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Z

S5 JE T A B LRI AR, S AR VR 2 555 ST Y

e
il

TE S PR AR [a] U5 fy [R] B 3R AT AR Btk ¢, Bl Lasso M, SCAD 2, MCP B! PLJ% Ly /5 regularization [4,5],
I A SR R A TS5, d A bR TR O BREE R B 71 A1 ADMM B & 55— J7 i v) AR
H Bayes J7iAMHELLREE ST [RABEAY. JET Bayes 4L AR f I FASE AL M it B FRsi M S5 1
Je I A R L [ AT FE, 40 Laplace 5364345 P~11 Al Spike-Slab J538 50 4h (RSS) 12~15], 15
LR, Bayes J7iE 0] LA JE T SR I& 5 /R AT K4 (Markov chain Monte Carlo, MCMC) 16:171 ()4
FETT IR RAME, 15 MCMC 773230 T 55058 1) v B2 AR B 1) 7 L AE S 82 ] o B, XIS AR AR X
S5 EIRINZ JE Bayes BALISK AR, SULIRIN, BT 5 56 53 A0 kA7 T (148 23 HEWT 081, SR 6 H
RUR AR AL Bayes J5EAEWS KO HUBLER (1 S bR S A 45 31 T BRR )2 (1 96 119~24],

A K m JEBUE ) 2 AR 55 [l AR 1290 [RIRE R G A Bl R E ORI E il 2RSS R R —
FHIR I ZR T 55 2 1A) BT = RN SRR v AT 55 B TRUIU A F52 R A ok £ (R Al 2. X I B0 B
FALS 2 W B I EZ M N, FE@EIE AN 11/, (¢ > 1) S MBLIEN I (block-sparse regularization)
SR SR I SR A (26 27); A FFAB R FAT 55 8] FAT FE SRR S 1 RIS, AT 5538 A R 5
BRARE, WA R (dirty model) 281, 38 i of & SE A 58 RSN N R B 1E I 0, XoF AR5 e A 88 RS
TN TC MG EE IE NI (element-wise regularization) K& AR Ff K M, 11505 T = Lasso (data shared
Lasso) 290 T e i ef e 2 570 it 2802 AN AL RS 7 P i 2502 A 7 T JUJ T3, DA b 1 4 1 2 0 5 R e RO
HbRAZ B (52, i 37 R Yot FE e DASE I BRI A Lasso SKABZS X EAL KA.

FE BT SCHTAR TR PR IR [ e @ b 3@ 8 2 8 T Mg R, BB A — /Nl AR &
Xof H ARAR B A AR S 3 SN, TS T R] REAEAE A BEALALSE, B pT B AR B 0 H AR R BARAE AR R
TES sz, (H G R RRT H AR B AR B3 B s B3 SR AR B AE 43 Bt S B o] 8 ) B4 A
ORRETBEARL B, 0 BRSSP B B AT, B 25 8D B H R LRV O SR, GBS PR O
i RNV AR HEL S PP Tt 0 ) S M) 3K LB g K R AV B PR SR 1 20 R AE AR o
FRIRE I, H 3 LG 10 55 280N -G S RN FRLREAS 70 A7 ] BEAF(E Y 35 RE M. KX — 70 R e 25 SRR AR A o
AR TR TR0 ()4 FE AN DGR IR B AE 2. Bl T SR IV EER A AR A B A R R A
HIHS, EemE RIS, oS, Bl il aifERMEZ GRS, 8 —F iR EdE b, #
BE T HEZIFRAIEE R VAR X NI LS IT 7y, XS Bk BT E A OE 72 P Bk, X
HLSZ IR AR O B o] DLBAE — AN AR5 4 I AL Az b 8 R R ) 3L (R4 FA 2 P40 1
oM BAG IXFE B RHE: —J7 T, ANFZE AL RS PR AR E A DG I, BROAIX Sy #6027 R EAH R Y
W JRATAT BRI 8 23 s 1T AR B2 L 45 578 BT AT 2R B A R S 1 E 8 P S A7
TERT, Wl AL 2 AR5 2, R ME SR T A AR5 R U 3= 0. 55— 5T, B yix e i inl
TCBCEIOR, B ARRA MBI IX 35 5 R B i, 3 —2 0, B 78 BT PR 2 s, AR
(1 FRLEE 08 I 9 PP S B B Tz R A s I O BRI, Bl <RI X 2 I S M g2 B VP4 B BUR B IR

UM, R RS FLRE B PR 20 AT TR B TR THT SR X 4 S8 i) U0 e — SRR A AL S PR A0 A7 AE X
ER, WAL AR 2, KRG T O E AR S5 AR . R, X — OGS A B R
AR TR IR 5 LA, A MR BOX S SR M. BT DA R AL, AT L
— PG GRS [R] I 25 S B 2 AT 555 )b, ANEUESS P @ Bl AE AR 1 3V (AR FREPE (W
BRH).

gE b, TEARSCHBATHE EU T 2ATS S B, — 5T, A RS E 80 E S, X ES
BAASKRE XN B AR BAE AN, (H 2 SRR H bR AR AR AE B 5, AR AR, JRATFx
N FEERELRN s 75— 07, BEMEFIEZ 2] R MR FISZI, X5 5 RS
ARG AR, HEAMGIE. ER AR5 IR R A7 AR FLEREALRN AT 5 M 5 AL
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HEB FEREE B 50 % 8

N7 AT A48 MSS (multi-task learning with shared random effects and specific sparse effects)
B, fERR @ SL I AR, AT Bayes 77%, NI SH1E Gauss S50/ A0, AR MESH
FHIEE 5 i1E B A MBLEVER) Spike-Slab 2658 400, i@id FRAAL 1 e, FRATTAT LA FH 4 50 4dh A 2%
ML EAES. SUERIN, 7250 BRI 255 im0 o, O Re SRS A M 20 i A M 95 0 B B R R 1S
5. EERI SR, SRAE Bayes BUALEE R MCMC 7572, SR AL & 482 (38 0, MCMC 77
PR EOROR, R TOR M. £ MSS B, JRATT@EL A A2 5> Bayes fET, 5 AR, 32
537 EM 535 (variational expectation-maximization) SRAlTH AT 5552 ) Hp 3L 25 5 ARFEAS 5 X BL 1Y)
S AU SIS AN L SR B AT 5 SRR B, B Bayes HEWTANVY BEIR o b i v el o 20 O AR
THEHER, [F)I B AR G M 28 o S 48U T ) iR 22

AR HI T 5 2 0 MSS B BEAT @S ANHE T B8 3 Tl 2 A IE T R EE
SEIR VR MSS AR R RE, R A o0 S B A

2 RENGE
2.1 E3Z MSS [E)IEHR

BB NS n DPERRINZGE (X, g}, BE X e R Ron HRRE (WiHHER), p &on
HARMYERL, y € R™ Ron i HARRRA MK AR, AR HE R BEE I 2 m, ¢y A1 X #E
HHIROE. BEITRT y 5 X LS

y=XB+e, (1)

B = [P, BT RHBIHREM KN p dEFE, KT e € R MBI H M 2 4E L2597 Ai
N(0,021,,), HeH I, & n x n BEAFERE. BUERBLEIA J MES OO J FOARFSER R PP
P HEATIENA), BATAT LCRAR AL (1) $h N J MESS AR S5 AR 285 T AMESS R ZREE N
{(Xj,y; )=, RE X e R FORER j MESFIIRITIERE, y; € R 25201 H A2 B4R
B, ny; 5 p AR j MEFSHIRARRS ARRHEE. FEFENZE LR J MES D, 1
1145 1) B AL B4 FEH 2 A2 p 4B, 25 BRTR, 193140 24145 REREAY.

Y= X;(Bo+Bj) +ej j=1....7 @

Bo = [ﬂm, .. -,/BOp]T € RP Ko L FEHL RN H RS AE (ef‘fect SiZG) ZH R Fﬂ%, ,Bj = [53'1, R ,ﬂjp]T S
R KRBT E § MES IR EMBUBN KA R, e; € R™ 25 j MEFN BRI FENLIA
S, JOH TS FLIRAIIEEN 0, 772 — BT 2R N o2, A 4EES AT N0, 02, ), Joib I,
B ny x ny (0 HALIEHE.

BB, 25 8 B PR RN FI A AN 2 LR A 2 0 B O0, FA MBS = BEAL AR A 2%
1H Bo KEWIEN 0 1 Gauss Felf 711

/60 NN(07UE-}OIIJ)7 (3)

Hr N(0,03 I,) RN 0, Ti % — W7 2N of 1, M2 4E Gauss 7340, 10X 45 E MR AL
LR, B B GIN TR )y FoRER j MESS Sk ADNRNAE B £75N 0, RIS 850
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LEEAE: JET RN AR 57 B R R 5 2 A 55 2 S B Y

S

K E U Spike-Slab 5E56 7 Afi:
N(0,0’%j), if Yik = 1,
So(Bjk),  if v =0,

Hrft N (0,03,) FoRMIEN 0, J12208 o, # Gauss 734, 6o(8;1) RARAE 0 ;ALK Dirac LRI
JE R § MRS RIS b A BARE BARREIN 1, iR Y 5 = 1 I, 8 KA
Gauss 74 N(O,Uﬂj), &, Bik T 0. [FRMRIEE § MESH, Vik KEHZSEN T i Bernoulli 477
7 (1 — )k, R Pr(y, = 1) = 7.

H1 T Dirac B EAT REFE JG SR A S I R b ity SRAN D SR R, DBt BI04 50 (4) RS Hfe 2

Bk o, ~ { (4)

Bik ~ N(070ﬁ23j)7 Vik ™~ Tﬁjk(l - 7Tj)l_’w’ (5)

A, 3 (5) v 5 Bk BRI ;85 555 (4) I B BATE—BHISN. T 2 y;, Mo
a LS -
Yy ~ N (Xjﬁo + Z"/jkﬁjkxjkvan'Inj> , J=1,...,4, (6)

k
Hr ay, RoRE § ABOUHERE X 5 kL
N T SRR TN, AT DA BN S N E S B = {B, .. Buh, Yy = {1, )
y={y,. oyt X ={Xy,..., X} ANEX 60 = {03,03 .07, 1}, j = 1,....J, WEH (2) 1%
RS, BHLRR y, 8o, B, v KIBKE A 7] LRSI T:

Pr(y7ﬁ0a/657|X70)
= H (Pr(y;180, B, 7;; 0)Pr(B;,,10)) Pr(80/6)

H( B0+ B, 0),0 j)N<ﬂj|o7aszp>an“<1m)Wk)N(ﬁdo,aggp), (7)

k

Ko 8; 0y 5 B My MG E MFBALRIH R, BOH (2) 7SR N 1 B
e 52,
SR (7) th, Bo, B, v FTLETEFT I E2E B, RHEAER BRBUS, AT FISA 1

Pr(y|X:0) = Z//H( 5(Bo + B ©73), 031, )N (0,05, 1)
Hnm )t m) N (0,03, 1,) 4B, dB. (8)

RIE 0 LR (8) FAAL, FTLARE] 0 (T @, [F] i AT LA 75 AR & () fi 56 3 A

Pr(y7/807ﬂ37|X; é) .

Pr(ﬁo,ﬂfﬂva’é) = Pr(y|Xé)

2.2 REDKER

BB DGR (8) HOTIIRN LR LR ATTRER, BN, (= 1,...,J) ZA—
W, AR, (3) th BN TR, T 7N — T, JRAAEAI A BM Sk (vanatlonal
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HEB FEREE B 50 % 8

2
T——m B,

7[/—.

1 BEREIFRRA MSS REWNNMBEESHER (7). b 3, FRRFE j MEITERE X; B85 17, v T
MEHBREE. Tl’fﬁiﬂh BIMNRRR—EE, TORARFIANVZHENTE, DORRRNEERINESE, H
FHRTSHAEE. BINTEZENARE AR NTECEMFHRBXR. HIENA TIRRRNAIERNTEMNERE
%H

Figure 1 Graphical model representation of joint distribution Eq. (7). Here &;; is the i-th row of the design matrix
X and yj; is the coressponding response variable. In this graphical model, we introduce a node for each of the variables.
We denote latent variables by open circles and observed variables by shading the corresponding circles. The others are

deterministic parameters or constant variables. Links express probabilistic relationships between these variables. We have
introduced a plate labeled with a number represents the number of nodes of this kind

EM algorithm) RiEUT 2 (8) HIFL S AAE B2, Asedl ik B AR, JeBis ¢(Bo, B, ) A& H L5 30 04T
Pr(Bo, B, Y|y, X;0) WIEL/rAR, #RYE Jensen A5, 7 LMRZ 2 15 B BN HUE ML 2 552 (8)
IS Lg):

o Pr(y|;6) = 1og 3 [ [ prw.0.8.41x:0) dgy ds

Pr(ylX;0)
>Z// (508.1)% {15, 5 49098

= L(q), (10)

Forp &85 LI SR 2 HAXE ¢(Bo, B, v) SEEFER AR (9) B, BN L(g) 2%
8) HI N, FATrT LB BRI v i KAl L(q) EEIFHSL, JHEE RN (8) R AKEMIE
I AR IS AR, N VR BRI EAT, ATE R ¢(Bo, B,) AT R, HFEAWT
B

a(Bo, B, Hq Bok) (HH (Bjklvir)a 'ij))) : (11)

RT3 AR VR AT TAE AR 23 HEWT o B ME— . D HES: (PR SIS WIS A), FTRLAS
UﬁD—F/n%Z

(8o, B,7) =] [ a(Box) (HH (Bjklvin)a ’ng)))
k Jj k
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SRS HE T L BTSSR 54 1 RO AT AR 55 2 ST Y

=TT (o s51.) (HH( (N (s 531)) " ((1—ajk)N(070;23j))1m)>7 (12)

1 1 1
2 _ T
Sok = D) (Z—Qgg%kl‘jk T 92 I) )
J J Bo
T
Hok = 56 Z (Z THE[for] + X5, 4, (v © B;)] — ) 2,
a; 1%k
2 (13)
2 _ 9%
Sik = T4 o2
.’Bjkmjk + UT;
J
Ly — > EalviBilel e — x5, X;Eg, [Bo]
L = jkdi 1£k =gl gl _]]i); k<> 3Bo ’
o~
:I:ka:cjk + ﬁjj
LA ) )
1 Mg 1 Sik s
g=—" o= —2" 4 "o 1 —1 ), 14
k= + exp(—u;i) Hak 2%, 2 & o3, e\ 1z T (14)

XE x, RoRBIHERE X, I k5.

T q(Bo, B,~) X ESLJEH /A %52 (9) MITfl, @ g5 (1) A1 (12), ATERKE g(vj, =
1) = aji, aBiklvye = 1) = Nwjn, sj6) F a(Bjrlvin = 0) = N(0,03,) FHEEX Pr(y = 1y,
X:0), Pr(Bjk|vjix = 1|y, X;0) Fl Pr(Bjk|vjix = Oly, X;0) HIHEEL EAEZMLZ, 24 B XNHH
AR HIR R EBRA LW, B vy = 0 B, HERAMR LR, XWRME 2. [Fn
q(Bor) = N (Bok, s3,) W ABVERI JE R 04T Pr(Boxly, X;0) (LML, HAZBISEW A J AMES
(¥ BT 25000 1) 3 ) S

EAF R (12) J5, KA NEX (10) 7TRURE 513 B B0L 2040 T L(g) Wb ik, %t
L(q) FIISHLE 0 il R FIHLIETZ, BATT DR B TR THEMSHE 0 17 (V4
HEFE W A):

1 p
o7 = P ((y —g;)" )+ > [T + 13) — (grmgn)?] @@
k=1

+ o (X X ) po + Tr (S5(XS X)) +2 (o © ) "X X5) — y) X;) Mo>,

2 Dk ajk(M?k + S?k) (15)
Uﬁ = 5
! >k Ok
1
05, = , (10 1o + Tr(S7))

1
= g;ajlw

XH 82 WL S3(k, k) = 82, HIXTAIEE.
g ERTR, BAMEA S EM F0 MSS AT K MF, e — PR T L(g) BMEH2H
VRGN, USSR LA B R IE.

1222



HEB FEREE B 50 % 8

2.3 TERFSRATN

A B IEATTESAR BIR 45 R, AT LA AT AR B £ A AL T

TATFIHT v BRIRMER oy, RHATAR R, oy BETTELANRE § MESTHIZE & MRFAIE
Xt HARAR EAT R IR FURT By PT CATHGE B M HL RS V0 (K S B am]

B AR R IEFEAL, FA TR AR TI ) 25 R R A G, 2 R0E — B 22t E e IREA grew
FEHFE R T2 § AMESS 5, AR H ) H bR A8 & AT

Z (or + pjpar) Ty .
k=1
FH 773207 DL P 6 LR I S VR S5 45 HE VP20 2 A AR A, 3261 o] DARRARE A A PRt P 1)
VRO BEAT VA EE 15 2 S R 1 H S Vo)
BEARARSHEWT /2 Bayes HEWTH)— P fol, Hgh Rt K2 Ui, famf{ﬁ/@ﬁm@zﬁmﬁuﬁ?
THER A U IR 2 A S AR, A THAESE 3 717 RIS 30 A0 51 S8 43t 3R 1R IX
MR

3 RULEFEIEKIESH

FEATT R, FAVAE FIAREALL L8 X MSS SR AN AR S 0 45 SR AFEAT B, 535 i P L S ok B e
MSS AR, BrA B SEI6 Bes A AR AR 0 1A% 2= R us )| DLORUE S ] B AR 1.

3.1 RIS
3.1.1 55F5ERRRTEE

FATHE MSS B 5 — 2620 SRR HEAT LLER, A0 Spike-Slab SEEGHEAY (RSS). & [H] T4
Al Lasso. fESEEG 1, 5 6 MSS ALY 5 F R4S £ 0 % 22 A1 AR B e 3% P AN J7 THIEAT LR, 4D sk
BB R ATHIEIES L J = 3, 70 T1, T2 M T3 £, B MEF O S HIHALE
AN 1 = 300, ng = 500, ng = 700, WIlFEFEHILEEE p = 1000. YXTLE, RSS B, W& [ml )40
Lasso HI&5 REEPIMBIE: (1) 70 50%F 3 AMESSHEATHSLINA; (2) ¥ 3 MES BB IE A F 4T —
KRIEH. Bt X5 (5 =1,2,3) B p 4ERIIES AR ER, JF B2 W8 0, 77 % — W7 Z 555
R (d,d) NICERET pld=d'l, FIF 21 5 AR 2 18] (A S, AR A A A8 B2 TR G P
mr. RIS, p I E N {0,0.5). LEE S X RISAE Bo HARMEIER A ERNR. FHIEE S
XERLSONAR By (5 = 1,2,3) HAEFTM S A wr, IEFTH 0 AR Gauss /A 2E K, FHo5 20 2
var(X Bo)/var(X 3;) = 1, BIIEZAF 530 HARAZ B HIE ] SHRHIELE 50 HARBE RN —30 R EE 5
kg o 3260, O 7 EeA MSS RERY B FARAS R AE AN Al R g 502 IR I, AT 0 2l s
4 {0.01,0.5,0.1}, [FIRFHH{EMELL (SNR) 05l B A {0.5,1,2). Bl 2 1 3 21E p =0 &E FHISLIRL,
BB 4R 5 RTE p=0.5 BE FHISLIREE R

Kl 2(a)~5(a) XTF MSS #H| Spike-Slab SGEARAY (RSS). W& HIAMI Lasso LEAN[FBE 264 T
A THRZR R, MSS BRI ZEUG THFR#EAL 5 3 T7 1% 2 (mean squared error, MSE) 7& X

1) https://github.com/osbornePeng/VSSC.
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SRS HE T L BTSSR 54 1 RO AT AR 55 2 ST Y

SNR:0.5, Sparsity: 0.1

SNR: 0.5, Sparsity: 0.05

SNR: 0.5, Sparsity: 0.1

(a) 1.25 SNR: 0.5, Sparsity: 0.01 SINR: 0.5, Sparsity: 0.05 (b) 1.00 SNR: 0.5, S;arsity:;ﬂl

1.00 = LT : - +, . e 0.75 .

. - e - = [, IGRTE T i o

0.75  Bany . B * he e N e 0.50 *ﬁ i TTT TR i Lt

050 %= 0.25

0.25

125 SNR: 1, Sparsity: 0.01 SNR: 1, Sparsity: 0.05 SNR: 1, Sparsity: 0.1 100 SNR: 1, Sparsity: 0.01 SNR: 1, Sparsity: 0.05 SNR: 1, Sparsity: 0.1
L 100 - " i B te 9 0T | s o o I
@ 0. g -, JETR J +_ W = - U = . . - -
g 0.75 --_,_ - +*; * .*+ ** T = T = 0.50 * * *** ek

0.50 i 0.25

0.25

125 SNR: 2, Sparsity: 0.01 SNR: 2, Sparsity: 0.05 SNR: 2, Sparsity: 0.1 100 SNR: 2, Sparsity: 0.01 ~ SNR: 2, Sparsity: 0.05 SNR: 2, Sparsity: 0.1

1.00 - : T g

0.75 e o p et "o e e ™ 323 **# g ** a=x R -t

. = RN . = % T - " . & -
050 T o e iy - e 0.25 : *
0.25
Lasso MSS Ridge RSS  Lasso MSS Ridge RSS  Lasso MSS Ridge RSS Lasso MSS RSS Lasso MSS RSS Lasso MSS RSS
Algorithms Algorithms

Taskea 1@ 2 3

Taskes 1@ 2 3

2 (MEIRFE) p =0 B, MSS REMERS RSS #E, IREIYIF Lasso 73F I B MEFHERLEER
Figure 2 (Color online) The comparison of MSS, RSS, ridge regression and the Lasso with p = 0 and with data sets
separately from each task. (a) MSE of coefficient estimation; (b) AUC for the performance of variable selection of each

algorithm

(@

SNR: 0.5, Sparsity: 0.01
'

SNR: 0.5, Sparsity: 0.05

SNR: 0.5, Sparsity: 0.1
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SNR: 1, Sparsity: 0.01 ~ SNR: 1, Sparsity: 0.05 SNR: 1, Sparsity: 0.1 100 SNR: 1, Sparsity: 0.01 ~ SNR: 1, Sparsity: 0.05 SNR: 1, Sparsity: 0.1
1.00- ! &
* $, T o L. "R s, o 075 b -
@075 T EE T TR TR w e T, o I + ! —
z L] + B T F ﬁ ¥ Te - : 2 050 + - L -
2';2' Te 0.25
. SNR: 2, Sparsity: 0.01 SNR: 2, Sparsity: 0.05 SNR: 2, Sparsity: 0.1 100 SNR: 2, Sparsity: 0.01 SNR: 2, Sparsity: 0.05 SNR: 2, Sparsity: 0.1
1.00 - i pa SRR
= = -, — 0.75 *: L * = ,
075 " %8 Thog At TR e e * Do T et =
0.50 S = T T " v L] 0.50 - Rl o e -
0'25 B 025
’ Lasso MSS Ridge RSS  Lasso MSS Ridge RSS  Lasso MSS Ridge RSS Lasso MSS RSS Lasso MSS RSS Lasso MSS RSS
Algorithms Algorithms

Task B2 1 88 2 88 3

Task B2 1 88 2 88 3

3 (MFREFE) p =0 B, MSS #HRLERS RSS #2!, I4EYIF Lasso FHBESEHA—MESFEINGE
R

Figure 3

R

(MSE) & 3 41 R

Hh, MSS BT et (SRl R, TCHGRAEREA
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1Bo + B; — Bo — B13

p-var(Bo + B;)
SRR S S,

2

BT+ RSS A, W& [E|TF0 Lasso ¥ H X /3L FEA(E

)

18; — Bo — Bjl13

p-var(Bo + B;)

KH By, B (j=1,2,3) ASEHIHE, By, B, (7 =1,2,3) ASEMHELAH. 4 PRI SHUAG TR
ZRAFEARE > R _ETHES, B ERREL (SNR) B0RE R 2> . 7848 K 2 Ho i o

BRI, P .

(Color online) The comparison of MSS, RSS, ridge regression and the Lasso with p = 0 and with data set pooled
from all three tasks. (a) MSE of coefficient estimation; (b) AUC for the performance of variable selection of each algorithm
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(a) . SNR: 0.5, Sparsity: 0.01  SNR: 0.5, Sparsity: 0.05 SNR: 0.5, Sparsity: 0.1 (b) Lo SNR: 0.5, Sparsity: 0.01 ~ SNR: 0.5, Sparsity: 0.05 SNR: 0.5, Sparsity: 0.1
) . 3 . . :
1.00 T L Loas 075 . *** +** 1 !
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Figure 4 (Color online) The comparison of MSS, RSS, ridge regression and the Lasso with p = 0.5 and with data sets
separately from each task. (a) MSE of coefficient estimation; (b) AUC for the performance of variable selection of each
algorithm
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Figure 5 (Color online) The comparison of MSS, RSS, ridge regression and the Lasso with p = 0.5 and with data set
pooled from all three tasks. (a) MSE of coeflicient estimation; (b) AUC for the performance of variable selection of each
algorithm
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Figure 6 (Color online) The comparison of MSS, dirty model, and the data shared Lasso with p = 0. (a) MSE of
coefficient estimation; (b) AUC for the performance of variable selection of each algorithm
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Figure 7 (Color online) The comparison of MSS, dirty model, and the data shared Lasso with p = 0.5. (a) MSE of
coefficient estimation; (b) AUC for the performance of variable selection of each algorithm
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Table 1 The comparison of computing time (s)

MSS Dirty model DSL
p = 500 10 334 26
p = 1000 18 210 40
p = 2000 33 682 55

*2 WNLRMBSIEE (MSE)

Table 2 Mean squared error of test results

All Drama Comedy Horror
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Ridge 5.77 5.72 6.24 5.13
Lasso 5.55 5.63 5.77 4.95
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[FII, FRATI A5 S5 278 72 A 5 (1 ) 4% 43 A
Pr(y, Bo, B, v;1X;0)

Pr(ﬁ07ﬁ77‘y7X;0) = Pr(leg)

BT HIAEAE, %30 (A2) IRAERFBIMENT RIS TE A, PR RATIZ BRI 7 HEWT ) T7 i, RV R A B R S R
Jr A AT AEAT QR I3 i

(A3)

(8o, B,7) = 4(Bo) HH (Biklvir)a(vix)) (A4)
AR 3 HEWT I — A 4518, log q(Bo) E‘JBE'iﬁﬁﬁ/\ﬁﬁD?E‘Jzﬂ%liﬂ/iﬁ:

log ¢*(Bo) = Eg,~ [log Pr(y;, Bo, B,v|X; 0)]

i 1
=y <Eﬁj,7j {—n; log(2m07) — ﬁ(yj — X;(Bo+7; ©8)) " (yj — X;(Bo + 7, ©B)))
J J

kT 552 26]2-1 + vjklog(m;) + (1 — ;1) log(1 — ;)

_P 2y L 2
2 10g(27rcr,@j) 752 Bj
98, Bj 1#£k
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+log(m;) > v +log(1 —m;) > (1— w)]) - glog@mffao) - %5{?[30

1%k 1#k 205,
1 1
=2 <_ﬁ (83 X X0 + 2B, , [(v; © B)IXT X;)B0 - 2y;ijﬁo)) ~ 55383 Bo + const
J J Bo

1 1 1
=B (Z —ﬁx;ij - 23 I) Bo+ Y — 3 (Eajm [(v; © BT I(XT X;) — y]-TXj) Bo + const.  (A5)
J J 0 j

J J

K4 log g*(Bo) /& X%, FTLL Bo ~ N (o, S3), Hrh

—1
1 1 1
2 T L
Si="3 (Z_20'2. X5 X~ 502 I) ’ (A6)
J J Bo
2 1 T T T T
no =533 —— (Eg, s [0 © B)TIXT X)) — 4] X, ) (A7)
J J

BRI, B p KM, 5 8¢ AR EZARE K, BOSEIENIE W LSRRI, prldt—2
(), FAMEBE q(Bo) PTLAMEN TIE_ a(Box), MRLIIER N

—1
1 1 1
2 : T
S2 = — 5 diag (Z—%?Xj X = 5o I) , (A8)
J J Bo
T
1
Hok = Sg(k, k) 3 —— (Z z;iEBo] + X,Eg; ~, (v © B))] y;-) @k, (A9)
j J \i#k

XH ay, RRBIER X; 15 k5.
PRk, STERE A (A1) BUOWH, FEREHLR

Y]y N (Bok + ik Bjk) 1, Yj N i (Bor + viBin) )y
27 G G
21tk 2ot 21 and kBot +v51851) (Borr + ’le’ﬁjz/)wﬁmjz/
20]2
Sk Bor +viuBin)*x e Xyk (Bok + vikBik) Bor + vj1Bi) & ) &t

202 o2
j J

1 1
o B = 5oy 30 B3+ klog(my) + (1= ) log(1 — )
Bj Bj 1#k

ns
IOg Pr(ng07ﬁ77|x; 0) = Z <—2J 10g(2m7]2~) —

J

— 552 (Bok +ikBik) e @ —
J

p 2
-3 10g(27w'ﬁj)

P 1
+1og(m)) D 1 +log(1 - 7m5) (1~ w)) — 5 log(2n0) - 27 > Borbor-  (A10)
I#k I#k ok

Moy =1, SR (A10) KT q(B—jk, 7—jx) M q(Bo) BUHE, W LIEZ
log g(Bjk|vjk = 1)

1 1 s T — i EalvaBile e — 0 Eay, [Boilz ]
T\ T 202 kTR T 502
J

i Bk + const
Jk sz_ J

ik + 0_2 Bjk -+ const, (All)

1 ¢ 1 o Y — Y EnlviBale e — x5, X Egy [Bo]
= | ~ 552 ®ir®ik ~ 52
0'] ’ b

RARERT g MBI ¢ (Bjilvin = 1) ~ N(pjr, 82,),
2
o~
2
I —— s (A12)
. J
Tinik T f’%j
el y; — Y EplviBale e — 2, X Eg,[Bo]
Hik = 5 Sik

9;
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il
4

Cxhyy = Y BalvaBalel i — 2 X5 Es, [Bo]
B T o3 '
T Tik + 3
Bj

Ay = 0 I, [AFERIBRATH L3R T 2T LS 2

log q(Bjklvjx = 0) = _ﬁﬁjk + const,
J

L q(Bjklvie = 0) ~ N(O’U/Q?j)'
1T e TR Bermoulli 537, A5 S e = a(yze = 1), TUMRE] g6 7 vy MBEA R
a(Bjk i) = [oeN (s, 31)] 7" [(1 7%'“)/\/(0’0%")]1_7”
Zi b, ATUMR BT i — e g
ElvinbBik] = Bvji (B [k Bik skl = ajupn + (1 = aji) X 0 = ajkpjn,
E{(yjkB5%)°) = Do 50 ik Bin) + B2, DrikBie]
= Do, [Es, kB vik]] + Evji [Daji kB lvinl] + B2, [ikBsk]
= (i — 055y + sy + fkndy
= () + 55k),
B[554) = Eryi [Ba,0 187 irl] = e (i + 03) + (1= agi)af,,

E[vjx] = ajp-

(A13)

(A14)

(A15)

(A16)
(A17)
(A18)

FEROR, BATHT LA log Pr(y, Bo, B, ¥ |X;0) KT q(Bjk,vin) (k=1,...,p;5=1,...,J) M q(Bo) RIE, 132U %

AT 5t L(q):

Eq[Pr(y, Bo, B, v|X; 0)] — Eq[log q(Bo, B, )]
Sk=1 (EqlBor] +EqlvinBik]) 2, y)

T
YiYj =
- ~Y Jog(2m J
Z( g ( U) 20}2 + 2

o*
J

B 2 k=1 2k 2k Eq[(Bok + ik Bik) (Bows + ij’ﬁjk/)]w;rkwjk’

2
20'j

k=1 Eql(Bok + vikBik) 2T T
— 552 J -3 log(27'(0'ﬁ Z ,8]2k]
J k=1

+log(mj) > Eqlyjx] +log(1 —m5) Y (1 - Eq['ij]))

k=1 k=1

— 2 log(2n03,) — 5—5-Eq[A5 Bo] ~ Eqllog a(Bo, B,7)),

5.2
2,30

MR (A5), BATTLLEEAG RS o HITHIHE:

ﬁg (Z 212XT

J

1 1 1 1

T T 2 T

= - XX, — —1 L | .S - XX, — —1

0 (ZJ: 202 7 20230 ) 0 ( 0 (ZJ: 20? 7 20230 ))

+ Z (]Eﬁ] ~; (v © Bj) ](XTX ) — y;FX )E [Bo] + const,

Eq

)ﬁ0+z (Eﬁj ;[0 © B)TNXT X5) — y]TXj) ﬁo:| + const

FTCA R A L(g):

Eq[Pr(y, Bo, B,v|X;0)] — Eq[log ¢(Bo, B,7)]
Y1 EqlvinBie)® [y et Xk Eal(vinBin)Eql (v By ) .2

o*
J

T
Y; Yj = =
_Z f—log27'ca) ]2 + 2 - 2
( 20]. 207

1234

(A19)

(A20)
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k=1 Eq[(vjkBjk )12, % i

202 - log(QTwB — > EqB5] +log(m) > Eqlvjxl
J ﬁ7 k=1 k=1
. _E s T L xrx L 2 L xrx L
+ log(1 — 7;) Z_: 1 Eq[wjk])> +mo (2]: 207 X! X; 27, I) po + Tr (so (z]: 22 XIX; 207 1))
+ Z uzﬁ],a,] (v; @ B) " (XT X;) — 4 X;)Eq[Bo] - L log(2n03,) — Eqllog a(Bo. B, 7).
e
Eq[log ¢(B0, B,7)] = Ellog q(Bo)] + > > Ellog a(Bk, Vsk)]
j=1k=1
= Ellogq(Bo)] + D > Eqjpp [loglajnN (e, s3)17% (1 — aji) N (0, 05, )] 9%
j=1k=1
= Ellog N (10, S + D D (Eqlvjrllog aji + (1 — Eglv;x]) log (1 — o)
j=1k=1
+ajrEg, =108 N (1, 53] + (1 = aji)Eg,, |, =ollog N (0,03 )]), (A21)

MM IES AT R 45 ie, 7S 2

1 p
Eq[log ¢(Bo, B,7)] = — = log |S5| — 5 (1+log2m)

2
+ Z Z (ajk log a]’k + (1 — Cljk) log(l — a]k))
Jj k
1
_ Z Z 5Oljk(log S?k — loga?aj) — Z g logaéj — Z g(l + log 2m). (A22)
Jj ok J J

RN L(g), FHHEN (A15)~(AL18) T NFFEEHE AT LUIFS 2

L(q) = Eq[P1(y, Bo, B, 7| X; 0)] — Eq[log q(Bo, B,7)]

2
nj Yj — D YjkMiET ik
:Z <2]log(2710]2-) - lvs 12;2 ] 202 Z ajk(s k +:U’?k) - (ajk/‘jkﬂm;rkwjk>
J J J ol
+ug ZfiXTX.fLI +Tr | S3 ZfiXTX.fLI
al - 202773 202 po 0 - 20277 202
J J Bo J J Bo
+Z (ag © p) (X X;) =yl X;)mo
7log(27r02 )+llog|52|+zz o,k log 75 + (1 — k) log L
2 Bo 2 0 F 7 Qg ’ 1—ajg
M + 85 j j
+ZZ —Qjg <1+logjk —]k> —%10g27{+]p p(1+l 2m) — %
78,
0L(q)
= A2
Sy (A23)
Vs E
OL(q) _(yj — 2k kT ih) T HikTik (i) e % 3 (%) + 13 )® Tk
daiji o2 o2 207
1 " 1-
— el X 1
U?H]km]k‘ jMo + og( ) ( i )
2 2
1 85 u2 +s?
+ = 1—|—log]?k—7jk2 Ik =0, (A24)
2 73, 75
J J
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LEEAE: JET RN AR 57 B R R 5 2 A 55 2 S B Y

HZER (A12) Al (A13), ATLITEH]

0'2 0'2
i@k + == = 5 (A25)
Bj jk
o2
Mk <m;rkmjk + 2J> +a Xm0 = |5 — Z QiR (A26)
8, k#k
Fir b
oL (13, — 53,2l @0, 1
(Q): ik Jk2 3k +log< J )+log( Otjk)—f—f 1+ log
80tjk 2 b 1- j A5k 2
2 2
e 1— s=
S L +1og( ) + log ( Yk ) 4 Zlog 25 =0, (A27)
25jk 1 j ik B,
CIYREE]
- i A28
k=T + exp(—uji) ( )
Hp , ,
% 1 ;
g = 28]2k +1 ( +510gJTk (A29)
ik Bj
A.2 M-step
BFRRATHES 02, 03 1 o3 W
XtT o2,
T
oL(q) n; 1 1 2 2 21..T
807 == E + E Yj — ;‘Xﬂl‘jlwﬂ Yj — ;ajlﬂjlmjl + E ; [eji(s5 + 15:) — (ajipgn)?]a
1 1 1
+ ko (X7 Xm0 + o3 Te(SHXT X)) + — (e © )" (X[ X5) = yj Xj)po = 0, (A30)
J J J
EYREE]
T
1
032- =; (('.’Jj - Z%z/ﬁz%z) <yj - Z%zlﬁz%‘l) + Z[ajl(sil + “?i) - (ajlﬂjl)Q}fB;-rziﬂjz
J 1 [ 1
+ 1o (X X ) po + Tr(S3(XT X)) +2((a; © ) (X X5) - ijXj)uo>~ (A31)
Tt od &
J
9L(q) (A32)
AT L 5
a 2 —+ 52
a’é_ = M (A33)
J
. 2 A
HE 03, 4
0L(q) 1
e (NOTNO + TY(SS)) T 9 (A34)
Bo Bo Bo
CIRPESE|
1
T = ;(uguo +Tr(53)). (A35)
FIFER, B AT LA 2
1
= ;Zaﬂ (A36)
1
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MisR B EBEIE4T
PATIAES MG TAE5r EM BERTEAHE S, HAa & R RdE:
e Initialize poq, Sg, ujk,sgk, ik, o2, O’%j, O'éo, m; where j = 1,...,

] J, k= 1,...,p. Let §; = >, QjklikTjk,
Yoj = Dok HOkT k-

)

e E-step
-1
2 1 . 1 T 1
8o = — ;diag Z_ﬁxj Xi=5z I (B1)
j J B
For all j and I:
Yojk = Yoj — HOKT;k, (B2)
1, T
nok = S§(k, k) D7 = —5 (Fojk + X;(0; © ) —w;) @i, (B3)
ki J
Yoj = Yojk + HOkTjk- (B4)
Then, for all j and k:
Yjk = Uj — QjklikTik, (B5)
2
o*
S?k = ! 3 (B6)

T ... %j
T Tk T o3
Bj
T ~ T

25 (Y5 — Yik) — @ X po B7

Mk = o ; (B7)

CHE TS

Bj

1
- 7 B8
Ak 14 exp(—ujx) (B8)
where
2 2
It ; 1. s
ujp, = 2 +10g( & ) + - log ~2%, (B9)
252, 1-m) 2 "ol
Yjk = Uj + QGkljkT k- (B10)
e M-step
2_ 1 ,~_T,~,p_22 o217 T
9T (yj — ;) (y; —95) + Z[ajk(sjk + 15%) — (ki) 1T LTk
J k=1
+ o (X Xj)po + Tr(SFHX X)) +2((ej © py) " (X[ X5) — y}er)uo) (B11)
(2 2
oy 2 Okl T ) (B12)
Ps 2k gk ,
1
0By = E(M()Tuo +Tr(S3)), (B13)
1
k

HE LR B-step Fl M-step ZIRELE| L(q) W R —EEEA, Lban 1 x 1076,
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Multi-task learning with shared random effects and specific sparse
effects

Hao PENG!, Ju WANG?" & Yao WANG3"

1. School of Business Administration, Southwestern University of Finance and FEconomics, Chengdu 611130,
China;
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611731, China;

3. School of Management, Xi’an Jiaotong University, Xi’an 710049, China

* Corresponding author. E-mail: wangjuQusetc.com, yao.s.wang@gmail.com

Abstract In multi-task learning scenarios, random effects may be shared among different tasks while each task
can have its own sparse effects. This structure has often been observed in the field of sentiment analysis for movie
rating. In this study, we consider a multi-task learning problem in the presence of variables with shared random
effects and specific sparse effects. To address this issue, we propose MSS (multi-task learning with shared random
effects and specific sparse effects). To build this model, appropriate priors for the shared effects and specific effects
under the Bayesian framework are considered. To overcome the computational complexity of Bayesian inference,
an efficient algorithm is proposed based on variational inference, which is scalable to large-scale data analysis
problems. The effectiveness of MSS in prediction and variable selection is demonstrated through comprehensive
simulation studies and real data analysis of movie rating. The results demonstrate that the characterization of
shared weak effects and task-specific sparse effects can improve the accuracy of prediction and variable selection.

Keywords multi-task learning, random effects, sparsity, variable selection, Bayesian inference
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