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�P5�,´�j�˜�–�•FJ�hAÔ�j�0�Z�g�\�õ�õ
¼�0�Z�7Aà-(�£ , 6<
X)à�Î�F+|�]�0�Z�g�\FJ�h
¼�J�Z�7

Aà-(�£ . �J�7Aà�–�• [1] 
��j�wAî�0�Z�g�\
¼�J�Z�7Aà-(�£ , �p��-(�)�¾�P5�,´	…�7Aà�–�• , �³
����$

2î.ž
`�ÿF )à�Î , 
�6<
X
.�ÿ�62« [2]�Ã�·�\�62« [3]�Ã/n�Ô5•5� [4]�Ã+O(™���Ÿ�– [5] 
¼�]	kAú�Ý [6] 1y�J

�ZN¶���Ç�`�¶�¯#�,´�Ä+X .

-(�)�¾�P5�,´	…�7Aà�–�• , �7Aà�J�7Aà� �ž�& , M0?±�WGÿ,´�ê���•�ð���p�9,´�IF9�7Aà�_
V
¼�ƒ

�}�g�\-(�£ , MŽ�hCi�&Ci�Ë; 
�!”
X�ÎLu�Ä+X�] , �¸�é�CFw�`�J�7Aà� �ž�7Aà�=�˜,´�õ�å [7∼9], 	£!ÿ�Z

AÝ4ó�g�\G-�9G��6�7Aà>Û�7�* , �™�‰,´�7Aà5j�a . �)�¾F	/ý!ÿ�Z�g�\G-�9G��6�7Aà5j�a,´L�NÈ , �¦�=7-

+X	z-�-“�–�•�•�4*6 , 
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�À$,1y : �Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´�h�é#�	ú�¦
X�J�7Aà�–�•�],´�Ä+X


X�–�•�& , �a�=M0?±63<•5j�a,´�7Aà , 6<
�?±+X�Z5j�a,´�7Aà�)�Ä,´�g�\�ŠAÝ4ó� �ž�a
����¶ [10]. F	

/ý�é#�1°	…-$�Õ , �v�_�³�-+•�¶�7Aà�{L$,´�£3+ , 6<
X�J�7Aà�–�•�] , �7Aà�£3+�)�¾�–�•�x)·
¼�x�Ì

�9�¸�W�Œ+X [1]. �ƒ�º�p�9�7Aà-;�@�0�Z�95j�a,´�7Aà.�Le , �¦�D�wAî�7Aà�{L$�9-(�£�W , 
�!”�’�@,´

.�Le�_�~0�,´ , F	�g�a
����Y+X.�Le>•�˜�°�_ [11] @��ã-�-“���Ÿ5j�aL�NÈ .

.�Le>•�˜
���-;�@�PGÿ�6@�,´(©!º�’�? , 	£.�Le�_�0�Z 2 Lf,´�PGÿ . 4ÿ�¨,´.�Le>•�˜�°�_�wAî-�

�7.�Le�_�~0�,´ , �¦�D.�Le�µ,´�s3PL¿�j5j�a : �)�¾�W�?�j n× n ,´ r 0�.�Le , �g�\�=�r�Ö (	£�j�¶�¼

5¾�’�=B�.�Le , M0?±?ò#{�`,´�0�A�s3P�Z�  ) �j O(n log2 n) [11]. 6<Xu 1y [8] ���*,´ Maxide �Y+X�J�7

Aà,´�Ž�W���Ÿ
¼�7Aà�£3+�Œ�jEµ�Ù���Ÿ�•�^�Ù.�Le>•�˜ ; 
X�9�¶Eµ�Ù���Ÿ,´�^�Ù�{
> , �g�\�=�r�Ö�ÿ

�A�` O(logn) [8], -(�)�¾4ÿ�¨,´.�Le>•�˜�°�_ [11], 
X�g�\�=�r�Ö�:�9�¶�n:‡��	w . �Y+XEµ�Ù���Ÿ,´.�

Le>•�˜�é#�
X�0�Ë-�-“���Ÿ5j�a,´�J�7Aà� �ž�:<­'f
��Ç�¶�=KI,´�x�Ì , �v�_�³J¸�)� �ž�_4ï�W
��6

,´�õ�å�…�0.D0¦ , 6<�ÎLu�:�9�Ë�J�7Aà� �ž�=�_4ï�W
��6,´ , �0�Ë���Œ [5, 12∼14] �n/j , �)�¾4ï�W�=
��6

,´� �ž , �Y+X� �žMŽ4ï�W5��´,´�h�é#��J"��P5�,´4ï�W�é#�
��Ç�$�­,´�x�Ì . 
�!” , �²�…
X�Y+X.�Le

>•�˜�é#��4*65j�a-�-“���Ÿ,´
<�& , �Y+X� �ž,´MŽ4ï�W5��´����	w�62«2î�Ö�a�@�¶�Ï�µ@��ã,´L�NÈ .

J¸�)� �ž-�-“���Ÿ5j�a�D4ï�W�=
��6,´�õ�å , �0/ý1°	…,´@��ã�é#��_�6	Ï�•,´�J�7AàL�NÈ�ö�@

�J�Z�¼�62«L�NÈ , �j!ÿ�Z�7AàAÝ4ó�0�Z�¼�62«,´�h�62«�˜ , "��² KernelSVM, F	/ý�é#�FJ�h>Û0 �j

KernelBSVM [10]. �v�_ , F	/ý�é#��-+•�¶�7Aà�{L$,´-(�£�W . 
X�=7-�Y+X�7Aà�{L$,´-(�£�W�& , �j�¶AÝ

4ó�*>˜)à8Ÿ�­,´�62«�˜ , �a?±"r!ÿ�Z�7AàG-�9�u�6,´AÝ4ó� �ž , 
�!”�ƒ�7Aà5j�a�õ�åE³�UGý6<�=7-�


Añ!ÿ�Z�7AàG-�9�u�6,´AÝ4ó� �ž�& , KernelBSVM �a�¸LîAÝ4ó�*�0�Z>˜)à8Ÿ�­,´�62«�˜ . .�Le>•�˜�é

#��IFJE÷�Y+X.�Le,´�~0��WCX , 63<•�¶�7Aà�{L$,´-(�£�W , 	£�¯���Ë�7Aà"Ñ�9�u�6,´AÝ4ó� �ž , �•
�

���Y+X�¦�>�¦���7Aà,´-(�£�W�•9ç�ÇE³�­,´�62«�˜ . 
�!” , +X.�Le>•�˜�é#�@��ã� �ž-�-“���Ÿ5j�a�D

4ï�W�=
��6,´L�NÈ�_�¸�9�õ?±,´ . �v�_ , 
X63<•�¯+X.�Le>•�˜�é#��&M’�d�T�ZL�NÈ , �0�_�²�…
X.�Le

>•�˜�é#��]�Y+X�h.�Le ; �¼�_�Y+X�h.�Le�&�JM’�d� �žGÿ�¸�W��8$�h.�Le��#��ˆ�Ø�FAÑ1Ç,´�õ�å , �Ä

B��²�…�+�®�h.�Le,´F��l���ÿE«1Ç#�,´�ˆ�Ø
¼AÑ1ÇCO�õ .

�\�·���*�¶�Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´�h�é#� KernelMaxide, �Í�ž.�Le93� ,´>˜/j�Ê*6 [15], �´

�*�¶�*�¾�h.�Le,´�h93� �0�?	F�H	F-��7 , ��	ú-(�Ä,´�H	F1Ç#� , 
X.�Le>•�˜�é#��]�Y+X�¶�h.�Le , �¦

�DJ¸�)�h.�Le,´�ˆ�Ø
¼AÑ1ÇCO�õE³GýL�NÈ , F��0!•�6 Nyström �é#� [16] �¤
8�`�¶�*�¾�h.�Le,´�H	F-�

�7�] . �ÎP¼�n/j KernelMaxide �é#�
X-�-“���Ÿ5j�a,´�J�7Aà�–�•� �žLö�:
��Ç�¶E³�­,´�x�Ì , ��Aê

-(�)�¾J¸�)4ï�W
��6� �ž,´ Maxide �é#� [8], F��_-(�)�¾�=63<•�7Aà-(�£�W,´ KernelBSVM �é#� [10],

�¦�62«2î�ÖG-�9�¸�W��	w .

�\�·
>5�G��6,´4ô4÷�²�; : 1\ 2 8²�)�J�7Aà�–�•�Ã-�-“���Ÿ5j�a,´�J�7Aà�–�•�Ã.�Le>•�˜��	ú�h

�é#�,´-(�£���ŒF�>|�k5� ; 1\ 3 8²���*�¶�Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´�h�é#� KernelMaxide; 1\ 4 8²

�…/j�¶ KernelMaxide �é#�
X-�-“���Ÿ5j�a,´�J�7Aà� �ž�:,´�ÎP¼�x�Ì ; �0
>�k5��˜�· , �¦�)�Z�•
�7-

,´.D0¦�é
AF�>|�…�K .

2 -.�©���’

2.1 �P�=Aæ�œ�–

�J�7Aà�–�•�wAî�0�Z�g�\
¼�J�Z�7Aà-(�£ , �³
h�E�¶Lö�@�–�• [2]�Ã�ÖGÿ�–�• [17] 
¼
X4ï�–�• [18]

1y�j�˜�–�•-(�£N¶���C�æ,´�¤CÓ ; 
X
.�ÿ�7Aà [2]�Ã�·�\�62« [3] 
¼+O(™���Ÿ�– [5] 1y�J�Z�éM’
��Ç�¶�¯
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#�,´�Ä+X ; 
X#§Gÿ�7Aà[19] �>�à2«L�NÈ [20] 1y�éM’�0���¶�à,´.D0¦N¶�� , �¦�@�jF����¤�j�˜�–�•.D0¦

,´'�L��é
A . �J�7Aà�–�•�•�9�J/ý�ÖGÿ�7�7�•�ÖGÿ�–�•�x�Ì , "�E³�h+X,´�² Hamming Loss [21] AÑ1Ç�¶

�62«KIB�,´�7Aà�p	•,´"��» ; Ranking Loss [5] �ÖGÿ�¶�ÂKI,´-(�£�7Aà – �=-(�£�7Aà�),´�Z�  ; Average

Precision [22] �ÖGÿ�¶�Â
X-(�£�7Aà�},´-(�£�7Aà,´�£
w�Z�  . �$�J�£�¾�J�7Aà�–�•	ú�¦�•�a�-� ,´�û

4ý, 
���	ò63-(�£5,F [1].

@��ã�J�7Aà�–�•L�NÈ�0-$�Õ,´�é#��_ BinaryRelevance (BR) [10]. BR �6�0�Z�J�7Aà�–�•L�NÈ-;

�@9��¢�Z�¼�62«L�NÈ, �j!ÿ�Z�7Aà	…)��–�0�Z�6�T2«,´�62«�˜ . F	�Z�é#�
X�J�7Aà�–�•.D0¦,´���O
�

�Ç�¶�0�Ê,´�x�Ì . L¿-p�J�7Aà�–�•N¶��,´
��… , BR 
��j�=7-�Y+X�7Aà�{L$,´�£3+6<
�B�+õ [1]. Label

Powerset (LP) �é#� [23] �_�0-$�Õ,´�Y+X�7Aà�{L$-(�£�W,´�é#� , �³�6!ÿ/ý
�7-,´�7Aà4ô
8G--;�@�0�Z

�à,´�7Aà , +X�P5�,´�J2«�62«�˜@��ã�J�7Aà�–�•L�NÈ ; �v�_ , �=�_!ÿ/ý�7Aà4ô
8G-7-�®�`�)�Ä,´AÝ4ó� 

�ž , �p�� LP �é#��h�hM’�d� �ž5j�aL�NÈ . �j�¶@��ã LP �é#�M’�d,´L�NÈ , �0/ý�é#��_�Y+X�F�•,´� �ž

�–�•�7Aà�{L$,´�£3+ [24]; �$�J,´�é#��þAÝ4ó� �ž�\DÛ�–�•�7Aà�{L$,´�£3+ [22,25]. F	�Ë1Ç#�
��j63<•

�¶�7Aà�{L$,´-(�Â�£3+ , 
X�¸�J�J�7Aà�–�•�+�Ñ�]G-
��Ç�¶�=KI,´�x�Ì .

L”�¶�Y+X�7AàL$,´�£3+�{�F , 
��0/ý��Q��J�7Aà�–�•�62«2î�Ö,´�é#��a�_�Y+XMŽ4ï�W�62«�˜ . "�

�² Elisseeff 1y [5] ���*�¶�0/ý�WL$LÄ�62«�˜ RankSVM �é#� , 
����Y+X
4/ý�h.�Le�•��Q��J�7Aà�–�•

,´�62«2î�Ö ; �·)^ [12∼14] ���*�¶J¸�)�J�7Aà�–�•,´�J�h�é#� , 	£�Y+X�J�Z�h,´4ï�W�Ð
¼�•�–�•�0�Z

�à,´MŽ4ï�W�62«�˜����Q��–�•2î�Ö . 
�!” , -(�)�¾1°	…,´4ï�W�62«�˜ , �\�·�6-pGý.D0¦�²�…�´�*�0�Z

�Y+X�h.�Le,´MŽ4ï�W�62«�˜ , ��	ú�²�…
X�Y+X�h.�Le,´
<�&�Y+X�7Aà�{L$,´-(�Â�£3+ .

2.2 -�-™���¥5p�g,º�P�=Aæ�œ�–
Â.�Lk>›�ž�ï#�

F����¤�• , �¸�J.D0¦65�?Aö�` , �Ç�`�J�7Aà� �ž�¼�¤,´-�-“���Ÿ�_�0�&�¸Lî,´�» , M0?±6GCi�WGÿ

,´�ê�Ë(™�Ë	ë�7#��p�9�g�\,´�p�9�7Aà , �¾�_�0�û.D0¦�>�g9ç�Ç�ù�',´�7Aà� �ž , "��²�Y+X�G	5�°

�_ [26] 
¼�k�Ø�–�•�°�_ [27]. L”!”�{�F , �$�J,´.D0¦�I�×Gý�¾-$�Õ�Y+X-�-“���Ÿ5j�a,´�J�7Aà� �ž�•�Š

�–�• [7∼9,28]. F	�Ë�é#�FJ�h�wAî�7Aà.�Le�_�~0�,´ , 'f
>�Y+X�~0�.�Le,´�WCX�•>•�˜�7Aà . .�Le>•�˜

�é#� [11] �a�_�0/ý�CL�+X�¾>•�˜�=�¼�¤�~0�.�Le,´�é#� , �¦�Œ�j�PGÿ�6@�,´(©!º�’�? , �§�9�0�Ê,´*6

Aê�Í�ž : �)�¾�W�?�j n× n ,´ r 0�.�Le , �g�\�=�r�Ö (	£�j�¶�¼5¾�’�=B�.�Le , M0?±?ò#{�`,´�0�A�s3P

�Z�  ) �j O(n log2 n) [11].

Xu 1y [8] ���*�¶�Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´�é#� Maxide, -(�)�¾4ÿ�¨,´.�Le>•�˜�°�_ , L”�¶
X

�g�\�=�r�Ö�:�9�¶�n:‡��	w�F , Maxide 
X!ÿ�0Ež�Ú)ß�]
�M0?±�)�0�Z-(�)E³�?,´.�Le�Š SVD �6@�,

-(�)�¾4ÿ�¨,´.�Le>•�˜�é#�
<�&��Q��¶�&L$�x)·
¼0ªL$�x)· . <­'f Maxide 
X*6Aê
¼�ÎP¼�]G-
��Ç�¶

E³�­,´�x�Ì , 'f6<�³�k?±J¸�)� �ž�_4ï�W
��6,´�õ�å , �)�¾4ï�W�=
��6,´� �ž�ÄB��²�…�–�• , Maxide

�¦"Ñ�9�ÊAê . �\�·�6���*�Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´�h�é#� , 
X�Y+XEµ�Ù���Ÿ>•�˜5j�a-�-“���Ÿ,´


<�& , 
����Y+X� �ž,´MŽ4ï�W5��´��
��Ç�$�­,´�62«2î�Ö .

2.3 �n�ï#�

�h�é#� [29], "��² KernelSVM [30], FJ�h>ÛAÔ�j�_�0�9�x,´�j�˜�–�•�é#��{�0 . F	�Ë�é#��º	Ï�û� �ž

&é�Å�¡�`Q�5$+J8#��L€5$,´0ªL$ , 
X�à,´Q� (��L€ ) 5$0ªL$Gü�–�•�0�Z4ï�W�62«�˜ . F	-(�ƒ�¾
X	Ï�û0ª

L$Gü�–�•�¶�0�ZMŽ4ï�W�62«�˜ , 
X	Ï�û�–�•�+�Ñ�=�_4ï�W
��6,´�õ�å�; , FJ�h7-
��ÇE³�­,´�x�Ì . <­'f

�h�é#�7-
��Ç�=KI,´�62«�x�Ì , �v�¦
<�&M’�d-pAÑ1Ç
¼�ˆ�Ø�x)·L�NÈ . �ƒ�g�\,´�Z� �_ n ,´�&�I , �¯+X
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�À$,1y : �Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´�h�é#�	ú�¦
X�J�7Aà�–�•�],´�Ä+X

�h�é#�FJ�hM0?±�)�0�Z�W�?�j n×n ,´.�LeF�>|�ý�Œ ; �ƒ n "�E³�W,´�&�I , �ˆ�Ø
¼AÑ1ÇF	�Z n×n ,´.�

Le�a�J�V�•�¸�J,´CO�õ . �0�Ë���Œ
����9�x
`@��ãF	�ZL�NÈ , "��²L¿�j Fourier (©�± (random Fourier

feature) [31] �F65 Nyström �é#� [16]. L¿�j Fourier (©�±G÷�g�0�Ë cos 
¼ sin �-� �•F��l	Ï�û�h.�Le ;

Nyström �é#��þAÝ4ó�g�\�]L¿�jG÷�g�0�?G��6�g�\ , �¦�Y+XF	�0�?G��6�g�\�>�¦���g�\�{L$,´�h�•F�

�l n× n ,´�h.�Le . Yang 1y [32] ,´.D0¦�n/j , 
X�h.�Le,´(©�±�lBa (eigen-spectral) ,´���2 (gap) "�E³

�W,´�&�I , Nyström �é#��9�$�~,´#�	FKIB�)· . �\�·�663<•�²�…�Y+X Nyström �é#� , �ÿE«�p���*,´�h

�é#�,´AÑ1Ç
¼�ˆ�ØCO�õ .

5,�:�pF , �\�·�6���*�Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´�h�é#� , �¦�6�¦�Ä+X�`�J�7Aà�–�•�] . F	/ý

�é#�J¸�)�J�7Aà�–�•�]-�-“���Ÿ5j�a,´�õ�å , �=�õ63<•�¶�7Aà�{L$,´-(�£�W , �•63<•�¶
X	Ï�û(©�±0ª

L$MŽ4ï�W
��6,´�õ�å�; , �²�…�Y+X�h�é#�AÝ4ó�0�ZMŽ4ï�W�62«�˜ , ����Q��62«2î�Ö .

3 KernelMaxide �ï#�

3.1 5��®,º�_+^E»�ß���¥F�>‚.�Lk>›�ž1Í#�
^�P�=Aæ�œ�–�c,º�Ê+^

�\8²�6AØAê�Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´1Ç#� Maxide 	ú�¦
X�J�7Aà�–�•�],´�Ä+X [8].

M ∈ Rn×m >˜/j0��j r ,´�µ�’�=�7Aà.�Le , �¦�] n >˜/j�g�\,´�Z�  , m >˜/j�7Aà,´�Z�  . ∥ · ∥tr
>˜/j.�Le,´�h93�  , 	£�¦�w�2�l,´
¼ ; ∥ · ∥F >˜/j.�Le,´ Frobenius 93�  , 	£�p�9�s3P,´�£�é
¼,´�£�é

�i . Ω ⊂ {1, . . . , n} × {1, . . . ,m} >˜/j.�Le M �]?ò#{�`,´�s3P,´�}5ž�;�7,´Lö
8 , 	£ Ω ���F,´�s3P
X

.�Le M �]�_5j�a,´ . 5	�Ê Ω, �I
����Ê�y4ï�W1Ç�€ RΩ(M) : Rn×m → Rn×m,

[RΩ(M)]i,j =

Mi,j , (i, j) ∈ Ω,

0, (i, j) /∈ Ω.

�P5�,´�Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´1Ç#� [8] F�>|�J�7Aà�–�•�&�9�²�;�H	F-��7 :

min
W∈Rk×m

L(W ) = λ∥W∥tr +
1

2
∥RΩ(AW − Y )∥F, (1)

�¦�] Y ∈ Rn×m �_+a�Z5j�a,´�7Aà4ô�@,´.�Le (5j�aG��6�j 0), A �•$À�¾�J�7Aà� �ž,´(©�±.�Le

X ∈ Rn×d, d �_(©�±�Z�  . �08\�õ�å�; A �_�7�ö!“�Ô.�Le , �¾�_�9 ∥W∥tr = ∥AW∥tr; 
X A �=�_�7�ö

!“�Ô.�Le,´�õ�å�; , 
����)	Ï(©�± X �Š SVD �6@�, �¦�6 A Aî�Ê�j X ,´
#(©�±�l.�Le (	£ X ,´�G0ª

L$). �H	F�? (1), 	£�j�Y+X�g�\(©�± X �Œ�jEµ�Ù���ŸF�>|.�Le>•�˜,´1Ç#� Maxide, +a�¾F	Gü�wAî�¶-�

�7.�Le M = AW , 6<A �_ X �p
X,´0ªL$ , �p�� Maxide 1Ç#��Y+X�¶-��7.�Le M 
¼(©�± X �{L$,´4ï

�W�£3+.

3.2 �_+^E»�ß���¥F�>‚.�Lk>›�ž,º�n�ï#�

�\8²�6���*�Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´�h�é#� . �08\,´�h�é#�FJ�h�wAî�9�0�Z�Å�¡�-�  ϕ(·),
�6�~5$(©�±�Å�¡�`�0�ZQ�5$0ªL$ (+J8#��0§5$0ªL$). �wAî-��7.�Le W �_�~0�,´ , �6Eµ�Ù���Ÿ.�Le A

�Å�¡�` ϕ(A) �{
>	Ï�û�H	F-��7�? (1) 
��@

min
W∈Rk×m

L(W ) = λ∥W∥tr +
1

2
∥RΩ(ϕ(A)W − Y )∥F. (2)
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�)�? (2) �¯+X.�Le�h93� ,´>˜/j�Ê*6 (the representor theorem of matrix norm) [15], �¾�_-��7 W ,´

1\ t �G wt 
���>Û>˜/j�j ϕ(ai) ,´4ï�W�Ð
¼ , �¦�] ϕ(ai) >˜/j.�Le ϕ(A) ,´1\ i >| , 	£1\ i �Z�g�\>Û�Å�¡

�{
>,´(©�±>˜/j . �wAî
X�J�Z�7Aà�]�9�+�?�7Aà�_MŽ5j�a,´�g�\3+� �p
X,´Lö
8�j Uniform Training

(UT), 	£ UT = {i : ∃j, (i, j) ∈ Ω}, �I wt 
¼ W +Xϕ(ai) ,´4ï�W�Ð
¼�•>˜/j , 
����6�[�’�?	F�j

wt =
∑
i∈UT

ciϕ(ai), W = [w1, w2, . . . , wm] = ϕ(AUT)
TC. (3)

+X�? (3) �],´ ϕ(AUT) 
¼ C >˜/j W �{
> , �9

ϕ(A)W = ϕ(A)ϕ(AUT)
TC = Kall,UTC, (4)

�¦�] Kall,UT �_�˜G��g�\ (�¡ n �Z ) 
¼ UT Gü,´�g�\�T�T�{L$,´�h4ô�@,´.�Le . �6�? (3) ���•�? (4),

�I�9

min
C∈RnUT×m

L(C) = λ∥ϕ(AUT)
TC∥tr +

1

2
∥RΩ(Kall,UTC − Y )∥F, (5)

�¦�] nUT = |UT|. +a�¾�7Aà�{L$,´-(�£�W , �wAî4ï�W�62«3+�  W �_�~0�,´ , 6< ϕ(AUT) �_	Ï�~5$0ª

L$�Å�¡�`Q�5$0ªL$�{
>,´5��Ì , FJ�h�_%�0�,´ , �p���à,´-��7.�Le C M0?±�_�~0�,´ . 
X C �_�~0��& ,

�? (5) Eœ�’�@�²�;,´�H	FL�NÈ :

min
C∈RnUT×m

L(C) = λ∥C∥tr +
1

2
∥RΩ(Kall,UTC − Y )∥F. (6)

3.3 �_+^ Nyström �ï#�@��é�]�¦�¤L$NÎ


X�? (6) �] , �ƒ�h.�LeE³�?�& , 
���-$�Õ�H	F ; 6<FJ�h�õ�å�; , �h.�LeG-"�E³�W , +J8#�W�`�µ�ˆ��

#��ˆ�Ø,´�õ�å . �Õ�;�• , �6�¯+X Nyström �é#� [16] �•�4*6E³�W,´�h.�Le,´AÑ1Ç
¼�ˆ�ØL�NÈ , ����Q�1Ç

#�,´�&L$
¼0ªL$�x)· .

Nyström �é#�OÆ�x�þ�W�?�j n ,´�g�\0ªL$ D = {x1, . . . , xn} �]L¿�jG÷�g nr �Z�g�\ , D̂ = {x̂1, . . . ,

x̂nr}, �I D̂ �:,´�h.�Le�j Knr×nr = [κ(x̂i, x̂j)]nr×nr . 
X�\�·�]�k?±�¯+X RBF �h , 	£

κ(x1, x2) = exp
{
−∥x1 − x2∥22/2σ2

}
.

D̂ �],´�g�\
¼	Ï�û�g�\0ªL$�],´�g�\4ô�@,´�h.�Le�j Kn×nr
= [κ(xi, x̂j)]n×nr

, �I	Ï�û,´�h.�Le

Kn×n = [κ(xi, xj)]n×n 
���>ÛF��l�j

K̃n×n ≈ Kn×nrK
†
nr×nr

KT
n×nr

, (7)

�¦�] K†
nr×nr

>˜/j.�Le Knr×nr ,´�ZF6.�Le . Yang 1y [32] *6AêAñ�>�¶�¯+X Nyström �é#�
>�h.�

Le,´Ba93� F��lKIB�)·�_ O(n
−1/2
r ). �\�·�6-$�Õ�Y+X�? (7) �•AÑ1Ç�˜G��g�\,´�h.�Le K̃n×n, �¦
�

K̃n×n �]
X Ω �]�*)àE÷,´�g�\�)�Ä,´�G4ô�@ K̃all,UT, 	£ K̃all,UT �_+a K̃n×n ,´1\ t �G4ô�@,´.�Le ,

t ∈ {j : (i, j) ∈ Ω}.

3.4 �N	L

�j�¶Q��x
`�H	F�? (6), �6G÷+X�ÐFO�ß�Ö�;L}�é#� (accelerated gradient descend) [33]. F	�Z�é#��Y

+X�¶-��7�-� ,´�£%�(©�± , 9ç�Ç�¶ O(1/T 2) ,´�f�‹)· , �¦�] T �_�Ú)ßF�>|,´!Q�  . �H	F�? (6) �p�Ç,´

KernelMaxide 1Ç#��²1Ç#� 1 �p/j , �¦�] ϵ FJ�hAî5ž�j�0�Z�¸�?,´�h�  . �j�¶@��ã1\ 4 >|,´�H	FL�NÈ ,

FJ�h+XSingluar Value Thresholding �é#� [34].
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X�J�7Aà�–�•�],´�Ä+X

1Í#� 1 �Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´�h�é#� KernelMaxide

1Í#�EÉ�› : Ω, Y , λ, K̃all,UT

1Í#�Eý0A:

1: �S��	L : C1 = C2, L, γ > 1, θ1 = θ2 ∈ (0, 1], ϵ, k = 2

2: while L̃(Ck+1) 6 (1− ϵ)L̃(Ck) do

3: Zk = Ck + θk(1/θk−1 − 1)(Ck − Ck−1)

4: Ck+1 = argmin λ∥C∥tr +Qk(C)

5: while E(Ck+1)− E(Ck) > Hk(L) do

6: L = Lγ

7: Ck+1 = argmin λ∥C∥tr +Qk(C)

8: end while

9: θk+1 = (
√

θ4k + 4θ2k − θ2k)/2

10: k = k + 1

11: end while

1Í#�EÉ�0 : Ck+1


X1Ç#� 1 �] ,

L̃(C) = λ∥C∥tr +
1

2
∥RΩ(K̃all,UTC − Y )∥F,

E(C) =
1

2
∥RΩ(K̃all,UTC − Y )∥2F,

Qk(C) =
L

2

∥∥∥∥C −
(
Zk − 1

L
K̃T

all,UTRΩ(AYk − Y )

)∥∥∥∥2
F

,

Hk(L) = Tr
(
(Ck+1 − Zk)

TK̃T
all,UTRΩ(K̃all,UTZk − Y )

)
+

L

2
∥Ck+1 − Zk∥2F.

�)�¾1Ç#� 1 ,´-(�£�H	F�é#�,´�$�J4ö8² , 
���	ò63 Tseng [33] ,´�·1� .

4 �ÔPÂ

�\8²�6
X�J�7Aà� �žLö�:Aô�`�p���*,´�Y+XEµ�Ù���ŸF�>| “.�Le>•�˜,´�h�é#� ” (KernelMaxide).

�p�9��.1
X Matlab �£
 �:�Î)à , �¦
X CPU 2.53 GHz 
¼�µ�ˆ 48 G ,´ Linux �=�Ñ�˜�:�¼�@�ÎP¼ .

�\�ÎP¼�]�¯+X�¶ “yahoo.com” 5•N¥�62«� �žLö [35], !”� �žLö	5
[ 11 �Z�62«�+�Ñ , !ÿ�Z�62«�+�Ñ

	5
[ 5000 �ZAÝ4ó�g�\ . F	 11 �Z�62«�+�Ñ,´(©�±� 
¼�7Aà� G-�9E³�W���2 , �¦(©�±� �þ 438 ∼ 1047 �=

1y, �7Aà� �þ 21 ∼ 40 �=1y . �£�¾F	�Ë� �žLö,´B�4ö���Ÿ , 
���	ò63>˜ 1.

�\�ÎP¼G÷+X
¼���°���Œ [8] -(
<,´�ÎP¼�é#� , 	£�)!ÿ�Z� �žLö , L¿�jG÷�g 10% ,´� �ž�Œ�j#{B�� 

�ž , �™�;,´ 90% � �ž�Œ�jAÝ4ó� �ž . �j�¶�¯�ÇAÝ4ó� �ž “�=�¼�˜ ”, �)�¾!ÿ�Z�7Aà , AÙω% ,´!“�g�\
¼

CO�g�\�Œ�j
�?ò#{�`,´�7Aà , 6<�™�;,´AÝ4ó�g�\�7Aà�Œ5j�a�4*6 . ω% �6�þ {10%, 20%, 30%, 40%} �]


��l . !ÿ�Z�ÎP¼>ÛGý�= 10 !Q, 
xFB,´5��Ì�6�_ 10 !Q�ÎP¼
X#{B�� �ž�:,´�£
w5��Ì . �)�¾�\�·���*,´
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>ž 1 11 �` “yahoo.com” �<2±�¦�¤,ºB�4ü���¥ a)

Table 1 Eleven “yahoo.com” datasets a)

Dataset Dimension Class MaxL

Arts 462 26 14

Business 438 30 12

Computers 581 33 17

Education 550 33 7

Entertainment 640 21 17

Health 612 32 13

Recreation 606 22 17

Reference 793 33 12

Science 743 40 9

Social 1047 39 10

Society 636 27 16

a) “Dimension” is the number of features. “Class” is the number of candidate labels. “MaxL” denotes the maximum

number of relevant labels per instance.

KernelMaxide �é#� , �¦!“�I	F	ò�  λ �6FJE÷�Ô	ùP¼Añ�þ2{−10,−9,...,9,10} �]F9
� . �ÎP¼�]G÷+X RBF-

kernel, �¦	ò�  σ �6���Ô	ùP¼Añ�þ 2{−5,−4,...,4,5} �]F9
� . KernelMaxide �],´	ò�  γ 
¼ ϵ �6>Û�6�[Aî

5ž�@2 
¼ 10−5. �0�W�Ú)ßEž� >ÛAî5ž�j 100. �i�ž Nyström �é#�G÷�g,´�g�\� -��=
< , �\�·�6�)�T/ý

KernelMaxide �é#�F�>|#{B� , 	£ KernelMaxide-f(ull) ��	ú KernelMaxide-n(yström). 
X KernelMaxide-

f �] , �p�9,´�g�\G-+X�•AÑ1Ç�h.�Le , 	£ nr = 5000. 
X KernelMaxide-n �] , nr Aî5ž�j 1000, 	£
�+X	Ï

�û� �ž,´ 20% AÑ1Ç�h.�Le. 
��j KernelMaxide 	ú�¦"�E³�é#� Maxide �õ7-�j!ÿ�Z�7AàEÃ�*�0�Z�Î�l ,

6<�=7-.ž�ÊF	�Z�7Aà�_
V-(�£ , �\�ÎP¼�6�Y+X Ranking Loss �7�7�•"�E³F	 11 �Z�J�7Aà�–�•�+�Ñ�:,´

�7Aà�Â�¿5��Ì , 6<�6�62«5��Ì,´"�E³+‰�`
>5����Œ�] .

�ÎP¼�] KernelMaxide �é#��6
¼ 2 �Z�é#�"�E³ , �0�Z�_�P5�,´�Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´�é#� ,

	£ Maxide [8]; 
��0�Z�_�j!ÿ�Z�7Aà	…)�AÝ4ó�0�Z KernelSVM �62«�˜,´�é#� , 	£ KernelBSVM [10]. 1\

�0�Z"�E³�é#� Maxide <­'f�Y+X�¶Eµ�Ù���Ÿ
¼�7Aà.�Le,´�~0��WCX , �v�_�¦"Ñ�963<•(©�±.�Le,´�h .

KernelBSVM �é#�<­'f63<•�¶(©�±.�Le,´�h , �v�¦"Ñ�963<•�7Aà�{L$,´�£3+ ; �¦�D KernelBSVM �é#�

�¦"Ñ�9�Y+X Nyström �é#��ÿE«� �ž,´AÑ1Ç
¼�ˆ�Ø�0K0 , �ý'f�Y+X�¶�p�9,´� �ž�•AÑ1Ç�h.�Le . �)�¾

Maxide, �ÎP¼�]�¯+X�¶
¼	Ï���Œ [8] 
<�g,´B3	ò� �é�? . �)�¾ KernelBSVM, �ÎP¼�]�Y+X LibSVM [36] �Œ

�j�*�62«�˜ , �¦!“�I	F	ò� 
¼ RBF-kernel 	ò� ,´F9
� , �I�¯+X�¶
¼ KernelMaxide 
<�g,´�é�? .

>˜ 2 �…/j�¶ KernelMaxide-f 
¼"�E³�é#�
X-�-“���Ÿ5j�a,´�J�7Aà� �ž�:,´�ÎP¼5��Ì . 
X�p�9�õ�å

�; , KernelMaxide-f 
X Ranking Loss �:,´>˜)àG-�_�0�H,´ , �D"��T/ý"�E³�é#��n:‡,´�­ . �0�éM’ , F	B$

�>
X “yahoo.com” 5•N¥�62«� �žLö�: , KernelMaxide �é#�FJE÷�)	Ï�û(©�±,´Q�5$�Å�¡ , EÃ�*�¶�0�Z2î

�Ö�$Q�,´MŽ4ï�W�62«�˜ ; 
��0�éM’ , -(�)�¾ KernelBSVM, KernelMaxide �é#��•�Y+X�¶�7Aà.�Le,´�~

0��W, 	£63<•�¶�7Aà�{L$,´�£3+ , �þ6<��Q��¶�62«2î�Ö .

>˜ 3 �…/j�¶ KernelMaxide-n 	ú"�E³�é#�
X-�-“���Ÿ5j�a,´�J�7Aà� �ž�:,´�ÎP¼5��Ì . 5��Ì�n/j ,


X+X Nyström �é#��)�h.�Le�Š�¶F��l�{
> , 	£�¯
�G÷�g�¶	Ï�û� �ž,´ 20% AÑ1Ç�h.�Le, 
X�J� �õ�å

�; (44 !Q�ÎP¼�],´ 41 !Q), KernelMaxide-n 
X Ranking Loss �:,´>˜)à�Í'f"��T/ý"�E³�é#� Maxide 
¼

KernelBSVM ?±�n:‡,´�­ . �)"�>˜ 2 
¼ 3, <­'fG÷+X Nyström �é#��)�h.�Le�ŠF��lG��6�•
•�¶1Ç#�,´
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�À$,1y : �Y+XEµ�Ù���ŸF�>|.�Le>•�˜,´�h�é#�	ú�¦
X�J�7Aà�–�•�],´�Ä+X

>ž 2 �µ+^�¼�žG��¦�¤A×1Í�n.�Lk,º KernelMaxide-f �ï#�
^-�-™���¥5p�g,º�P�=Aæ�¦�¤�@,º Ranking Loss (CÀ
�ECÀ�³) �ÔPÂ5	�Ò a)

Table 2 Ranking Loss (the smaller the better) results of KernelMaxide-f on multi-label learning with incomplete supervised
information a)

Dataset Algorithm ω% = 10% ω% = 20% ω% = 30% ω% = 40%

Arts KernelMaxide-f 0.1514 0.1365 0.1264 0.1266

Maxide 0.1596 0.1500 0.1421 0.1422

KernelBSVM 0.2325 0.2262 0.2138 0.2110

Business KernelMaxide-f 0.0424 0.0428 0.0359 0.0366

Maxide 0.0457 0.0488 0.0444 0.0458

KernelBSVM 0.0785 0.0833 0.0722 0.0724

Computers KernelMaxide-f 0.0957 0.0889 0.0785 0.0861

Maxide 0.1033 0.0974 0.0902 0.0988

KernelBSVM 0.1676 0.1588 0.1475 0.1565

Education KernelMaxide-f 0.0944 0.0833 0.0839 0.0806

Maxide 0.1025 0.0917 0.0904 0.0893

KernelBSVM 0.2249 0.2037 0.2011 0.1915

Entertainment KernelMaxide-f 0.1186 0.1080 0.1064 0.0991

Maxide 0.1233 0.1199 0.1177 0.1119

KernelBSVM 0.1911 0.1902 0.1797 0.1707

Health KernelMaxide-f 0.0597 0.0540 0.0491 0.0491

Maxide 0.0691 0.0652 0.0609 0.0607

KernelBSVM 0.1130 0.1144 0.1124 0.1127

Recreation KernelMaxide-f 0.1674 0.1508 0.1419 0.1389

Maxide 0.1824 0.1609 0.1549 0.1526

KernelBSVM 0.2347 0.2184 0.2143 0.2056

Reference KernelMaxide-f 0.0870 0.0724 0.0720 0.0703

Maxide 0.1052 0.0946 0.0897 0.0828

KernelBSVM 0.1567 0.1472 0.1489 0.1448

Science KernelMaxide-f 0.1260 0.1186 0.1117 0.1086

Maxide 0.1423 0.1329 0.1316 0.1268

KernelBSVM 0.2140 0.2054 0.1993 0.1983

Social KernelMaxide-f 0.0687 0.0588 0.0569 0.0552

Maxide 0.0773 0.0718 0.0727 0.0727

KernelBSVM 0.1155 0.1048 0.1070 0.1086

Society KernelMaxide-f 0.1445 0.1330 0.1298 0.1287

Maxide 0.1546 0.1454 0.1416 0.1421

KernelBSVM 0.2141 0.2030 0.2054 0.2014

a) ω% represents the percentage of training instances with observed label assignment for each label. The best results

and its comparable ones (t-tests at 95% confidence level) are bolded.

�x�Ì , �v�_5
�W�J� �õ�å�;�¦>˜)à�Í'f"��¦���T/ý"�E³�é#��H�2 .


. 1 "�E³�¶�T/ý KernelMaxide 	ú�¦"�E³�é#�,´�&L$�x)· . 
X+X Nyström �é#�F9
��¶ 20% ,´� 
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>ž 3 �µ+^�¼ 20% �¦�¤A×1Í�n.�Lk,º KernelMaxide-n �ï#�
^-�-™���¥5p�g,º�P�=Aæ�¦�¤�@,º Ranking Loss

(CÀ�ECÀ�³) �ÔPÂ5	�Ò a)

Table 3 Ranking Loss (the smaller the better) results of KernelMaxide-n on multi-label learning with incomplete super-
vised information a)

Dataset Algorithm ω% = 10% ω% = 20% ω% = 30% ω% = 40%

Arts KernelMaxide-n 0.1527 0.1382 0.1278 0.1289

Maxide 0.1596 0.1500 0.1421 0.1422

KernelBSVM 0.2325 0.2262 0.2138 0.2110

Business KernelMaxide-n 0.0434 0.0446 0.0386 0.0393

Maxide 0.0457 0.0488 0.0444 0.0458

KernelBSVM 0.0785 0.0833 0.0722 0.0724

Computers KernelMaxide-n 0.0957 0.0902 0.0811 0.0879

Maxide 0.1033 0.0974 0.0902 0.0988

KernelBSVM 0.1676 0.1588 0.1475 0.1565

Education KernelMaxide-n 0.0955 0.0853 0.0861 0.0833

Maxide 0.1025 0.0917 0.0904 0.0893

KernelBSVM 0.2249 0.2037 0.2011 0.1915

Entertainment KernelMaxide-n 0.1224 0.1113 0.1124 0.1036

Maxide 0.1233 0.1199 0.1177 0.1119

KernelBSVM 0.1911 0.1902 0.1797 0.1707

Health KernelMaxide-n 0.0616 0.0562 0.0519 0.0503

Maxide 0.0691 0.0652 0.0609 0.0607

KernelBSVM 0.1130 0.1144 0.1124 0.1127

Recreation KernelMaxide-n 0.1704 0.1568 0.1489 0.1484

Maxide 0.1824 0.1609 0.1549 0.1526

KernelBSVM 0.2347 0.2184 0.2143 0.2056

Reference KernelMaxide-n 0.0896 0.0764 0.0749 0.0727

Maxide 0.1052 0.0946 0.0897 0.0828

KernelBSVM 0.1567 0.1472 0.1489 0.1448

Science KernelMaxide-n 0.1328 0.1248 0.1175 0.1145

Maxide 0.1423 0.1329 0.1316 0.1268

KernelBSVM 0.2140 0.2054 0.1993 0.1983

Social KernelMaxide-n 0.0719 0.0624 0.0609 0.0600

Maxide 0.0773 0.0718 0.0727 0.0727

KernelBSVM 0.1155 0.1048 0.1070 0.1086

Society KernelMaxide-n 0.1451 0.1341 0.1326 0.1314

Maxide 0.1546 0.1454 0.1416 0.1421

KernelBSVM 0.2141 0.2030 0.2054 0.2014

a) The same as in Table 2.

�ž�)�h.�Le�Š�¶F��l�{
> , KernelMaxide �é#�,´�&L$�x)·9ç�Ç�n:‡��	w . +a
.�]
�?ñ , KernelMaxide-n

,´F�>|�&L$-(�)�¾ KernelMaxide-f �é#��9E³�W��	w , �D�ÕF�+J8#�H�¾�0��,´ Maxide �é#� . 
X+X�p�9
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Figure 1 (Color online) Time efficiency of the KernelMaxide algorithms compared to those of baselines. The X-axis is

the observation rate (varies from 0.1 to 0.4) of the label matrix, while the Y -axis is the time cost measured in seconds. The
less the running time, the higher the time efficiency. (a) Arts; (b) business; (c) computers; (d) education; (e) entertainment;
(f) health; (g) recreation; (h) reference; (i) science; (j) social; (k) society

� �žAÑ1Ç�h.�Le6<�=�ŠF��l�& , KernelMaxide-f �é#�-(�)�¾ KernelBSVM �é#��Í'f"�E³�� , �D�¦F�>|

�&L$�¦"Ñ�9L¿-p?ò#{�`�s3P,´�Î�J6<�n:‡�Î�Ð . F	�_+a�¾ KernelMaxide �é#�,´AÑ1Ç+&N¸
X�¾�h.�Le

,´AÑ1Ç
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X�9�Ë
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Kernel method for matrix completion with side information and
its application in multi-label learning
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Abstract In practical machine learning, one instance is always associated with multiple labels. However, due to

high cost, it is difficult to acquire the full supervised information for multi-label data. Thus, multi-label learning

faces the problem of missing supervised information. By considering missing labels as unobserved entries in a

matrix and features as side information, the matrix completion algorithm can be exploited to solve the missing-

supervised-information problem in multi-label learning. While the previous research often focused on the case

where data is linearly separable, in this paper, we propose the KernelMaxide algorithm, which not only exploits

the nonlinear structure in the missing-supervised-information multi-label data, but also considers the correlation

between labels. In particular, we construct a novel optimization objective based on the kernel matrix, using

the Representer Theorem of Matrix Norm. We further use the Nyström method to reduce the memory and

computational burden on the kernel matrix. Experiments show the merit of our proposal.

Keywords machine learning, multi-label learning, matrix completion, kernel method, Nyström method
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