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Figure 1 (Color online) The sparsity in arc spline. (a) G' continuous arc spline (curve) and sampling points (black points);

(b) curvatures of sampling points; (c) the quasi gradients of the sampling points, where the nonzero values correspond to
joint points
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Figure 2 (Color online) Arc spline approximation based on sparse representation. Given an ordered data set (a), the

optimization aims for as few arcs (b) as possible to approximate (a). A; is the j-th arc corresponding to two joint
points s; and sjy1. P(sj,s;jy1) indicates the data points in P between s; and s;11
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Figure 3 (Color online) The sparsity of curvature radiuses at sampling points on the arc spline in Figure 1(a). (a)
Curvature radiuses of sampling points; (b) quasi gradients of curvature radiuses
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Figure 4 (Color online) The flow chart of automatic G! continuous arc spline approximation based on sparse representa-
tion. Given a set of data points (a), the global ¢ sparse optimization problem (3) automatically segments (a) to initialize
the arc spline (b), coupled with the local modification of joint points (c), the G! continuous arc spline is obtained
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Figure 5 (Color online) Supplementary explanation of ¢; sparse optimization problem. Input the sampling points of leaf
curve (Figure 4(a)), (a) is the approximation point set by solving problem (3). Its curvature (b) and quasi gradient (c) are

computed respectively with transformations 7 and D. Compared with the theoretical performance in Figure 1, there are a
few redundant points which will be grouped to any neighboring arc
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Figure 6 (Color online) The trend of the optimization error of the leaf line (Figure 4)

= | Sparse arc spline approximation

Input: Sampling points P of curves;
1: Step 1. Global sparse arc spline approximation;
2: Read the sampling points P and calculate C, R, {zl}m+1 by (3);
3: Step 2. Local modification;
4 Modify joint points S and {C, R} using Gauss-Seidel method;
5 Step 2.1. Fix {C, R} and solve S-subproblem;
6: Update {zl}m'H y finding the subscript of the closest point according to the location of the joint point;
7 Step 2.2. Fix S and introduce auxiliary variable U; U and {C, R} are solved after three iterations;
8 Update the center and radius of each arc according to the new joint points.
9 After Steps 2.1 and 2.2 iterate about 8 times, the algorithm converges and outputs;

}m+1

Output: Centers C, radiuses R, subscripts {4; of joint points, approximation error e.

Bl 6 7~ T leaf line (B 4) ML AR iR 2 IEOL. BAR, &I R 22 2 NEEH, HAEF ]
PLE H, ARSI Step 2.1, Step 2.2 JEIEAR 8 WS iR ZE T Rae, W T Sk Uikt T~ e A
A SEI6 45 T e R AR Ak 7 BT YRS 15 .

5 SCIGZER

KA 5 R A% 2.6 GHz, 8 G WAETHEML | Matlab R2018a FAEE T SLHL.

N T VARSI, B0 5 M ik Bl TAE W4k Bézier fZRHEAT LLEL, XA
TAECZAL Ahn 25 1) (7730040 B8 A (1 B9, &0 B8 AN SCRk [20]) W) AR A—FE. =
IR Bézier € XNF:

q(t) = (1 —t)?by + 2t(1 — )by + t?by, 0<t <1,

Hor by, by, by KL PISE Bézier MhER K% H] 57050

Bézier curve 1:

{(1,1),(5,1),(1,2.75)}.
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Figure 7 (Color online) The approximation results of Bézier curves in bisection algorithm 5] using our method.
(a) Bézier curve 1; (b) Bézier curve 2

£ 1 ANFESZME P MBERELER

Table 1 The approximation data comparison of our method and the bisection algorithm [5]

;. NArc e
Bézier curves
Our method Bisection algorithm (5] Our method Bisection algorithm (5]
Bézier curve 1 5 10 5.0159 x 107 1.0000 x 1073
Bézier curve 2 2 14 6.4544 x 107° 9.6696 x 107°

Bézier curve 2:
{(0.54, 3.40), (7.22,3.61), (7.39, 3.14)}.
TERI Sk M2k LoRFE N, = 1000 5 1E NN S5 P
Bl 7 SR T RO IE IR 45 5. 38 1 3 H o0k B AR E R BT Naye 5IBITIRZE e,
SO IR S E BRI RE ), 7R 1B TR S R A TR B
T UL EE BRI RE Sy, RSO Z R FRIR R S E i A& AT T, Wi 8 Fow, &2k
NN
(1) B-spline 1 (] 8(a)):
Pl 5 {(0,0), (1,5), (4,5), (6,1), (9, —3), (11, —4), (12,5), (14, 6), (17, —2), (20, —2), (21,1)}.
(2) B-spline 2 (K 8(b)):
) A {(0,10), (1,8), (4,7.5), (5,10), (6,10), (7,8.5), (8,8.3), (12,11), (12, —1), (6, 4.3), (4, 10),
(27 S)a (17 75)v (0’ 0)7 (3v 0)7 (57 27)7 (87 7)3 (10, 7)7 (]-]-7 3)3 (737 *1)7 (933 72)}
(3) Polynomial (B 8(c)):
x(t) = t,
—2<t<2
y(t) =1°,

(4) Plum line (K& 8(d)):

x(t) = (10 — 9sin® 2.5¢) cos t,

0<t<15m
y(t) = (10 — 9sin” 2.5¢t) sin t,
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Table 2 Experimental data )

Curves Np € Nare e t (s)
Bézier curve 1 1000 0.0001 5 5.0159 x 1077 15.0975
Bézier curve 2 1000 0.0005 2 6.6544 x 10~° 12.3846
Leaf line 1000 0.0001 7 4.7171 x 10~7 16.9222
B-spline 1 1000 0.0008 9 5.8841 x 10~6 16.7884
B-spline 2 1000 0.0008 11 8.7299 x 10—6 22.1343
Polynomial 2000 0.0001 8 2.8000 x 103 20.1243
Plum line 4700 0.00008 30 2.9000 x 1073 76.8150
Loop line 1000 0.0008 7 1.3867 x 10~5 13.3155
Section contour of Eight model 1000 0.0001 20 3.3010 x 10~8 32.7293

a) Np: input data size; : error tolerance; Nay.: number of approximation arcs; e: approximation error; t: time.

A Eight HSEAIENEEF L (B 8(f)) W73 B UL, B 712 v B iRk, 76 38 28 SR jr) jit e, ]
FRPEXT AR T 5. A plum line (B 8(d)) B 53 A B, LBURFAE 1T LARE B il ok, s &
BIRRTMEIE (5 10 Step 2) E¥F 1 IRBIAT4S 2285 5, 261 ui AT Aa R R 7 B 732 (178 (3)) 1)
fli#4. Loop line (K 8(e)) HISLEGEE KT /R T Hi 720 B X EHIEIEIERE ). & 2 A
A )1 R SR Npy FRBUEIT IR ZR e (M8 (3)). EIEFEINEREL Ny BITIRZE e FI{ED
IRFIA] ¢.

Firf St b, [ SRBHORE UL 1% 22 78 3 Wi B 7 TV IE L e ), (B A RBR . fiik b
B (3) AR RE D R TR, PURERE )2, FELIRBUREIE AN A TT DATS B E AR 5 L, T AL
A (3) HRZERR ¢ AfE, ATNER 2 h 2 H LI LT it WA, MR R 5 ZHRFMER
JLEARE TR B 2 TR, B 7 FoR vk B) P45 SE IR I 2R AE 28D (ms) B[R] P BRI AT 5E A%, 7
THiETRE 12~15 5.

6 %518

AR T — B TR RS G B2 B ZEUT k. 4R MM Du AL ) @ i s ]
TR R EARS 3 BUF ALK (5 KA ERRE Ty, 7 P R 0 B B e B R R A5 T
BORSETr. Mg BAT R AIAR AL R IR 5%, 75 BEAT JR B2 IR AL BE, R W6 12 mOZ W A% s B i A fir
B GUIESVER, AR, £RMIERET, BEER m RS B B e B, Rl BEk
W KA. I 25 R, AR SR TR 0 BRI LR, B0 R BURFIE . B A . n] LA 3
B U A R

58 VR 26 A TR il B — LR AT 0N 3 S ORI T VR, s Rt R A A e, (E R SR 2%
A ER PR A — BB B, BT A, A8 LT B () by, XA T LT S AT IR IR 1280, W RE A
B2 AT AR R R 7 7 iR U, LA i 2R s B S 8. AR S IR AN FZ 3 ) LD B o e
GLERR, D0 TR R I iRAE LT AL B R R, IR IR R BRI AL TAE.
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Figure A1l (Color online) The effectiveness of transformation matrix. (a) Theoretical curvature values of sampling
points. (b) Theoretical quasi gradient values of curvatures. (c) Approximate curvature values calculated by transformation
matrix 7. (d) Approximate quasi gradient values of curvatures calculated by transformation matrix D. Except for a few

redundant points, the approximate values are consistent with the theoretical values. In the actual optimization process, the
redundant points are processed according to the method described in Figure 5 without affecting the approximation results

Automatic G! arc spline approximation via sparse representation

Linlin XU

School of Computer Information Management, Inner Mongolia University of Finance and Economics, Hohhot
010070, China
E-mail: imufexll@163.com

Abstract Arc spline is popularized in describing the tool path for a certain CNC machine, and it is desirable to
approximate curves with as few arcs as possible. Most of existing methods are heuristic; researchers have seldom
paid attention to the piecewise constant property of the curvature of arc spline. Based on the intrinsic sparse
property, this paper proposes an automatic G! arc spline approximation method via sparse representation. There
are two main steps: global initialization using a sparse optimization problem for automatically detecting the joint
points between adjacent arcs, and local modification by readjusting the positions of joint points to ensure the G!
continuity. The experimental results show that the new method is sensitive to symmetry. Some sharp features
and self-intersecting data can be approximated well, which fully shows the advantages of the new method.

Keywords arc spline, sparse representation, approximation, G! continuity
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