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BAG B MEY HEEA ML, K2, 5 8EERERE P SREE T (SYHERELR). £5LPRM LS
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il e PR BT Iﬁtﬁuﬁ—aﬁﬁﬁ%ﬂﬁﬁﬁ el A 1] ) B

SRR 190 255 0 T S5 R 0k 33 T A v SO A 0 R 0 — A NP R 891, 22 TR R Rt S ) A
TEAPIRTT S AR AFEMEET AR B ETE W, R R UL — R4 5 i S Rt AT

S| AW, R, Ei, 55 TR 70 R 284% 7R BT SUE RS, P ERLE: 5 B AE, 2019, 49: 13331342,
doi: 10.1360/N112019-00041
Zhou M Y, Wu X Y, Cao Y, et al. A novel method to identify multiple influential nodes in complex networks (in
Chinese). Sci Sin Inform, 2019, 49: 1333-1342, doi: 10.1360/N112019-00041

© 2019 (PERZE) it www.scichina.com infocn.scichina.com



JEV B R TR SAN ) 0 190 4 A 5 S B T Rk S

e, AU BB AW R B R REL PageRank fRAREATHE 7. MBI G EM
Z 5, A RAEEN 73 NEET R AE B AR bR S T 2 R ME B R S M g by 10 BT
JR B S T A 7 T e ) R A I SRR A 7 0 40 T R B R e, B R 2 -k
A BRI, T 2R ME B RTET ST R B ZEVEN 7 2O I IME B, BN
#. PageRank. JERNIFERE . BEHLIEE S8R, (HET B R N Rk R R IUE 2 780K, IFH A
R A ELAARIE AN SIS0 AT R, 2 T S IR RS B 8 ) e K - xSk 0
W AR K - SRR R AR, (B2 AN E K - ST SRS R RN, B T I S
JIBYS s 1A BAT R AR 4T i, 5 1 90 B A B R R FE P E .

BT, —MEENTTERFEEZ T ANLEG RN ), B Bt — AN SR G R febr ek £, X
BEATARAL. SR SR 22 A& 5o e LAHERG %) 1E] . Morone 25 8] 1 Szolnoki 25 121 38 15 43 M7 F i X 2%
I 2200 T 24 TP Y ER B, TR S SUT Y A AN 7, (B A R PR eh AT A E LR AR,
I3 S BRI 2% RSO, R SEBR I 2% IR ER B0 2, IR AT BAR AR IO PR B S8R S B 70 T 5 SE B
ZE5EUR 131 Zhou &8 U4 Beit—AN HFReEL, 58 T s (B I E B 77, i 2% 8 5 & s ) i
KA — AT B ERE RN ). AHZ LR S I E LIS AT E. A, TR g m 77
VR E B SRR T Tz A 115161

ASCER R A HTRIE SR, S5 G A% 1R BRI R 3B R0 7 40 A, MR FE R ) KRS B R 3 e 31 2715
FINERE AR 7, AEMCEERE EER 4T 7 2 AR SRS R ). AR R Bt — A R AR R R
ST U Ui KA R B 50 ). S04 RAE SIS ARSI ch EAT 1 IR, 78 52 X 254 1) S50 2 W] AR S
TR I RS | 2 AR ZRE 52 m ). JF HAR 1 2797 s ER-G REM ) FE AN 519 U 2R
L BN, T EEE R AR 5 R ) B RN

2 SIS 1&#BiRE

2 WP AL R AL 2 2245 ST, SIS, SIR B SIRS, M5 AL R 3 SR LM AR . T
AN BME B A G AR SRR T SO AT IR, AR SC 32 A0 At B2t (] SIS REAY. 28 )15 i
HEAE LU JLAMIRE: S (susceptible) — ZBRES, T (infected) — BEHLIRE, R (recovered Y removed)
= BEBRRE ML g — AN G = (V,E), K vV ZoRTI RIS, B RonEs. Mg ¢ — kil
REEFE A = (ai;) TR, aj = 1 RO i M j ZBFEED, S a;; = 0. R G RIIAUMNZ,
aij FAR AR IAIACE,. ASCEE AT SIS AL RRIEAY, 78 SIS ALHREI h UAAAE —MRZS: B IR
A S FEGRE 1. WA 2] R AEH /N —FB 037 R TIRGUIRES T, HAl 15 4L T 2 8RS S. 7215
SAL R AR A AT B A58 2 & B RERE o B A, RIE AR JE 15 R4, BT UK B A%
3 5 R, A E BB E HEN S RES. BT R i AT IRGUIRES IRy pi(t), 9 R
GUIRFS AL L5 A0 5T RUMERN v, [FINHERGTS R o, PRI FUR IR 2% 2 B AL T
GRS R B = v/p ARG B8 SEBRAAE IR AL T 72 N

D) i) 40— 1)) 3 00, (1)

JEN;

~—

Hor N Rl MARET RS, B FonfE BARRER. 30 (1) AI05 1 WERoR YA i BIKE, 5 2 T
TR 1 NAR R KRR AR (S 2. B U R MR g L — il B EL 5 S A I B B A

1334



FERE EERY: 498 10

. I RREVSE T 15 8 T R e S BT, B 0
/BC = 1/AAa (2)

Forb X g HERE A BB ORFFAEAR. VA 75 3L X 25 1) 2 428 1) ) AL, 2= I4% 1 RE 155 Laplace R A9
AR B KRR B UIAR %, 2 1) 72 1) R FH X 2% 1) Laplace R0 20, 110 7 AR SO 47 1) 850 rp 3 ik ) 4 48
FHEREZ)E . Rong &5 2021 48 27 pOL R EH BAH LS SIEERE SR, Amani 5 22
— D4R AR o R E R B Laplace R RRFAE RS B2 HOARFAE ) B R E , #E— DT 45
AN I B VR T R KRR AR BRI [A) & (eigenvector centrality, EC) SLyA#ERAZIE, {H 2 N5
G U D) SR TG HET H A

SRR 78R B SEBR I ZE 1K) 8. /s, BT SEBR I 28 R Tobs BEAFAE, 76 M 28 SIS i B, — 0 1231,
T SEBR A 2% B 55 1, IX ARRE 1B IR AAT Y THENUR R R PR Y BSE. OY T SR M Eg ]
FEE, T EOR BB X BEAT ORAP, — S E B 5 2R ORI 2% R B DB Y A, ) e ) S

X ] 4% v DTS T RN DR SN S, IR AR T AN 2 S B GE, RIK AR AR T 5
BOIRES, pi(t) — 0. SKBr B3R GAR S T AL B2 5N IESRR, M2 KL IRAT 0 32 I BRI L1
(BANEER)IL) MR AR ML RE, BBORI AR 28y A7, TR 1A% 3k I A BB AN Bl = 1/Aa. K
KRBT RUBAT AN W B/ ME X ar

3 ET Rayleigh MHESZ I HEE

3.1 Rayleigh §5&EEEM & XHFHEE
FEFRHY Rayleigh i 24 52 SN

TA
R(Ax) = ==, 3)
WIS & SHERE A BOCHSERTR BLIORFAE LB, T R(A,2) = Aa, 0 R(A,2) < Aa, I o ALK
REFIR. WK A B0 AF, TR DI

lim zTA%z/(zTz) = MK, (4)
k—o0

Hor o N o WHERE A SORRHIE I B 70 B 6 OCHT s AT S Ja, RIS DG S5 sk I ) s 4
KR, HFE A BN A, FIRFEG ) Rayleigh 54 R(A’, x). FHREARTT L Z R i/ME R(A, )
() B RAFAEAE, BY mina {max, R(A",z)}. HEWENTHEMERFE v, ZR&EME R(A, ), B
MU (4), 2T Ak, (x| = 1.

X —HEFRE © = [di,da, ..., dp), FoH d; R0 B, SEBR b 2 = A1, TS 1 &,
I o NHERE A P ORBF IR B RFE R 2 2T AR e A BRIk BIRRAE, X BIES: o BTN A
[ 2 B E T R R B B KRR ALE [ G R ORI A Sk [25~27) S S AR Rt A B 28R X
B HbNEAME 2T A e b — oo, SEFRE & PRROKES LAV, IX L k= 2, 1XH)

2T A%z = E Qija;RT Tk, (5)
4,9,k

bR E ai; M agy, TR PARSRAIL - X8R (0 Mk TTARSE).
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3.2 TR MERNAMTRZENEESNS

PULAE T B OCHE T RUL SRS, S/ MEFERE A" (R RFFIE(E bR EEESR MBI (4), 7TE k=2 T,
FEARIE e /MU (5). BAE 5 FEERANTT sUIRISE IR ), B S 8 AR 3 an R

ENX1 A g SUNNISZA )5, 2T A% (3R (5)) PSR, » = A1 BT X, 4
ei; WIREHA )N

Se,, =di Y dp+d; Y dy. (6)
kEN; keN;

IR D) 2% v ) — A5 RS B bR M BT s T A, DRI B SR SR 5 SR

EX2  BAT SRR S OB Z T 55, 2T A% (3R (5)) FRMEE, » = A1 R E X
BN 25 m (RS2 ) S BR b T R AT SR ) 2 R,

S = dm Y amjtipdi + Y Qjmmpd;dy. (7)
Jik Jik
XA A K IRBENLEE S P 2 DR BEE B AL B AR, By 2 BRI E
A DA AT S 19 iR B R A 5
TE 58 4 R 1D D09 2% o 20 Do) 2 P a0 PR (R 100 RO E 49 R KR i gy )

S = (dm — 1) Z (dj - 1), (8)
j€Ball-2
Ferp Ball-2 sZEEET 5 m 2 YRR, 20 (8) EARIRILE R HIL AT tH AT MR 4R A5, Mk (7)
FEMRIE Rayleigh 75 B OB XA PZE N B 51 s M o diads. Sebn B3 (8) 230 (7) ERPIRMZE T
FRIRFIR AR L.
PABE 1 4, X BN TG — AN N BURDIR S 1 I 26 (B 1(a) BT, (R4 SRS It e v 200 X 2
HIE TR T (8) ZIH, TIAEAFAEF R A T (] 1(b) o) 39 siszii el (7) ZiE,

SLPRfE BARRRIE AR, DT 1 A 4R, (BRI 1 — 4 — 6 /&3, BATLURMITE 1 -6 — 4
ek, IR I BCE AR S N, 5 B AR T AR TE P I, AR R (7) e 2 X AR AT N,
M (8) AL RIS PIZE A, B 2N TC P A% 45 BRI T IR B k.

BN RO IR B T, B BR I AN R R BB KT 2, AR (5) AR A
WA A A2 EIUENL, ARFEZ (7) B934T, AT IR0 0 ST B R AN P R
(A BE S/ T 2 I, PEAn MR A0 0 AT ke, IR ) AL ) aiy agn # 0, SRARTTSRCTT A0 A0 K HOREIR /)
I, aijajpdsde THE— IR, TIAETHE Y RESEE RN I, aijadid, RPGHE—R, FILES 17—
R BE—0, AT S BRI (BRI 1), BT RSN ) S 1% UK BN I s
N, 2T IR JI S A% RS E U I N, Tt A R R AN JAE T B g B
K, BB E S 7k BRI AE G BT T AN %5 R B AR I SRS R g, T AN A SO
i 7J.

WRAE LR & TN 1) SOME B R 10 B, 1K BB — U R FoC B 1 ml. s mi s
L, IR ZI R SR B N2, IR el S AR ems, RRUOHTIE — 1Y L, IXASEHE N i | B AT ok
ARz 7 (2 (7)), BARIEE 1 s
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165/14 1{)5/1? 1\95/ﬁ
C 16 ‘é 16 é
AN 1 17 \3 ( 17;\@ (r\\l‘f

(a) (b) (©

B 1 (WERFEE) RHRMEMAZENENT S AKILEE. (a) ATRRWEERE, MEHFAEFEERRE, 8715
RHEEAAR (8); (b) EM—5Fa (A 8), MEFEENE, MENFMMAOBER (7) 2E; (c) UT= 1 Atk
&R, FRIAEFBILIREERE, MARNRKMEDASHIEFYRN.

Figure 1 (Color online) Comparison of the information spread in networks with loops. (a) An artificial network; (b) the
back tracking edge (red) that is neglected in Eq. (7); (c) the back path of the information spread in networks with loops.

Algorithm 1 The pseudo code to compute the set of influential nodes

Input: The adjacent matrix A = (a;;) Nxn and the size of influential nodes L.

1: Data preparation. Extract the giant component of the original network and remove the isolate nodes and other small
nodes clusters because nodes located in distinct clusters could not exchange information.

2: Initialize the algorithm and calculate the importance of nodes based on Eq. (7).

3: Rank nodes based on the importance of nodes and choose the particular node with the largest importance score.

4: If the size of influential nodes is smaller than L, remove the edges attached to the influential nodes and go to step 2;
otherwise go to step 5.

5: Return the index of the chosen influential nodes.

Output: The index of the selected influential nodes.

4 FEFEMTNIER

4.1 FEFEE

X B R A 5 %*ﬁ&ﬂ??ﬂ?ﬁf%ﬁ?f@%E‘J%‘{&: TR WAL K - . FREERESR G
SR 7 AR AERE 34 (1) R A0 S kAT

5% (HD, high degree). LZ%‘/HE?E? )5 E‘Jﬁ BEATHEFR, MU £ 52 R 719 A

A EL (BW, betweenness) 7. 5 s (/e ORI 2 o BT A i #5 42 HR 40T R R AR

R o i R R AR S B L) A SRV AR IR A BRI /R 9 O R

K — 5% (K-shell) M. K-shell fl K-core XTI W% R EMIRENT K W35, HEE
TEMERTET K Ak, T4 N5 BN Z IR 45 1) K -core. R —ANT ST K-core A
T (K 4 1)-core W, MZHT AT K-shell 1. iZBEMRIET 51 K-shell MIKIESE K-shell K

R PR A 5200 77 (CT, collective influence) 18, ZHVEIBE T BB, 16 ZHE 25 HH IR B )
TEOLT, A5 RS I 2% g AR X 28 4 5 HH B0 B 52 ) 92X (8). X BLIZ SRR IR FE BT AU AR 4
BN RS2 BT HERY, RIIE R BT
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* 1 RIESHHEEXNER (Ta¥ N, B8 FE, RRMER H = (k°)/(k)*, BRFERES (BEEXMY) r, B
RH (C), TRETEES (d), WM Sparsity =2E/(N(N — 1)))

Table 1 Structural properties of the different real networks, including network size (N), link number (E), degree hetero-
geneity (H = (k2)/(k)?), degree assortativity (r), average clustering coefficient ((C)), average shortest path length ({d))
and sparsity

Network N E H r (C) (d) Sparsity
Airtraffic 1225 2399 1.87 —0.0177 0.011 5.93 3.2x 1073
Bitcoin 5880 21228 10.89 —0.163 0.022 3.59 1.2x 1073
ca-HepTh 5039 11346 2.03 0.195 0.101 6.54 8.9 x 1074
Reactome 3851 140106 1.99 0.316 0.508 0.508 1.9 x 10~2

ERIHIFERE 53T (NBM, non-backtracking matrix) (81 HE Rl AR R AT 7 3 T 1A AR IR AL, 5
X7 —MNHEE Bopxop, A E M8 E, T8N0 ER Bicjrer = 0(1 — ), 6 =1
W G =k, B 65, = 0. 15 ST A IER L FEN ) 2 M, F6RE B 4EFE R Ens LT, 2
AR, AR T SRR S LR MR R S R AR (B S ARFAE 7] B AT e N TT R

(AI—D)
M = , 9)
I 0

NBM Jr il M A S0 T A A HE R A5
12 BRI
BPTHETS BT A I X1 B A T BRI B RAFAEAEL, B (2).
AR RO R T K - MR BT K R0 OB ) K. (LG

S K - SETARAUN, EIRT R K - 70 2 I BRI, 15 A2 IR0 T B T ROK,
AT K~ 515 AR £ AR RIS EUBIL 15 00 F 9B B 74007, 4R 773
BRI 15 AUAFE, 3 LG TS TP BT (R 15 A B RO IR K 15 S I 2430 7
5.

5 SRS

ASCHRH BRI (5 1) 4000 4 DNMEIREE BT THIE. X 4 M EdESEK E Stanford Al Konect
FITF B [ (29301 435518 Airtraffic, Bitcoin, ca-HepTh, Reactome. Airtraffic A3 [EBFS T2 & #
JRTFIRIAL A5 B2, W2 AT AR — MWL L IR S5 ol B P O HEE I IR
% K& BitcoinV) & 7RI FH 7 2 8] BRAH FLARHG G BRI 28, 3 2 — AN B A5 8 RIS, ca-HepTh
& Arxiv & BEV BRI HIE S A 1E R R4S, Reactome £ NHIE H TR AWM LS. AE R
IR 28 H 4R 1) T4 P REAFAEAT R I AN, EEEAAAE B3 (PR 1A B B, SEES o B da k47 1 itk
B &2 0 77 1) AA [ BB 190 25 o (RIS T s RIS A, (SR B DX 28 (1) e R T 1 . &t
b B 5 X 2% SE R RIE QISR 1 s,

KRICHEET Rayleigh 4§, SEIeHH EC FoRH0E 1 ISR, B %60 IR M2 1K i KRR E 5
R R R (B 2 PUR), 6 = L/N, B G2 8T R Bea i sgm, ) M 28 f KRB BT

1) https://www.bitcoin-otc.com/.
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Figure 2 (Color online) The principle eigenvalues of the remaining networks that are obtained by removing the edges
attached to the influential nodes. (a) Airtraffic network; (b) Bitcoin network; (c) ca-HepTh network; (d) Reactome network.

TFE (X BUNEEE ). ER BRSSO J5VE R RS, TAEM B I 2% Th RCRAR A, 22l TS
R EA BRI NIREE R, LEERISRRAE L FEREAHSCHE B NAEURFRRAAE S, BSR4 Hh 23 7 B R T
P T4, e CT Sk (3R (8)) 2 T M4 5 BAL 3 IR B ARAE (B 1(c)), IR B 2.
AR M S (3K (7)) BHE 7RG B AEES, IR PEREAILE CT BAE 2] TR, 54t
VER IR T SRS HD R BUFRSeie s R (K 2(c) BRAL), (HEE T R I3 EAE #8 7)
W 2% R LA, A 25 S5 A AR AL, AR RERR B MEAN R U] [RIINAE 4 AP rh 3 T B 7505
MK - SeEEES, XA E BT AR SEEE MR, ERBER 2(c) FAIR NI
fE 6 < 0.025 I A g FIRKFEAK, FRUIE —LL45 € 451 N IR RN 12 0 B0 A OB 19 A, T £E — M
THOL N IZ S B A B B E PR AT I T RE.

b, B 3 TR T SEER RS RO R AR, FE S B B T RUA BRI AR R4S R AR
ZIBR L 0.1% KT s AL T RGUIRES, AR (3K (1) PixE g = 0.6, 7 F I RE I 8] Al bR
6t = 0.001, SEHN 50 RS TIME. B 3 FZERAE 2 JeA 5, AR EC Sk m
T B BT TR RE, S I eI R BT R, AR ST AT AR TR AR T A S AN L A1 BE 2R T ik
%, R T EC FIEENXS SIS AR3R R B A B i IR PR BE.

R AT RBRE T R ARRAL, X H B T R T PR, i 4 PR, SRE 1 2 A4
RIUIE T AR B R 757 NBM £ 75 P BB, TERERCE, 21 2(c) o CI IEBCRIRE,
FIRSLEIR 4(c) h-T- BB B ey, RIS U AP A B, 238 Romi . RN TR
L RIER AT ), NAZE 2 1 AR 3R IR 2 IR R . (B BE B 0 AN RO, B % EC 7RI 2
FEARIK A, B 4 PPEE R IFA R R, BT sl -T2 AR G ) Z [ R 2
&P, BN R IR E A B TR E B A, 5B E AW RN B R E ARG
M.
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Figure 3 (Color online) The evolving paths of the spread as a function of time. In the experiments, every node has a
probability of 0.001 to be an infected node initially. The results are the average of 50 independent simulations. (a) Airtraffic

network; (b) Bitcoin network; (¢) ca-HepTh network; (d) Reactome network.
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(Color online) The average distance between influential nodes. (a) Airtraffic network; (b) Bitcoin network;
(c) ca-HepTh network; (d) Reactome network.




FERE EERY: 498 10

BRI IR ARL, A0 AT T X 28 Je T I B SR D Rayleigh (00 R, TERCERAN B HRH 1 OGHETY s 45
RN IR BN Sy, Iehr T —F Z IR R, 320, Je T2 RS G, AR 17—
BRI BRI R T AR 1, B 5 L AT LR BUATHA LT H AT a2 T 20 G
SN ANEE AR IR RE KA. FIRABIE 1 279 U SR E 5200 77/ 55 U2 2 M, X5
T KRS 7 2 8] R BB URE. ARSI D AN BB 2 M A% 4 o O S BT e R i T R
ERE RN AN BRI A B B AR A AR AR R, DR oRBE Y s iR gt T — RIS, AL
FRIAH DR A SR G T eV BB A S AR AR DAL TR, oS B . DSl S St 17 Ay
T

B2 Hk
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Abstract In the spread of information, a small fraction of nodes play an important role in the dynamics;
therefore, detecting these influential nodes helps control the spread of information. However, classical methods
can choose a single influential node yet fail in the case of multiple influential nodes. In this paper, we analyze the
collective influence and overlapping influence of multiple spreaders. Further, based on the overlapping influence
between spreaders, we clarify the problem of why multiple influential spreaders may have a low collective influence.
Finally, a new algorithm is proposed to choose multiple spreaders, and the performance of the algorithm is
validated on real networks.
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