;.ﬁl,: %_‘%‘:M % 5 /ﬁ\ . — N S v
HEESE FEERE 2017 HATH B 124 1694-1704 ¢ CHIERFEY ekt
SCIENTIA SINICA Informationis " SCIENCE CHINA PRESS

.I:sz @ SrossMark

—X AR OR HIZkHMIER A

77 MREEY, R E g2

1. WL &R 55 BB S TR, b 310018
2. WL KAHeARL A5 B, Bt 310027
* B{E{E#. E-mail: lincongfang@gmail.com

W H: 2016-10-09; 52 H: 2016-12-11; ML HR H: 2017-05-18
E X HRRFFES (HEHES: 61272300, 61100084) WA —RAR A 28 (WL RS0 REIFWITT S #0E TRIF 4
(L5 Y201223321) #HHIH

#E A it #3E PH (Pythagorean hodograph) # £ — X 7Lk OR # %4 (curves with rational
offsets) Y& 7%, OR AR AR A EHNANEFELN — K58 &, £ CAD #HA) ZH
Fl. AXKRASHE LN EHETH, REF RSB EANEX 2 BN E, ¥4 PH th X IR OR
Mo AWMERA, ForleHxWRE ATk g8 E C EENMBEGT, Bl e —
MNEHESHRFEMER L. AXH—FERT XANEEESHNLAEN. & TEK OR #k
REENWE R, XTE Rk, FRATUELEIRE T LA E, BT DUF 8008 %5
CHEHEABE TWEI, MY TE AL, FRAEHEATHEENTZ W EEEH.

KPEIR]  Bézier th %, FI W&, Lok, E 4, Hermite #HE

il

1 35

WEE R TISEHL P(t) = (x(t),y(t), WA EFIZHLER RN d f1— 2 T LARIRON P(t) =
P(t) + dN(t), K N@t) = (—y'(t),2'(t))//22(t) + y2(t) ZMEER P = P(t) LRRALEER,
e P,(t) BN P(t) M—555FEL. #5— %Mk P(t) HAT SOV E R 20X, AR iZ 2N OR
M1k (curves with rational offsets).

EAR Bézier MR AETHENUBI BT SiE (CAD/CAM) F BA T2 (R ) {E3E % — 4% Bézier
it 2 I AN KA A B SRR B IR I 1 — SR B 4@ 1T 7 ik it 98 AR B2 Asen gl 7
— IR BB LR P 2 I 2k, X S 2 A TREN T RAT VR A0, Bilhn, e AT I AT A
i S B 2 T AT (AR B, G T R A EME AR e S, AR KR R 1V 2 R i TR
IR (61 BRI E AR 2 B AL A BRI BRI . BN T Bk i v v 4.

U SR — 21 2 W 2R 1 — B 3 B R EGE RO — sk 2 T, WIFRZ #1208 Pythagorean
hodograph (PH) #14k [7. T2, —% PH #iZr)S5Z& v IRR NG B, NI i LAE CAD R4t

S AR Ak, FEEE. —2HK OR MG k. hEEE:: F 8, 2017, 47: 1694-1704, doi: 10.1360/N112016-00240
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kR 1 BT, C@AWLRT PH MZRMARHT T LAE, A EE PH fhZk B, Minkowski
PH £k 10, 25[8] PH fh£i DL mdE PH 2k 1, 5555 Mok, R A A PH #Z03E1T Hermite fi{H
i BT AT A T R P28 T 2 RS DA S AT LS5 SR [19~21].

SR, A A EE RS HU A — 2 & PH Ik, —XEUSHUFRSENE R EH
PRAGRE 2, 2 HACS Hadm h 26 Ve EOP 07 i m B S ARG AN 22 R, PH fhiZk 7 & OR
R H)—38. D9 A Rt Hr s OR HhZk, BIF 787 1008 W 2K B 70 D712 [22: 281 L [0 e i Y (24,25
AT

HT Bézier 2l 2R M T — Al L EML A5 ORI B S Hth £k, CAD A (1 2 T 2K h £k
W KM Bernstein BT RN, (HA2, BAA ML 2 80t 2 1 QBRI % AN 58 EDW 3
W R FERIZ AT TR A R A, R, 58T OR 2RI LA BT K #4375 vk (R AIT 58 A AN I e v
. Farouki 5§ [T fvg 7 =k PH BHZERJUATRRAE, B2 I I = 2610 5 Lo 2 B A A
HSE, IXAMRFIESS =k PH HZiR (It 17— M S B LT HIE 7k, S8, DOk PH HIZR
JURHSAERIBETE 201 45t 7 —F G* R MG Tk R OR &L THEZ K
H R, A DA SE R 2R, KRR K PHOINZR MR IE 7R R 55 [12,18,18,27~29] - Fapg
S B R T AT O Hermite MRS HI75IK PHIHZR MG 771, Jiistler BY 451 7 Gk PH Hh4k
[¥] Hermite ffifH /7%, Zheng &5 32 %22 7 IENA-EiX PH MR JUFARAE K& A3E J7 7%, (2, X THF
PH £/ OR #HZAIAR W TE AR B, Jok, Lu 55 B3 HF 50 7 4F PH #IZRA0—2K =/ OR H
2R LT Jo A S A3 5 k.

AR A1 Bézier B2 EEUR A, $2H 7 F PH B2 1Lk OR BHZRRIMIE T, Bk, XK
I AR A HL - O ot 2 (O R 200 R O AS RIS IR, AR S o3 Sl 2 X PSR 265+ 1 Hermite
WIRE LA ARG 718, NS B A MG fh 2k, 7 290N E — NS 2SO UT USRI
e 2R, TR D B WA A S AR 2k B L

2 OR Hi%Zk
AL ARMA RN P& Wl AR AR ROR SRR, i = -1 AEECRA,. fE5FH C
i, =P SEUNZE P(t) = (2(1),y(t)) RIEEIE N P(t) = (t) +iy(t). XRFEEIL R MRRTTE

X OR 2% (R 57 LA R AG I BIF 017 R T BROR AR 1 23261 — 6P 2 B2k P(1), ¢ € [0,1]
SEPRZ A B SR B I S H P/ (1) AT i R 22

P'(t) = p(t)R()W?(t), (1)
Hrbp(t) &— KTt M2, R(H) M W(t) A~ Ris:
R(t) =M+ 1+iut, W(t) =u(t) +iv(t), (2)

e R, u(t) Floo®t) KT ¢ AN ERMLZHA. B, 2 Rt) =1 i, iZ#hZh PH ik
(BT p(t) MMEREEZA, R(t) MERZEENT Rt) =1). BN R(t) A—ANE 20, ZhEA
HIZEE AR ML, ), nr4

b= VOFIFTHE, o= VOTDIT A2
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Br(t) = (1) (1 =)', i =0,...,n, A Bernstein 2T, Fid — RIS HAH: 2233

B?(s) + (c— 1+ b)B3(s)
(c+1—=0b)B2(s)+(1+b)B?(s)+ (c—1+b)B3(s)’

t(s) =

WL AR BR LR W] AR A B A, X2 A

2 2 2
(c+1—b)B3(s) + E=C=2"B2(5) 4 b(c— 1 + b)Bé(s)>
! .

(At +1)% + (ut)? = ( (c+1—b)B2(s) + (1 + b)B2(s) + (c — 1 + b)B2(s)

XZKAE PH HIZR A TRk OR. b2k AR 7 v RN AR SR 5 B 70 H bk (2233), 25 AMERERIEIE, T3¢
LR OR M ZRRIFR1Z S Hh k.
o E PN IS Py =2 + iy, i =0, ..., 5,

P(t)=) PB5(t), 0<t<1,
=0

E T APl LR Bézier 2k, Mg il 2k th ] IRSN Bernstein 22K

4
P'(t)=5Y APB}(t), 0<t<1, (3)
=0

K AP, =Py, — P

3 HR OR Hi%HIMNET X

AR TR OR BHEZRFIRFIEAN T2, BT TR MR IG5, i T 10k OR ek P(t) ISR
ek P(t) &PYRE, Bk (1) T8 p(t), R(t), W () FIRERT 437008 1, 1, 1 8% 3, 1, 0, B

P'(t) = [ag(1 — t) 4 t][z0(1 — t) + t][z1(1 — ) + 2at]?, (4)

%
P'(t) = [ao(1 — 1) + 3a1 (1 — )%t + 3aa (1 — t)t* 4+ t3][z0(1 — t) + 211], (5)

ai €R, z; € C, i =0,1,2. FHEZDHIGEIXFRMLEFNE —FKFE KRR OR HiZk, Hor kT
g,

XFH—HKIW OR ik, #4 ¢ WHARAMSEE, WH ao = 5. Bk, Ha =00, H
P'(0) =0, RIFrF AISEUAN ¢ = 0 (B THEH 2L UM, X BAZEE P/(1) = 0 11E);
M ap > 0 B, A7 A MSEEATEXT [0,1] H; BN, A ao < 0, R AMSHUATE (0,1) K, HizkE
WA —ANR. R, ZAPE k € R, 13 21 = ko B, HRRMIMLHSTH (5) BRI, B4
& 2, # kzo, Vk € R.

T8 IR TIR OR MLk, AW &, 1= 0,1,2 A=IRSEZ T p(t) 19 3 MR, HAREIEA
HRTH p(t) BDF— AR, BRI &0 N— DR, W) & AT & AWML N SR. T26

&0&1&2
(1—&)(1—&)(1— &)’

apg = —
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a = £0é1 . £1& n &0é2
(1-&)1—-&) (A-&)1—-&) (1-&)(1—-&)
&o & &

1-& 1-& 1-&

Mag =0, H P0)=0, EDHEANAFFEE ¢ =0 &b (B TEZ AR UTHFRME, AR CA
R P'(1) = 0 FITEDL). 24 ap > 0 B, FEIXH] (0,1) WA —ANEE =N, B0 a0 < 0 B, £
X T8 (0,1) WA MWAE B0 A & 5 L Ak, BARE ke R, 115 20 = k2 B, HHZRIL A E LR,
ARSI IR 20 # k21, Yk € R.

2 LPTIR, HAH IR, X FIR OR M2 B AMA. AT0K 2 5% RIX K FLIK OR
2R (LG ] A BRI 4A € O Hermite 25 1F ALK — NS4 ap #47 HIK OR HIZRHIHIE, B C 50 P,
i =0,1,4,5, L2 1) & 5 mAE S BOR BV 0 A s O, SRR A HI TR Py, Py, NS RIFT &
WILE TR OR. Hh£E.

Ay = —

3.1 HF—FIX OR phzk

ARATH &R —KTIR OR MAEIMETVE, BT P(t) 258 KTk OR MIZ M7 B2
TAAE ag, 2, i =0,1,2, 1% (4) 2UKAL, K (4) 2RI LTS3

P'(t) =apzozi(1 —t)*
+ [(ao + 20)21 + 2a02z0z122] (1 — 1)t
+ [aozoz3 + 2(ao0 + 2z0)z122 + 27| (1 — t)*t?
+ [2z12122 + (a0 + 20)23] (1 —¢)t3
+ z2t4,

55 (3) AL Bernstein 2 U 52450, A

“aoz0z? = AP,
(2027 + ao (21 + 2202122)] = AP,

(2] + 2202122 + ao (2025 + 22122) | = AP, (6)
[

20252 + 220212}2 + CLQZ2] APg,

[ V)

= AP,.

”‘“B\H%\HB\H‘“H
l\D

NRE—BRITE, XHRIIAN 3 MBI Qi i=0,1,2,

1

QO = P1 + 2020Z1 P2 20 (Zl + 22}0Z122)
1

Q1 = P2 + % (Z% + 2Z0212§2) = P3 — % (Z()Z% + 221Z2) s
1

Q=P+ — 20 (2023 + 2202122) = Py — ?Oz%
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1 (MEMFE) £—LTR OR BT DNV ERY: FES Qi, i =0,1,2, €15 APy : 4(Qo—Py) =
2(P: = Qo) : 3(Q1 — P2) = 3(Ps — Q1) : 2(Q2 — P3) = 4(Py — Q2) : APy, AR NHERNIFHE T HRRNEHE
Figure 1 (Color online) A necessary and sufficient condition on the control polygon of a class I quintic OR curve: there are
points Q;, ¢ = 0,1, 2, such that APy : 4(Q0—P1) = Q(PQ—Q()) : 3(Q1—P2) = 3(P3—Q1) : 2(Q2—P3) S 4(P4—Q2) APy,

where the ratio determines the parameter value of the cusp

ik 1 R, BRI RS 2 AR A IMEINLE PiQo@Q1QePs. TH{EIE I, Agiid

A = 222,
B = zf + 22021 29,

C = zozg + 22129,

D = z%,
g
A= AR =20(Q0 - P,
0
20
B = C70(132 - Qo) =30(Q1 — P),
30
C= ;O(P3 - Q1) =20(Q2 — P3),
20
D= ;(P4 —Q2) = 5AP,,
0

Bl A, B, C, D 7l T WA PoQoQiQoPs B —2KIUHTTIA). [F]H Al LATS 2

4(Py — Qz).

APy,  2(P,—Qo) 3(P3—Q1)

0= 4Qo—P) 3Qi—P) 2Q:— P

25 %€ C' Hermite 2544 LA SESEL ag AT 28Tk OR MIZkitid, B C &N Py, i = 0,1,4,5,
DL 2R 8T S0 S 5UE, SRR Py, Ps. TEREXMET, Qo, Q2, A, D ZWAFAN, 1 Qq, B, C RARHI
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1. H AP, + AP, + AP = P, — P, JUAS 3R T B Al C BI771E:

1 3ag + 2 2a9 + 3 ag
—A B cC+D=p, - P, 9
20T 60 T 60 T30 o (9)

KFHIER S —R TR OR IR, B (7) "TH 22 = D(%)Q, zoz122 = A2, 2120 = DZL, 2023 =

z

A(2) Ik, #F @ =2, W (7) TUBFIXT « P
Di2 +2Ax = B,
r
oD 4+ A2 - C.
r
x £ 0, AR A — AN i = T R AL

2Ax — Bx®>+ D =0,
Axz® — Cx+2D =0.

AN o TMHE LB, AL AR T o, 2D K X5

Bz? —2Cz + 3D =0,
3Ax> — 2Bz + C = 0.

WBZITIEHM MK T o M x? B0 —IRJT R4, AT K AR 2

_ BC-9AD
T B2 _3AC)
, C?-3BD
=

B? _3AC

PRLE, M3 2 B8 — 2R ik OR M HAL KR T 2, i = 0,1,2 W74 (7) WIMAEAE, RO 2
LU A
4AC® +4B*D — B*C? +27TA*D? — 1SABCD = 0. (10)

T, BT AR D 2, EITRE (9) /RN (10) "LMREIET B (808 ©) M—— ok T e,
MAKSEA EH M B (30 C) LR 4 AME. MBI RFAE B A1 C B B EAMRN (8) AT LIFZE
Q1 25, UURIEHITT S Py, Py, PTG BIRF & 2640 4 2558 — 28 F0IK OR k. ikt PR s 5 o
1. BRI SZPR AN F R ek R RS R 2R R i 2R 05 ) 2 1L TR O TS B, Farouki 45 (34
FEH RNPRIE SR SEPRB A, THRARZE e RAZANLE I THRALR) 102 — 10° %, B e =~ 1.11 x 10716, K
AL BAR SR A ARG P R

B 2 BT A% KTk OR BZK) C! Hermite #HE R, &E Py = 0, P, = —1 + 2i,
Py =10+4i, Ps =8+1i, ap = 2, BI& R FTE A B A ¢ = 2. BIERAREH (9) M (10) HHI TR,
BIHen T 4 25 —28 K OR #hi£k. Jorp, b - e 2k i 422 M i, T g B v i it 2 0

I, Ferb S R TR I & 3 Fra. BRI, 58 ao 1B — D E BS3, WS- TR OR
fih £2.
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p, »
3
P, Ps
P, P,
P, P,
P P;

P

P, 0
! () » (b) P,

4
P 1
Py P,
P 0
© P,

P,

2 (MEAEFE) F—XFKX OR #i%k C' Hermite IHERIRA, AE Py =0,P = —1+2i, Py = 10+4i, Ps =
8+i, ap = 2, KRIRBE: (a) P, ~ 1.18745.650i, Ps ~ 7.1254-6.050i; (b) P> ~ 2.858+8.064i, P ~ 8.079+7.429i;
(c) P2~ 10.193 — 3.358i, Ps ~ 12.271 4 0.903i; (d) P ~ —2.470 — 3.361i, P5 ~ 5.035 + 0.901i

Figure 2 (Color online) C'!' Hermite interpolation using class I quintic curves with rational offsets. Given Py = 0, P; =
—14-2i, Py = 10+4i, Ps = 8+i, and ap = 2, we get four class I quintic OR curves: (a) Py &~ 1.187+5.650i, P3 ~ 7.125+6.050i;
(b) P> = 2.858 + 8.064i, P3 =~ 8.079 + 7.429i; (c) P> ~ 10.193 — 3.358i, P3 ~ 12.271 + 0.903i; (d) P» ~ —2.470 — 3.361i,

P3 = 5.035 4+ 0.901i

(b)

3 (MEMFE) B8 a0 HHEETTLURARIFTHEENE—LTR OR MK

Figure 3 (Color online) Selection of the parameter ag can be used to adjust the shape of the resultant class I quintic OR

curve

3.2 FHF)X OR iz
X2 ZRAR OR M4, B HSRM&NERENX 5) BITA

Pl(t) :a020(1 — t)4
+ (a0z1 + alzo)(l — t)st
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&% 1 Construct class I

Input:
RHEFRRHI PR R T Py, i =0,1,4,5;
| i%i& ag.

Output:

TR 4 AEHTA PO, PP i=o0,...,3.

H A= %APO, D = 5APy;

: MERT B M W nlUIR TR (10);

c WESXRT B ¢ I on— kT g (9);

o FHBUESRARTT IR R AR (9) F1 (10) MR AESAMETTREA, KARBE] BO fl c®, i=0,...,3;
RN (8) kK PO, PO i=0,...,3.

—+ (a121 + CLQZO)(]. — t)ztz
+ (a2z1 + Zo)(l — t)tg
+ Z1t4.

WiTE (3) W REASH|

1
gCLoZO = AP(),

1
%(aozl + 3(1120) = AP,

1
%(3(1121 + 3a2z0) = AP, (11)

1
2*Q(3CL2Z1 + ZQ) = AP;,

%Zl = AP4.
AXERIL, BH 20 M 20 BE T PIRILIITT 1], HAEEH 200 — 250 M2 e &b 4.
JH:? ;i![é/ﬁ\j\? ao, -PL" 1= 07174a5 Hﬂ-v EH%E‘%D 20 = 5APO7 zZ1 = 5AP47 ﬂu%af@]*/l\%? ai }FD a EI(J

L IRE T E:

3Z°2‘;2z1 a 2z02+03z1 ag + 2 zgozl L P —P, =0 (12)
3 REZ T RE I SEER S RS, vl LA B — AN —on—IRSEREA, NI zg # kzy, VE € R, KL IRAF
1EME—fiRR.

55K FK OR WA R 150 2 % . 2278 4 b, RIS 2 HIFHY Hermite V4 552
B oag, 152 T ME—R)—2655 " 2RTIK OR HHZR. B ap > 0, (HEP R ZR B BB T /N a5 .
ARV, M5 2R Tk OR HiZk, HAF 7 S S EUE A (A& I AR 5 e g 2, Wl gEs
25 SR N FH 7 SR AN

4 #Eig

AICWETE T —283F PH #ZL A TLK OR MR IIHIET i, XTI OR L& SEHn MK, 18
Z5E C' IS Hermite HIUR AT LK —ASES R, IXPIR 2k KA 3 7] 20 et 9 — AN TU IR
TR —A> oo — I R ISR R AL TR, A SCas R A 5 T 9e B, B BRI #RPEE. BAR
KRR OR R AR NI 2k, (ERARSCES AT i m] DA ot P ] ih 2k Be b I BLA 5 (0 1
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P,

B4 (MERFE) E2XRRX OR #i%k C' Hermite fHERS. HHEE P, i =0,1,4,5, URESH a0, BE
NE-FFEFHMNELRR OR MLk

Figure 4 (Color online) C! Hermite interpolation using class II quintic OR. curves. Given P;, i = 0,1,4,5, and a real
parameter ag, there is a unique quintic OR curve meeting the condition

&% 2 Construct class 11

Input:
BHEAORKI PR TS Py, i=0,1,4,5,
— LS ao.

Output:

FEHRRHERTS Py, Ps.

T 20 = 5ﬁ:° , 21 = bAPy;

M T IRE TR (12);

TR (12) BOSCHATEE DM, 187 76— KSR R a1, o
AN (1) RBERIT A Py, Ps.

=W N

UL PR, SRR AR SEBR  TAR AT IS BUR AP RO N . R, AEAA) I IR o, S 2 H0mT DU R 3 ) i
LT IR, A ROb R AR BEAT 120, th 2k AN -E . X T2 SR &, % Si S HdE
JE S FLEHAE T A A I S U

P 2R I R RS TR N AT B ER 2 (M S HOth 2 BRI ST 4R A1 7R LA R TR, A
SO ST TAERIHERE. ASCHRH MG T OR #hZk MBS ROTVEW A a0 B A B PR 1) 2 H it 26
HRBEIRWI IR AL T — L5 K. St — B I X PH #HiZk. OR #hzk. LI R A BAF LA
Bt 2 (R P JSOMIAA) 3 5 VR IR T A

Sk

Farin G, Hoschek J, Kim M S, et al. Handbook of Computer Aided Geometic Design. Amsterdam: Elsevier, 2002
Farouki R T, Neff C A. Analytic properties of plane offset curves. Comput Aided Geom Design, 1990, 7: 83-99
Pham B. Offset curves and surfaces: a brief survey. Comput Aided Design, 1992, 24: 223-229

Elber G, Lee I K, Kim M S. Comparing offset curve approximation methods. IEEE Comput Graph Appl, 1997, 17:

=W N e
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Construction of a class of quintic curves with rational offsets
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Abstract

In this paper, a method for constructing a class of quintic curves with rational offsets is presented.

Although this class of planar curves does not include PH curves, such curves are widely applied in CAD because

they have rational offsets. A complex variate model is employed to deduce the proposed method. The quintic

OR curves are first classified into two classes according to the different factorization of their hodographs, and are

then discussed. With the given C'' Hermite data, the curves are determined by specifying a real parameter. This

real parameter can be used to adjust the shape of the constructed curves, and affects the parameter values of the

cusps.
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