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Figure 1 (Color online) Schematic diagram of an M-layer
(M = 3) network. There are X nodes in a single layer,
and the intra-layer coupling strength is d; the layers are
connected by m (m = 3) edges, and the inter-layer coupling
strength is a

B2 (MERFEE) WEHERMEELTEE. 25 X
MR, BRBAREA d; REMFED (TTRxt ¢ #
i), BEREHEEBEA o

Figure 2 (Color online) Schematic diagram of a two-layer
chain network. There are & nodes in a single layer, and the
intra-layer coupling strength is d; two edges (node pairs 4
and j) are connected between the layers, and the inter-layer
coupling strength is a
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a Random edge position j
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Figure 3 (Color online) Varying A2 versus inter-layer cou- & sk

pling strength a for all the possible “inter-layer i&j connec-

Figure 4 (Color online) Eigenvalue A2 varying with posi-
tion” modes for X = 20

tion j (1 < j < 30) when one inter-layer edge is located at
node pair ¢ (1 < ¢ < 15) for X =30
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Figure 5 (Color online) The optimal inter-layer connection positions ¢ and j changing with the number of single-layer
network nodes X for different network sizes for a < ac. (a) X =4N; (b) X =4N +1; (¢) ¥ =4N +2; (d) X =4N +3
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Figure 6 (Color online) The optimal inter-layer connection positions 7 and j changing with X’ using the “shortest distance”
index. (a) X =4N; (b) X =4N+1; (c) X =4N +2; (d) ¥ =4N +3
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Figure 7 (Color online) The worst inter-layer connection positions ¢ and j changing with X using the “shortest distance”
index. (a) X =4N; (b) X =4N +1; (c) X =4N +2; (d) X =4N +3
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Figure 8 (Color online) The minimum non-zero eigenvalues Ag, )é, and A corresponding to matrices £, Lintra, and L*

changing with the number of single-layer network nodes X for different network sizes while a = 2d - sin (ﬁ) (a) X = 4N;
(b) X =4N +1; (c) X =4N +2; (d) X =4N +3
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Figure 9 (Color online) The errors |A2 — AL| and [A2 — A}| varying with N respectively in the two cases where the number
of single-layer network nodes X is even for all 25 < N < 200 while a = 2d - sin(5%). (a) X = 4N; (b) X =4N +2
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Analysis of the synchronizability of two-layer chain networks with
two inter-layer edges
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Abstract The structure and dynamics of multi-layer networks are the frontiers in the current network science
research. The inter-layer connections in a multi-layer network directly affect the dynamics, propagation, diffusion,
and synchronization of the entire multi-layer network. However, there is rarely systematic theory or method for
the general structure of multi-layer networks. People can only start with a simple structure to explore how the
inter-layer connections affect the overall dynamic behaviors of multiple layers. The work of this paper aims at
the two-layer networks where each layer is a chain network. Through graph theory and numerical calculation,
this problem is explored to find the optimization method of the inter-layer connections. First of all, according
to the master stability function method, this paper proves that when the synchronous region is unbounded, a
multi-layer network with the same network structure at each layer has a certain inter-layer coupling strength
threshold, so that the entire network reaches the maximum synchronizability, which is the synchronizability of
its single-layer network. Secondly, the simulations show that when there are only two edges between layers, the
optimal positions are respectively located at 1/4 and 3/4 of each chain, while the worst positions are the end node
of the chain and its neighbor node. Furthermore, we discuss in detail about the optimal connection modes of
two-layer chain networks when the number of single-layer nodes is 4N +z (z = 0, 1, 2, 3) using the master stability
function method and “network shortest distance” structure index. In the case that the single-layer nodes number
is 4N, there are 4 optimal connection modes; in the other three cases, there is only one optimal connection mode
respectively. Finally, we propose the expression of the optimal inter-layer coupling strength, and then verify the
correctness of the expression by calculating the optimal inter-layer coupling strength values of the two-layer chain

network with different sizes.

Keywords multi-layer networks, synchronizability, chain networks, inter-layer connection modes, inter-layer

coupling strength
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