R ENHIE 7 501 fae M5 st
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Figure 4 (Color online) State solution trajectories for solving
the economic dispatch problem of IEEE 30-bus system.
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% 2 TEMESHTHERE (s).

Table 2 Convergence time with different excitation parameters (s).

b
w
0.1 0.5 1 1.5 2
50 400 50 60 52 65
20 220 35 45 36 60
*3 TREHEEHET = HRSEEE.
Table 3 Steady-state amplitude difference of x¢ with different excitation parameters.
b
w
0.1 0.5 1 1.5 2
50 0.2 1.1 2.2 3.2 4.1
20 0.3 1.6 2.6 3.2 4.0
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Figure 6 (Color online) State solution trajectories for solving N335,

the problem (29). Figure 7 (Color online) Trajectory of the global cost function

value C(P(t)) of problem (29).
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4 B R AL DU Sk & B AR AR B 2038, (EAF R R, A SCEVEIE T R& Zsh 122 R &, Wit
TR S PR PAT A [ A e SRR, DRI SR (4) £E SRIINT 8 Br 1 B2 i) i fe A0 20 IO ) (R, BAG B R A%
T 5 AT SR



TS FEPNZ FEERE 2026F Fs56tE HTH 1777

5 51

ASSCE R R HL IR 22 5 1A L 10 AL, SR AR R BOR, AR R AN e bt B sURIA A I 0L, 07 138
FIF ZBrah A R SR ZE, IF NEAR E)™ RAIE R T Frf Bk AE S UM AL 1 — 380 SPA FuE . BUE 17 45
Rt — IR T ISR R BE LI 25 U AT 55 Hh B R AN A 1k

TR R, R AR T T HVE 0TI & IR R G B B & v, (AP E— @ R R Y. — 7
T, AR BEAL P AR & LR, R S R R S S NER G L RS ;55— 5T, SR 003l
HTHHTIER R, FIREAE RGBT R SI N RIRILE), FmBERE B A RE TE. ARORBIE TR ST X R A 20
KEFEBE T M AR AT DL BN 5 BE P 7 THI R TT, kD 4h R S (M N A 5.

SE

1 Ren L N, Wu H, Jiao X H. Consistency-based energy management strategy for microgrids with V2G. Sci Sin Inform, 2022, 52:
10981113 [{EARHR, B, FERLL. HE voa T R MW —EtE e & B H R es. S BRI 5 B8, 2022, 52: 1098-1113]

2 Wang D, Wang Z, Wen C, et al. Second-order continuous-time algorithm for optimal resource allocation in power systems. IEEE
Trans Ind Inf, 2019, 15: 626-637

3 QinY J, Wu L L, Zheng J H, et al. Optimal operation of integrated energy systems subject to the coupled demand constraints of
electricity and natural gas. CSEE J Power Energy Syst, 2020, 6: 444-457

4 Yang T, Chai T Y. Research status and prospects of distributed collaborative optimization. Sci Sin Tech, 2020, 50: 1414-1425 H‘%
W, SR oA X R DR S R B E R BOREHY, 2020, 500 1414-1425)

5 YiP, Hong Y G. Distributed cooperative optimization and its applications. Sci Sin Math, 2016, 46: 1547-1564 [iﬁﬂﬂ%, By, 4y
AR EERA LI A, FEREE: %, 2016, 46: 1547-1564)

6 Yi P, Hong Y, Liu F. Initialization-free distributed algorithms for optimal resource allocation with feasibility constraints and

application to economic dispatch of power systems. Automatica, 2016, 74: 259-269

7 Fan J-Y, Zhang L. Real-time economic dispatch with line flow and emission constraints using quadratic programming. IEEE Trans
Power Syst, 1998, 13: 320-325

8 Chaturvedi K T, Pandit M, Srivastava L. Self-organizing hierarchical particle swarm optimization for nonconvex economic dispatch.
IEEE Trans Power Syst, 2008, 23: 1079-1087

9 Geng C, Wu Y B, Sun J, et al. Fixed-time distributed optimization algorithm for multi-agent systems with disturbance resistance.
Control Decis, 2024, 39: 527-535 [W(ﬁ, ﬁﬂ(i, }/J‘fi, . LT IR 2 8 Re Ik R 4 8] s I 1) 404 s BT IR Bl k. E%U‘—?(j%%y
2024, 39: 527-535]

10 Shi X S, Yang T, Lin Z Y, et al. Distributed resource allocation algorithm for second-order multi-agent systems in continuous-time.
Acta Automat Sin, 2021, 47: 20502060 [IER2E, %, MRERE, 55, JET RS0 [ 1)~ 2 B eefk X R I EE. B3l
253, 2021, 47: 2050-2060]

11 Shi X, Xu L, Yang T, et al. Distributed fixed-time resource allocation algorithm for the general linear multi-agent systems. IEEE
Trans Circuits Syst II, 2022, 69: 28672871

12 Shi X S, Sun C Y, Mu C X. Distributed resource allocation algorithms for linear multi-agent systems with disturbances. Sci Sin
Inform, 2024, 54: 911-926 [ &, FMCAR, BBEHZ. PLahzkth 2 5 Reik RG 0 A R o B s, ERE: (5 Bk, 2024,
54: 911-926)

13 Yang S, Tan S, Xu J X. Consensus based approach for economic dispatch problem in a smart grid. IEEE Trans Power Syst, 2013,
28: 4416-4426

14 Yun H, Shim H, Ahn H S. Initialization-free privacy-guaranteed distributed algorithm for economic dispatch problem. Automatica,
2019, 102: 86-93

15 Shi X, Yu X, Wen G, et al. Extended zero-gradient-sum approach for constrained distributed optimization with free initialization.
IEEE Trans Syst Man Cybern Syst, 2025, 55: 3824-3834

16 Wu Z, Li Z, Yu J. Designing zero-gradient-sum protocols for finite-time distributed optimization problem. IEEE Trans Syst Man
Cybern Syst, 2022, 52: 4569-4577

17 Guo G, Zhang R, Zhou Z D. A local-minimization-free zero-gradient-sum algorithm for distributed optimization. Automatica,
2023, 157: 111247

18 Tang Y, Zhang J, Li N. Distributed zero-order algorithms for nonconvex multiagent optimization. IEEE Trans Control Netw Syst,
2021, 8: 269281

19 Inoue K, Hayashi N, Takai S. Distributed zeroth-order online optimization with communication delays. IET Control Theor Appl,



20
21

22

23

24

25

26

27

28

29

30

31

32

33

34
35

36

37

38

39

40

41

42

43

44
45

TS FEPNZ EERE 20265F Fsedt FTH 1778

2025, 19: e12759

Pang Y, Hu G. Gradient-free distributed optimization with exact convergence. Automatica, 2022, 144: 110474

Wang D, Zhou J, Wang Z, et al. Random gradient-free optimization for multiagent systems with communication noises under a
time-varying weight balanced digraph. IEEE Trans Syst Man Cybern Syst, 2020, 50: 281-289

Carnevale G, Notarstefano G. Nonconvex distributed optimization via Lasalle and singular perturbations. IEEE Control Syst Lett,
2023, 7: 301-306

Wang D, Chen M, Wang W. Distributed extremum seeking for optimal resource allocation and its application to economic dispatch
in smart grids. IEEE Trans Neural Netw Learn Syst, 2019, 30: 3161-3171

Du Y, Chen F, Xiang L, et al. Distributed nonconvex optimization via bounded gradient-free inputs. IEEE Trans Syst Man
Cybern Syst, 2025, 55: 2560-2568

Du Y, Chen F, Xiang L, et al. Simultaneous source localization and formation via a distributed sign gradient-free algorithm. IEEE
Trans Control Netw Syst, 2024, 11: 319-327

Wang J, Han L, Li X, et al. Time-varying formation of second-order discrete-time multi-agent systems under non-uniform
communication delays and switching topology with application to UAV formation flying. IET Control Theor Appl, 2020, 14:
1947-1956

Mei J, Ren W, Ma G. Distributed coordination for second-order multi-agent systems with nonlinear dynamics using only relative
position measurements. Automatica, 2013, 49: 1419-1427

Yang N, Li J. Fully distributed coordination learning control of second-order nonlinear multi-agent systems with input saturation.
Asian J Control, 2021, 23: 1748-1761

LiY, Zhang J, Tong S. Fuzzy adaptive optimized leader-following formation control for second-order stochastic multiagent systems.
IEEE Trans Ind Inf, 2022, 18: 6026-6037

Yang H, Zhang Z, Zhang S. Consensus of second-order multi-agent systems with exogenous disturbances. Intl J Robust Nonlinear,
2011, 21: 945-956

Deng Z, Liang S, Yu W. Distributed optimal resource allocation of second-order multiagent systems. Intl J Robust Nonlinear,
2018, 28: 4246-4260

Luan L, Qin S, Sheng J, et al. Generalized second-order neurodynamic approach for distributed optimal allocation. IEEE Trans
Syst Man Cybern Syst, 2024, 54: 3369-3380

Deng Z, Luo J, Chen T. Distributed strategy for constrained resource allocation problems of autonomous second-order nonlinear
agents and its application to smart grids. Inf Sci, 2024, 652: 119754

Lakshmanan H, de Farias D P. Decentralized resource allocation in dynamic networks of agents. STAM J Optim, 2008, 19: 911-940
Yu Z, Sun J, Yu S, et al. Fixed-time consensus for multi-agent systems with objective optimization on directed detail-balanced
networks. Inf Sci, 2022, 607: 1583-1599

Lu J, Wang Y, Shi X, et al. Finite-time bipartite consensus for multiagent systems under detail-balanced antagonistic interactions.
IEEE Trans Syst Man Cybern Syst, 2021, 51: 3867-3875

Luan L, Li H, Qin S. Neurodynamic approaches to multiple constrained distributed resource allocation with planned or self-regulated
demand. IEEE Trans Ind Inf, 2024, 20: 349-357

Cherukuri A, Cortés J. Initialization-free distributed coordination for economic dispatch under varying loads and generator
commitment. Automatica, 2016, 74: 183-193

Wang Y W, Wei Y W, Liu X K, et al. Optimal persistent monitoring using second-order agents with physical constraints. IEEE
Trans Automat Contr, 2018, 64: 3239-3252

Khalil H K. Nonlinear Systems. 3rd ed. Upper Saddle River: Prentice-Hall, 2002

Edwards C H, Penney D E. Calculus, Geometry A. Upper Saddle River: Prentice-Hall, 1998

Tan Y, Nesi¢ D, Mareels I. On non-local stability properties of extremum seeking control. Automatica, 2006, 42: 889—903

Zareh M, Sabattini L, Secchi C. Distributed Laplacian eigenvalue and eigenvector estimation in multi-robot systems. In:
Proceedings of the 13th International Symposium on Distributed Autonomous Robotic Systems, 2018. 191-204

Ortega J M, Rheinboldt W C. Iterative Solution of Nonlinear Equations in Several Variables. Philadelphia: STAM, 1970
Firouzbahrami M, Nobakhti A. Cooperative fixed-time/finite-time distributed robust optimization of multi-agent systems.
Automatica, 2022, 142: 110358



TS FEPNZ EERE 20265F FsedtE FTH 1779

Gradient-free distributed resource allocation algorithm for second-order
multi-agent systems under directed communication
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Abstract Economic dispatch in smart grids poses challenges to the efficiency and compatibility of distributed resource
allocation algorithms. Existing gradient-dependent algorithms often suffer from high computational complexity due to the
need to process high-dimensional gradient information and are not adaptable to unbalanced communication topologies. This
paper proposes a gradient-free distributed resource allocation algorithm for unbalanced directed graphs based on a second-
order dynamical multi-agent system. Leveraging a weight balancing strategy, the algorithm is compatible with asymmetric
communication topologies. Furthermore, by combining an extremum seeking mechanism with bounded incentive signals, it
effectively mitigates the computational burden of high-dimensional gradients. Furthermore, based on Lyapunov stability and
average analysis methods, this paper rigorously proves the stability of the algorithm under unbalanced directed communication
topologies. Simulation experiments further verify that the states generated by the algorithm converge to a neighborhood
of the optimal solution that satisfies supply-demand balance. Comparative experiments demonstrate the advantages of the
proposed algorithm in terms of topological compatibility and operational efficiency.

Keywords second-order dynamical model, multi-agent systems, economic dispatch, distributed algorithm, extremum
seeking, unbalanced directed communication



