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Flexible attachment

Rigid body

B (REEPE) EMHEREREE.

Figure 1 (Color online) Diagram of a flexible spacecraft structure.

*1 PEEFFSEX.

Table 1 Symbol explanation.

Symbol Description

L,h,b,p, E Length, width, thickness, density, and elastic modulus of the spacecraft

Ip € R3%3 myg Moment of inertia matrix and mass of the central block

El,Ely,EI, Bending stiffness of the spacecraft about the z, y, z axes

Oo(zo, Y0, 20),0(z,y, 2) Inertial coordinate system, body coordinate system

r(t) = (ro(t), ry(t),r=(£) T Position coordinate of the spacecraft’s center (point O) in the inertial coordinate system
0(t) = (01(t),02(t),03(t))T Attitude angles of the spacecraft’s center (point O)

P(t) € R3¥3 Rotation matrix corresponding to the attitude angle 0

Q(t) = qo(t) + q1(t)i+ g2(t)j + g3 (t)k Unit quaternion corresponding to the attitude angle 6

w(t) = (w1 (t), w2 (t), ws(t) " Angular velocity of the spacecraft in the body coordinate system
Fo(t), To(t) € R3 Control force and torque applied at the spacecraft’s center
Fy(s,t) € R3 Control force applied at position s of the spacecraft’s flexible component
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Figure 2 (Color online) Diagram of coordinate system and Figure 3 (Color online) Diagram of control positions.

displacement deformation.
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R(s,t) =r(t) + ®(t)u(s,t),

Frp AR (1) € RSP T
(1) = exp(6” (1)) = Y —(0"(1)".

A AR 2R T AR AR IESE w0 = (w1, w2, w3) T WL

FE ¢ IFZ s AR A8 AR TR R AL 2% A T EE
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u(s,t) = (s,w(s,t),v(s,t)".
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L 2

Viu) = ;/L EI, %2” +EL 322 ds. (7)
i du = (0,6w,6v)", H
:2 SV (w)dt = : V(u+ou) — V(u)dt = /t t / y‘?;f 625;” EIZ%%dsdt. (8)
& X EARB RE ,
T(r,0,u) = ;pA/; %R(s,t) der%wTIoer%mo . )
Hr A =bx h BRI 28 (3) WIS, BRI
5B (1) = exp(0/\(t) + 067\ (t)) — exp(8° (1)) ~ B(1)507(L). (10)
FAENURESLEBIEARSR R T W IIBIE) OR W 2
SR = 6r + ®(60) u + ®du, (11)

Horr or RAEREALTFR TR IS), ou AR TRIEARSS). XX (10) PR a5 HO0FF H
exp(00°(t)) ~ I + 60" (t) AT 13

%6@(:5) ~ ®(t) [60" ()" (t) + dw" (t) + 50" ()5 ()], (12)
jt( D(1)00" (1)) = ®(t) |’ (t)30"(t) + 60" (t)] . (13)

BT ®(t) NIERCHEE, 4543 (12) LK (13) H2BEmMsh s
50" (1) (t) + 6w’ (t) = w0’ (t)06" (t) + 60"\ (t). (14)
it (14) BT N R L& (32, p.208))
(w"30)" = '\ (t)56" (1) — 66" ()=’ (1), (15)

A AR A AR AR R R 0L A AR B O il 2
dw = 50 + =" 40. (16)

2 (9) H9A4E AT BAS g

to
" 5Tt / / pA CR(s,1) - 8ds + mor(t) - 67 | dt
t1 L

/ VipAgtR(s,t).6(‘1’(t)(50)A”(5’t))ds+10w(t).5w(t) dt (17)

ot

t2 3} 9,
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fRE N RESTEP i 51 = = L Ltz
Fi(t) = (fia(t), fiy (1), fiz(t) TP = 1,2.
WUR AR EEHl R8I )1 Fe(t) LA IR S B 1 2 FN Ts (t) 2
Fv(s,t) = 22: Fi(t)6(s — sy),
i=1
L 2
Fx(t) = . Fv (s, t)ds = ZFi(t), (19)
T2 i=1
()= [ w' Fuls.t)
o §(-) N Dirac 704, B G (18) W1
ta 2 ta
/ Wt = / €5 Fy()ow(s t) + es - Fy(t)ov(si, 1)t
o =1 (20)
+ / B(t) (Fu(t) + Fo(t)) - o7 + (To(t) + To(t)) - 0dt.
SE NAEMMHEALFR R T I & w K SRS Du:
D ou
{ u = E—Fw u, "
0*u AOu A (21)
Du:ﬁ—&-Q 8t+( MPu+ o .

ta

%1 Hamilton 2 / SIT(t) — V() + W(t)dt =0, LLL {67,680, 6w, 6v | r(T) = §0(T) = dw(s,7) = dv(s,T) =
0,7 =t1,t2} E‘Jff%ﬁﬁ,lﬁ (17), (8) A1 (20), FATTAIHEH [33, Theorem 2.1]

L
2
mo? + / pA(F + ®D*u)ds = ®(t)(Fs + Fo),
_L
oo + = ow + [ pAu (DPu+ @Ti)ds = T + T,
L (22)

0? 0?
e [pA(D*u+@ ') — Fy| = ~ 552 <EIy882w) :

082 0s?
JiRed (22) WS 1 ADNTREANURE PR 1T RE, B 2 NI REUR AR L R B 15 AR, O 3 M 4
N5 R FH R IR LR 4 4 AR (3R 5.

NP DY e HOR R IR LA AT T A B R UR s ez s 22 TR B, 58 SULZS M 0 RNl i
PLFEN a, 0 NIEFAEE. AEAREBIRRT a = (a1,02,03) ", IR v = (v1,v9,03) T B 0 AL R M RN
v = (v}, vh,05) " W o AT DU THORIESA. S50 b, LEAA A RN TRy

Q = cos(¥/2) + ay sin(¥/2)i + ag sin(¥/2)j + az sin(F/2)k := qo + 11 + ¢2j + gsk.

0? 0?
e3 [pA(D*u+@ ') — Fy| = <EI )
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BVUTCEL V = vii + vaj + v3k, V' = vii + vhj + vik. FIRVUICHERE V! = QVQ~! AlfF v = do, XM HIE

PR

1—2(¢3 4 ¢3) 2q192 — 2q0q3 29143 + 2q0q2
® = [ 2q1g2 + 2q0g3 1 — 263 — 243 2¢2q3 — 2q0q
20143 — 29092 29243 + 2q0q1 1 — 2¢7 — 243

I (4), BERESESRERTT <o(t) = ad(t). BOLEECSEH Q) i
Q) = 5QU) @1 (1)i + (1) + (D))

FEIREAL DI Q XN g(t) = (q0(t), a1 (t), a2(t), a3(1)) T AR BN FHUR B hEHe iz 5 i e

UYL R P
2 qo(t)Is + q)(t)

(24)

(25)

Hr g (t) = (1 (), 2(t), g3 (1) 7. BB (i) A (ii), & Io = diag{I1, I, Is}, EI = diag{0, EIL,, EL}, ¥R

SRR N
(1) + BT () + F(1)) = 2(0)Fo(t),
(1) = 5 [~a] (0 a0l + @) ()] w (1),

Toywo(t) + =" (t) lowo (t) + (1) + T (1) = To(t),

r(0) =70, 7(0) = r1,9(0) = qo, ||qo|| = 1, (0) = wo,

oA [ T8 s ea a0+ @7 (050)| + 55 (1 opulsnt)) =0
pA|ZD sy atsty + 2T 050) | + 25 (BL etsin) =0
E@ig(-g¢)=e'ﬂﬁ)EL?Z(—§J>=63FN&

5 (2 ) 0. —BL 2 (12%5) — ey Ba(t),
;f(ﬁ) (,) % 0.0 = w(0.6) = 2 (0.1) = w(0.0) =0
w(5,0) = (), wi(5,0) = w1 (5), (5,0) = v0(s), 4(5.0) = w1 (),

Heb Y, EXH

r(t)—(O’EI (233(0+ - ?9?;(0_7’5)>’EI <g33(0+ t) = ng(O‘J)))T,

n(s, 1) = 2w ()" 24 4 [(w(1)")? + @ (1) uls, 1),

u(s,t) = (s,w(s,t),v(s,t))".

Y(t) = <O,EI (g:(m t) — 22;)(0,@), —EI, @22((# t) — Zj(o,t))>T,

(26a)

(26b)

(27)
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f(s,0) = er- [pA (n+ ®T#) — Fy(1)0(s + §) — Fa()6(s — 5)],

F(t)=e; [é f(s,t)ds, (28)

3 ERIRRRITRREM ST

ARATRE RS (26) A (27) BTG ZATHR A B AL bR r(t) LEERIAE ga = (qao.q,,) T FRERFIHA
zl{_i Ta = (71d577.dy;7ﬂdz)—r E—%E

{ im0 = rall = 1im_lg(t) — qll =0,
(29)
Jim ([ 8), 00, 0) e = Tim (1520, 58(,6) ez = 0.
R (2) F1(6), H
R(s,1) = 7(t) + ®(t)(s, w(s,1), v(5,1) T (30)
2 X
re(t) = r(t) — ra. (31)

I AR S A R B AL DY TE L Qa = qao + qani + qazj + qask, E RZE AR B RALIYTCEL Qe = geo +
C]eli + Qer + QG3k ﬁiﬂ:/%
QaQ. = Q. (32)

PR qe(t) = (qeo(t), aly ()T = (geo(t), ger (), gea(t), ges(t)) T Wi /2

g0 (t) = qa0qo(t) + 44,90 (1),
(33)
gev (t) = 4doqv (t) —qo (t)qdv - q(/i\v (t)qv-
2 RS B T o
1—2(q3% + 43%3) 2¢a19a2 — 2qd09ds 2qd1qds + 2qdaoqde
P = | 2qa1qa2 + 2940943 1 — 243, — 2¢%  2¢429d3 — 2qdoqar | - (34)
2¢a1qa3 — 2qda0qa2 29a2qas + 2qa0qar 1 — 2q% — 2¢3,
IR TERE @, (1) W 2
B,®,(t) = B(t). (35)
2 R S EHR S ZEILN
R.(s,t) = 71e(t) + ®(t) (s,w(s,1),v(s, 1)) " — ®4(s5,0,0)" . (36)
NIIEE]
.
D) = #(0) + B0 (sl )00+ 800) (0,575,050 (37)
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FIRI (26) Hia & T3

OR.

{R 0,8 = 7o (b), Ro(0,8) = olt),
95

©(0,) = ®4(B.(t) — Iey.

f iR (28),

A 2
Fls.0) = er- |pA®T (05 s.0) - ).

FIFR (26) A1 (27) 23

3 3 .
T 07 = R0 ) - ROF(0) + B R1),

mofe(t) = EI (

qe(t) = 5 [_qev( ) q60]3 + qev( )} W(t),
Iyeo(t) + w" (t) [hwo(t) = ef @ T ET (8;? (0, t) — 8;? (0—,t)> —T(t) + To(t),
2 2 R
a&ﬁ (s,t) + < (9 R (s,t) ) ®(1)Fy(s,t) = ®(t)erf(s,1),
0°R.

L L
5 (£5.0) = pr? 5 (j:Q,t> = 0.
F BN AR R

2
ds

2 9’R,

OR.
EI% 5 (s.1)

ot (5,%)

E(re(t)>ee(t)7Re(t)) = %pA/E

_L
2

1
(184‘2/_g

M, [(aeo(t) — 1+l (Daealt)] + 530 (Do () + gmo#e ()]

2
1
+3Mollr ()],

HAZH My, My BT AIE. BEETZ B SC T I TA) /) 5 Hi0h 2

L L -
. z  OR. O’R. 7 R, O’R.
E(t):/LpA 5,1) - 5 (5,t)ds+/L 51952 (s,t) - EI a2 (s,t)ds

+oo(t) - Myqeo(t) +wo(t) - (LoTo(t) + w’ lywo)

+’f‘e(t) . m()’l":e(t) + ’I'e(t) . Mo’f'e(t).

FIA A (40) 153

B(t) = /7 ‘9;% (5,1) - BFy (s, 1)ds

+ - {To(t) + Mygeo(t)} + 7e(t) - {® () Fo(t) + More(t)} -

3.1 wHISEI

(40)

(42)

(43)

ﬁi*ﬁ#%%?ﬁﬁ%%%&ﬁiﬁ%ff@E@{jfrﬁﬂﬁﬁﬁ?ﬁ%%%“ EARROTERBOHER#E. BRE 1. ()
0 (t) KICFH 7o (t) R 0. () W RMIHRFIE s = — = L AL PEARAR R R RO 2B (s, 0) W],

T (19),
F(s,1) = ; 15(s = 51).

(44)
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Figure 4 (Color online) The state of the flexible beam part under the controller I (45). (a) Deformation in the y axis direction w(s, t);
(b) Deformation in the z axis direction v(s,t).
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(Color online) The displacement and attitude tracking errors of the spacecraft under the controller I (45). (a) Displacement

Figure 5
error re; (b) attitude quaternion ge.
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Figure 6

w(s,t); (b) deformation in the z axis direction v(s, t).
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(Color online) The state of the flexible beam part under the controller II (60). (a) Deformation in the y axis direction
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Figure 7 (Color online) The displacement and attitude tracking errors of the spacecraft under the controller II (60). (a) Displacement
error 7¢; (b) attitude quaternion ge.
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Figure 8 (Color online) The energy (InE,,InEy) of controlled system. (a) Controller I; (b) controller II.
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Figure 9 (Color online) Total energy and vibration energy functions of the system under the controllers I (blue) and II (red).
(a) Eg(¢); (b) InE(?).
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Abstract This article considers the tracking control problem of dynamic systems coupled with the overall motion of

spacecraft and the elastic vibration of flexible structures in three-dimensional space. Based on the spacecraft configuration
of a central rigid body and a flexible beam with two ends, a coupled PDE-ODE system model including the coupling

effects of translation, rotation, and elastic vibration is established by Hamilton’s principle. Using the energy dissipation

method, we design an end-center cooperative tracking controller and a boundary vibration suppression-center compensation

tracking controller, respectively, to realize the tracking of spacecraft attitude angle and position, and prove the stability of

the corresponding closed-loop system by Lyapunov functional. Numerical simulations have confirmed the effectiveness of the

proposed controllers.

Keywords flexible spacecraft, coupled beam, tracking control, boundary feedback control, partial differential equations



