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FUHRAR MATURBRLA PR —NMEFLAR XL SH#TREME. AR /FET LAY
T XFRE LA NG Z Bt & iE

XKH#iR) Bézier ¥4, FH &, £k, JUT#E S, Hermite

1 51§

Z DS H it 28 th 1 2 TS AL B T (CAD, computer aided design) HH 52 UG ) A T H 2
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fife H IR B A AR I AR 1 5 77725, Yong Fl Zheng 14 SR JUARI 7326 HUk PH #IZE 1K C! Hermite di{H 7]
BHEATHEFE. Meek A1 Walton P! 518 7 Gt ¥ 46 14F N =1k PH HhZ #4772, Byrtus A1 Bastl (6]
1% TAEE— P HE RN THER SR SR E. Jitter 7 X —3-6k PH &AL G?[CY] i
AT ST THRFC, JR4 T Bk PH TR & FEIT Y. Kong 55 Bl RA M E
BRRTTE, HHEAZHE T PH &M FRIMAE fr o, fEt 7 —R45 1 PH 4 ot
Hermite fiff /7%, F10E R A 285 B B B Ak % i 2R 01 1)@, Farouki 1) 20 BITHE T =ik LK
LIk PH MIZRAE G? A N HMIE T, AR ey PH 2t mT DLBEAR 4F S H 1 264418, Wang
Fang 'O 251 T PUR PH 4k G &M FIOJLAMIE 7%, Fang % M1 AT Wang 45 121 43 BiTHE T 75
K PH MIZRAE C1 AN G2 Uiy s 26 A B IMIE i, MeAh, PH IR BUAHSCERE B — D9 i) 2 w4 i
2 18141 A gt 2 (15160, T 2 1 P 25 DA S S RTS8 SR [17~19] K H A 1232 SR,

7710, PH 2605 1] B 70t AN W B Ak g, B2 8 — A 2 Tt 28 & Bézier #51Hi
20T, Wl AWz 2 T PHOHIZR, XA 1] U r) AR R AT o5 BN RO & XZ ) R,
Farouki 5 200 $2 1 7 — B A 757, J45 T 7T DURIE PH 1452 (1% BL7E £5cd% 8 o 1) Pl S BE
Fil. 75 PH #2842 tH 2 ¥, Farouki U Bt LA 7 =Wk PH #IZR I —Fi ) L] W 7732, 1% 07 md it
Bézier 1l 2 WX KA B 5 =k PH 14k, Wang 1 Fang 10 SR A i 281 5 5 m J7v:,
YT VYR PH HHZR I T LT A ) B, LR 7SR Bk PH 2R B LR AE AR 4k pl e H [21~23] 3 —
o, Lu &5 P ST T = ki PH IR LRI 5038, DA T v,

TE7% G M ZRaE T (] R, [ 7 B AR i Ze AR B @E T8 T, [R5 ) Be Ay BT H th 2 gk AT I8k,
BRI G2[CY) 26 T Wt A i Iy ik 5 A & R 7L R, e85 T, dhiZe bl Zekis
PR N I 2, T Y R U 23 1 I el R R Dok ., AT 2 BTN T B AR T, S D) 2 ith 22 15 L 44
WA RAFAEE HEL Bk PH M2 (e B A T I i 2 vkt aT DLORIEAS 2 881 5 B EE, (Rt
AEIEE REHABMRH O ACRAPFRS ML ZEOEA, 20 TESEN GCY %M T
Bk PH M ZerRyit 775, Gk PH 2R J 3 R i Ze i PR =X 0 i AN R B 0 o 8 388, b 1 36
it £ (AL T AE ST (7] R AT, A SCE ST AR R I ZR 5L T G2?[CY] Hermite WIUR AR
FE T .

2 )X PH g%

AU AMA B ROR B AR, M ERMA T BRI &, 1 = -1 NEECRAL. EEFm C
i, RS ENZ P(t) = (x(t),y(t) MEBOEAN P(t) = o(t) +iy(t). EREHOE AN RIRTTE
XFT PH MR BT AR IE BT 70 K TR BRI, X T — AR 2, 779 ||2|| RoRERE, £
T argz AR, SRS B2 0iC A Re(z) Al Im(z).

o5 8 ST N RIS P = o 4+ iy, i = 0,..., 7,

7
P(t)=> PB(t) 0<t<l,
=0
7€ X T — 2 FI-EIR Bézier Mgk, H I um 2t n] LA /RN Bernstein JE:

6
P'(t)=7) APB{(t) 0<t<1, (1)
=0
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ZFHE%: Bk PH 4k G?[C'] Hermite $f{H 715

Hot, AP, = Py — Py, 1t L = | AP, 6, = arg AP, i = 0, ... 6, 4B 2 546 2 000k 5
i ff.
BN S FEEHRMLE P) = (2(0),y(0), BEFAEALETR o), ML 9 D
P'(t) = ('(t), y (1)) W5 2
22(8) + y(t) = o2(1), (2)
WA % 02— %I PH %% 1,
R A TESHMG R PH M4 AU F SHC LR R0 B e

P'(t) = w(t)[u(t) + (1), 3)

HA u(t), v(t), w(t) ALZHA, H u®) 5 o) &R,

W P (t) 7Sk T, B ILE A LR 3 FaTae: (1) 2300 w(t) HRXRZ I, 1 u(t)+iv(t)
RN=RE L2 (2) 2T w(t) N ZIRZTE, 1M ut) +iv(t) NZIXKEZ W, (3) 200 wt) N
Pk Z I, 1 u(t) +iv(t) H—IREZ . FXHRIFRIX 3 FHEHONEE 128, 56 2 KA 3 Kt
K PH 4. XT3 1 K20k PH 14, BT w(t) AFRZ O, BOAEE w(t) = 0 FISEHR, B2k
S RN T A F Lk PH 2k, BEAG AT RE2IE N 2k, trTRehdEiE Nl fhk, RO7E M2k BT
REAPAERT S 05, SCHR [7) WF9E 728 1 20k PH MiZRTELS €I G2[CY] WITR A R INMIE 72, Bigs e
FHITA Py, i =0,1,6,7, LA A Py, Py AR HTERAR ko, Ky, SR T AR A4 G TS A 15 2 2 1 A
S ARG HE BRI A AN R LR PH 2R 70 R S50 R BRI i

3 5 2 %+tX PH H&iaE

0T 2 FbIK PH Mgk, KW S8 P(t) MRS A P/() = Y2 aiB2 (X2, %
B3(t)?, Kb a; €R, 2, €C,i=0,1,2, j =0,1,2, B HEIFHE
P'(t) = apzi (1 —t)°
+ (4a0z0z1 + 2a1z8)(1 —1)5¢
+ [ao (4zf + 2z0z2) + 8a1z9z1 + GQZ(Q)] (1- t)4t2
+ [4a0z1z2 + 2a, (4zf + 2z0z2) + 4a2z0z1] (1-— t)3t3
+ [aoz3 + 8ayz122 + az (427 + 2z022) | (1 — )*t*
+ (20123 + dasz122) (1 — t)t°
+ a2z§t6.
M (1) FA-EIK Bézier ’iZEH)—PFr S E0nT d Haz ) 2 10 3RoR, Pl tEEL Bernstein 2 T3]
EXCGE
TAPy = apz3,
42AP; = dagzoz + 20125,
105AP; = ag(427 + 22022) + 8a12021 + 22,
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140AP; = 4agz122 + 2a1 (4zf + 2z0z2) + 4aszoz1,

105A P, = apz3 + 8a1 2123 + as (42% + QZOZQ),

DR2AP; = 2a1z§ + dasz1 29,

TAP; = ayz3. (4)

PR, fELS T A Py, i = 0,1,6,7, M sURITIR ko, ky PIRAETR, B REROR AR EL
ai, zj, RUATELA-BR PH G & MM HITIUR. 5 AN R TR B S R A DL, T TR R
ag =1, T/ zo0 = +VTAP;. K 29 = roe'®, H L;, i =0,...,6, 725 9 FEH 210 B4 KUK, T
H Oy = *“%ﬂ, H agri = 7Lo. X2 2o = ro(z0 +iyo), 21 = 21 + iy1, 22 = 72 + iy2, T /& 20 = cos by,
Yo = sinfy, 2 = Re(2z2), y2 = Im(z2) ¥WNEHN, TARFEN ao, a1, ro, 1, y1.

LTl 28 9 i AL ) 2290 A Ko, K, MUY

4Im(Zgz1) 4Im(Z722)
kg = —— - ] = ——172

aolzo|* |za|*

¥ zi=a; +iy;, i =0,1,2, RN EAGH
41‘0:[/1 — 24$1y0 = 7]€0L0’I“0, 4]}1y2 — 24x2y1 = 49](;1[%

TR 2z, yy YWATH ro RHEWIF:

_ TkoLorora + 49k, L3z
a 4(Toy2 — T290)

_ TkoLoroyz + 49k1 Lgyo

a 4(xoy2 — 2Y0) .

Z1

)

U1
¥l (4) AN S0 AP, = Py — P, 135

(10z0z1 + 4zf + 2z0z9 + 32129 + z%)ao
+ (525 + 82021 + 621 + 32022 + 82122 + 523 )ay
+ 22 + 32021 + 427 + 22023 + 102120 — 105(Ps — P;) = 0. (6)

RN a1 SRR, BT LB 2RAT

[(10z021 + 427 + 22022 + 32122 + 23 ) ao + 2§ + 32021 + 427 + 22022 + 102122 — 105(Ps — Py)]
x (528 4 82921 + 627 + 3202y + 82125 + 523) = 0, (7)

Horp x FORBREHHI XGRS H. BT RIS O ag, 21, y1o BHATH ro RoR, B 25 = 2+iy
RN (7), BEIKT ro B DNRETTRE. 8IS IT FESAT BUE SRR B ro, A WRISEEL, T 2o
ARCH, REHACN aord = TLo FIRAF ao, B HIANI (5) M (6) 52 2z, A ay, BEIMTEH (4) ATH
R E RIS 2 KBk PH #hZ | 207,

WRIGARBEEAE B, NIRRT Z A 6 DSLAUR, HEHUR L €I, B 14552 M1
— GP[C"] WIRFAT, FAEAEIE 6 SRMIBECRE 2 KRB PH k. B 2, = £V7TAPs TH4E
FE (R4 100 R, (ER T D7 R AR AR R L, DRI R e 28 IR RSB0 A s 6] 1 B RS 2 KB
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1 (MEEMRFE) R"oz—EAE 2 X% PH fh#ki@in. BT RBI7ORFIEREE 6 NI, FILSE) 6 &
MR REiER, HhEPLIEEERRAIZ/STZ—EEL. (a) ro = —8.1187; (b) ro = —1; (c) ro = —0.1232;
(d) ro =0.5909; (e) ro =15 (f) ro = 1.6925

Figure 1 (Color online) Approximation of a 1/6 circular arc using class II septic PH curves. Because there are six
different roots for the sextic equation, we get six corresponding curves with their curvature profiles, where the dash line

shows the circular arc. A septic PH curve with its curvature profile when (a) rg = —8.1187, (b) rg = —1, (c) ro = —0.1232,
(d) 7o = 0.5909, (e) ro =1, and (f) ro = 1.6925

PH {2834/ 4r 2 — BAL KR, BIRIMA MR Py = —1, Py = —1 — i, Py = — Y3 _ =1¥341;5
P7 = *5 - i ko = k1 =1 H:XE Tﬂ‘?”ﬁﬁ?@ﬂ: To E’J {/\%ﬁfij‘j

1114433246590430875 + 66404041215143312r5 — 198577830447777184r4 — 13377
+ 198577830447776800r3 — 66404041215143312r — 11144332465904306 = 0,

WS BUER BT EE R E I 6 ANSLEAR D BN —8.1187, —1, —0.1232, 0.5909, 1, 1.6925, fRA X (4) B
ATEEE 2 KB PH iiZkpishil 2108, 4R wE 1 fis. @*ﬁﬁéléfééfﬁﬁ/\ﬁZ*IS'ME?ﬁ
BT B A BN AR i Ze (i 22 A, o 1 NP I BAATE B 2SR, 36 3 0 4 DMEIR 2
FFIESR

Jkt%, 502 Lk PH gk T LLRH T B AU i 2R R i i) . X LB R A e A A
Py=-3, P =-3-2i Py =—2-3i, P, = —3i, HWuALHiZN ko = ki = 0. A 2, =0, Bz
T Py, Py, P, L2k, H Ps, Py, P, 2L, #—DaRIERIT ro K7

7VTr3 — 59518 4 833012 — 1372v/7rg = 0.

EREZ =01, A 20 = 0, MIEh 2R N — 2k ELZk B, PRt SR B T T BT LA 2 4 4
R SR, XTI 4 2558 2 KBk PH IR, Al 2 Pos. Hob, 55 1 SRS ihRE R s, H
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2 (MERFE) A% 2 £ER PH iRt EfRHmAlLZ. BTIRE 4 METSHKRE, FLSBR 4 FHEEH
Higk R HihER, HhTiigE R/ WE 1 Fihsk, HMEREKENA 1.4628. (a) ro = 3.7417; (b) ro = —3.7417;
(c) 1o = 0.4418; (d) ro = 31.6851

Figure 2 (Color online) Construction of right rounded corner using class II septic PH curves. There are four non-zero
roots, so we get four different curves and there curvature profiles, where the first one has the minimum blending energy,
and the maximum of its curvature is about 1.4628. A septic PH curve with its curvature profile when (a) ro = 3.7417,
(b) ro = —3.7417, (c) o = 0.4418, and (d) ro = 31.6851

o HARAELI N 1.4628.

A1 XFEER PH HIZR 55 1 5-Eik PH gk O —FE, BAELEM AR, HOEIR E M. iR
RISCHR 9] T G Bladm = 2605, WHEN SOl TS Py (50 Ps) MOALE, W DS B]—RAF & 2% AF
(P F I 2%, 4 Beiha dR pt 2 Pt 2R ik B, HOXARag BJ7 x0LE 3 1 260k PH 4k ) 58 n B
5.

4 28 3 £+X PH ks

5 3 LR PH MZ P(t) M—M SEER SRR LIS N P(t) =31 aiBL(t)(X,_0 2 BL())?,
a; €R, z; €C,i=0,...,4, j = 0,1, FizH X i I3 21
P'(t) = apzi(1 — t)°

+ (2a0z021 + a1 25) (1 — t)°t

+ (aoz] + 8a120z1 + 6az2]) (1 — t)*t?

+ (4a12] + 12a0z021 + 4asz]) (1 — )¢

+ (6a227 + Bazzoz1 + asz]) (1 — t)°t!

+ (4a3zf + 2a4z0z1)(1 -t

+ a4zft6.
this 530 (1) ) Bernstein 2 W1 2015 2

7APO = aozg,
42AP; = 2a0z0z1 + 4@128,
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P

7

3 (MEIRFE) $ 3 KR PH SIS0, 1§ AP F1 AP, $HE, B 200 — U0 2a _ oo,

Figure 3 (Color online) The control polygon of a class III septic PH curve. We have 2%+ = Qo—Py =~ 2a3 _ PGA;PCgl if we

3agp APy ’ 3ay
decompose AP; and AP

105AP, = aoz% + 8a12p21 + 6a2z8,

140AP; = 4a1zf + 12a9z92z1 + 4a3z(2),

105AP, = 6a2zf + 8azzoz1 + a4z§,

42APs = daszz? + 2a42021,

TAP; = a422. (8)

MR (8) FTLAKIE, #5745 AP, fER—A &, WHZFE R LR 202 M 22 B4 7 FEAT 9 [F
B APs ATLAHY 22 Rl 202z BIATIRIEHT 0. XIEN APy F1 22 J5AEIE, APs il 22 J7 1A
FHIE, R, fEEZ PoPy 1 PsPr ERJ LA AR EIPIAN 5 Qo H1 Qu, 15 P.Qo Al PsQy #B VAT T
APy F1 APs B VForek, Bl 2oz, J7mIARE, anfd 3 Bros.

M 20 5 2y LR, 25 3 KL PH BHZRIBILRELZREL, B, M5 22, 2021, 27 AL TR
ffy, PR AT LAAE 3

20,1 2 ag
QO*P1:HZO7 P2*Q0:izozh

ay 2a3
Ql*P5:ﬁz0Z17 PG*leiz%a

Hw—H
20 _ Qo—P1 203 P -Qi

o =Y -0 - 9
3ag APy, ' 3ay AP ®)
XEFEFEE as = 1, W 2, = rel, i = 0,1, TRA 0y = 28220 g, = 288P 4 — ||| =

IV/7Lg||. il Py A1 Py ALRERER 53 500N

o 21m(7021 )

ko =

kl _ 2Im(7021)

aolzo|* |21 |4
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(2)

B a4 (MEHMFE) "oz —EIE 3 £tX PH HiZiEIRL. XENHAET ax = —2,-1,0,1,2 BTHIHZ (a)
REME (b), Hb (a) HOBELZESFZ—EIN

Figure 4 (Color online) Approximation of a 1/6 circular arc using class III septic PH curves. We show curves when
az = —2,—1,0,1,2 (a) and their curvature profiles (b), where the dashed line shows the circular arc

¥ aprd = TLo, 2 = TLg, LA z; = riel? i = 0,1, fRAN L0753

@ 28111(01 - 00) 7'70 7k1L6

T1 o 7k‘0L0 ’ 1 - 28111(91 — 090)
BRIk, ro ATARYE L3RG, IR, 4552 /0 G2CY] AR 20T A2
4sin2(91 — 90) = 49]€0/€1L0L1.

R ag = The, 11 30, AP, = Py — Py 135

2
7o

ao a o, 1 o 1 2 , 8 1,
—2Z021 + + =20 + —2021 + ﬁzo + ﬁZOZl + gzl ai

21 10571 T 10570 T 21
+ <325z(2) + %zozl + 325zf> as + <315z§ + %zozl + ;zf) as = Py — P,
Hrba;, 0 =1,2,3, TPNRMEL 2 ag F1ay E50, BN (9) ATEN, SERE a1 (3K a3) AU R AET
RN TG A Py (B Ps) MALE. RX BEAYERE a; B TEE, F550 075 i8% 7 FE 1 S5
5B, iR —DNKT ax M as WISZLeM T REA. B R Z 7 RE A, FRRB AR (8), BIATHY
ERFAE MR 3 5Bk PH iR HIZ 10T, 2 o KA, WA LS B — R FF & 41410 2
3 Lk PH k.

K4 ZET 5K 1 MHRPYISESRMAFE 3 28R PH lIZ&RIHE. T2, iTUeRE o = V2,
ag = 0.5. B MFEET ap = —2,-1,0,1,2 B ETE, @IERMRT ax M ag MEETFRH, H¥
AR (8), BIFSBIM M HIZE 3 2Bk PH gk, 25 Rl 4 Fos. B 4(b) 45 H TE T i 2810 il 2R
AT, AMERIL, 2 ap = 1 B, 5 3 5Bk PH #iZRELER 2 SS9 nid@ v B 9N i 28, 45 70 3, o h R AE
0.9724 #| 1.0261 2 [a].

2P S AL Hh RO, WIAELE k€ R, 15 20 = ke, BIIHZRIBALN BELZREL, DAL, 28 3 8
Lk PH MZAREH T-2RAUSCHER (9] H I E A Akt & 0t
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ZFHE%: Bk PH 4k G?[C'] Hermite $f{H 715

AR ARBE R LR PH 2R 4 3 T % it 2R A X AN R RT BA2Y O 3 28, FRRA TS T
55 2 A1 3 KBk PH RIS TS, 563 T LIk PH HHZRROM S BIG. 1245 58 18 (B il S P s AL
AR, MBI PH 2R AEE 2261 U, Tl SR E A TR ARE S kA5 21 e B P 2 1478
FELER) GPCY) S AF T, AAEA I 6 KM MESRSH 2 20K PH #Z M — R3S 3 -0k PH HiZ,
I ASCHG 55 3 8B PHHZRAE R N 3 i 26 A ZORR A, ASC AR+ 7 -6k PH HIZAE
CAD ATk ih RN, X-Eik PH -IZAIE T ERIBETUR PH 2 MR BEHERE 7 — 20 AT
PEARSEHE) ™, PIRME R 28 2 W h 20 B0k PH #HZRREATIEIE, 4 Ja Al IR AT FEAN R s 251 R Al AT
fERIAFAENE, SR UCIEIT MR e % . AR E, DA -BIR PH i ZHE R 45 52 h 2k 13 3 Fr <5 i) A
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Abstract In this paper, we examine the problem of G? [C] Hermite interpolation using septic Pythagorean
hodograph (PH) curves. PH curves are a special class of polynomial parametric curves, which have a polynomial
arc length function and rational offsets, and are thus widely used in computer-aided design. According to different
factorizations of their first derivative in complex form, septic PH curves are classified into three classes. The curves
in the first class are all regular, and their construction under any G?[C"] condition has already been studied.
Therefore, in this paper we focus on the remaining two classes. The number of septic PH curves in the second
class is even and no more than six. The existence of septic PH curves in the third class is dependent on the initial
Hermite data, and users may specify a real parameter to determine the resultant curve. In addition, we provide
the approximation of arcs with septic PH curves as examples demonstrating the application of our results.

Keywords Bézier curve, offset curve, septic, continuous, Hermite interpolation
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