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WE MoBE FREMEAEZLT & (kernel methods) ¥ J B RN P HEEEEA. EXT AL EHEA
BEE, pMER)EFHEET2EE 42 RET —HETRI2EFZERRAHLNE
B ETE v, ETELEL (frame theory) 17 — M HNERZME 77 %k, ZIEEZREE 6
ERETERFT LN E B, DA RERZREN LIRS H FTHFEEGFERLE, FHEHR
AN EEEFE RS (reproducing kernel Hilbert space, RKHS) Fon 4 4F B 5t (feature mapping), 5ol
WAEH#Z BT R, R T AT AR, EER b X TEEZA S R &E T
HAEEESER O (%) WSk E Bz IR £, 4 H# ) Rademacher 7212 [5] [ (radius-margin) zA
BERBBAEA O (ﬁ) m AFAAE. NAZZURER, REETHSH THIEENEREZ
ﬁ%}%ﬁ/{f, 3?’[%35%3%’@677 /IE]%E% EJT)E{JC l‘a] Eﬂ, Ffﬂjﬂ Fﬁ*ﬁﬁ(*ﬁff{ (stochastic sub-gradient) 7%;/{:??]—
oK. wa, TRIIEAMR T EHERESARNE. BERONMELREREH, IREWETRY
HIREENERZERE T EREGEEE M.

KA EREL ERE ERRE BRE HoET REE

it

1 35l

HAZ B T A BT RMEE R 775 (kernel methods) EE 1873 H H 738 H B 1) A (5. Smale
A1 Zhou M #5575 FE R AR 20 B AR B 78 35 5 (covering number) SR 7% 5155 21 BEE. Vito %5 P
AR 73 B BE s R MAb Be/N —ae0vE Bz AR 22 B RN IR A S HOd 45 1) RO 2 R SR A 22—
J7 Z @ (bias-variance). Vito &5 31 3t — 5% e R FI AR 43 57 7T Tikhonov 1E 4K )& (inverse
problem). Guo ! Zhou A3 T bl gh SR, W RS T LR I IR b B/ — e ) BEAG IR
BUYHTARE T 5H FFEARE I N HFE S 2% (learning rate). Steinwart % 0] R JE T FiRH®, F
R EFRAEE T AR 775 21 380, 1931 T ERR 7 SRR 6 2 22 I DB s 1 TR A /s
TRV 2 . Eberts 1 Steinwart (6 47 FIRGE R, BT Gauss 1% R EOT N F T RE
HAFEECERCR, 338 7 SR ENR MY IR, BIRS SI8e L BBk (2 Yu40), Lin 55 7 4%

IR X H, BEhoh. EFRSHE 7 A SR O Z R P ERY: BRI, 2016, 46: 165-178, doi:
10.1360/N112015-00095
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B3 AE: He T AR BT A A A I ME A 7 ik

FREERAHETT R g JEHL, 0 < g < co. VEFHTHIE L T U HFRHMEE AR HEEEE B9 IR T 510
BT AR SRR A2 A iR 22 5 1101, [ b =% 18 R FH A M B SR 2 A8 )R i A I 5 11120,

B  F R EAEAZ T S R Fe A R, B T R 2 H0H WIRZ R 2L, 10 Gauss
A2 A%, FiR H AR SRR o AE, FEAS 1 AR 58 R o ST BR 4 S N . AR
B (frame) & IEACEER)— M TR, HOUR MM BA A i S F 1 1314 Jn sk, B THEZE 30
(frame theory) RAIEZ R EZ B 50E. Cao 25 19 BT IENMLE T (regularization operator) 5 3 FF
A& % (support vector kernel) MG AR, & 7 —MHEZEAZ MG T7 %, SCHR [16,17]) @ESLAELE S A
A RAAFE S B (RKHS) FIBER, 4Rf4s 7 —FHESZ MG 7775, Opfer 181 HET™ FIREE R, $E i T8

FORKE A 1 T VE R T B O R HE S, T A 2L 1 oH S PR D61 i — ) R, 4
— FRoB I HEZAZ A IE 7V 2T ETC TRV SR ERMESE, 1 HLT R IE FIAE AL IE B W R (1) AT
BN BRHON B B 7 BRI SRR R AL, R OT RS A B ST R AR, (2) Bl
PREF S RKHS, FIIRAHEI 8] (hypothesis space) i 75 MTZE R, M 5% 5 VA5 R 1) AT g k.
(3) MG AE SRR AE WU, AT T ) e SR 1) L s R A AR e ik 23 2 1) it (Lo~21, gk — 2
FTHEZRAZ NS B A 73 B 7R AEAE P] S AU R X — A, HE RIS TTIE O (L) HizfbiRZE S, Horp
m NFEARRIRL. 284 Rademacher 2 4biR 25 7t 122] FI-42 ]G (radius-margin) 2L IRZE 5 23] 1)
eI &5 O(ﬁ) WA TS B2 AR ZE ST, R — M TR SRR B AR B AL 5577 7. 1%
TiEAMBERERIEZ AP RE, RN Re TR XA Dy Ak inl i, T N FHBEALOCRR B SE s BOR . &)a, 122
AMbRAEREE AR I 1 PRI VE R RS B S A RO

2 FEHEhR

FEAR S = {z; = (zi,ys) }iny IKEXIE 2 = X xY EWSOA P AEM, X CRYL Y C R HIE
KX xX — RAKEE X X PEEEERE {72, HNAZERE K = [K(z,2)]]"_,

AR IE B AR ME. R K XN RKHS A {K(x,:) : ¢ € X} Mk RIRE&%E, iIdh
Hi =span{K(xz,): x € X}, HH (- Vg e

m

<ZQZK(:E“)7ZB]K($;’)> = Z aiﬁjK(mivm;‘)'

K ig=l

BRI A BIIRUBET The - L2(X) — L2(%) 723
(T F)() = / K (@) f(z)dPy (x), (1)
X

Hrh, Py N X EWIASGS A, L2(X) PTG HT T NE R T, RHEE 2
M(Tk) 2 X(Tk) = ... 2 M(Tk) = ... > 0. AFEABT LN, LK BRIEEARAE R 2RS0T R
T Tre PRHEEAVRAAE BB 4. DRIE, 20 AR ST R AR X B0 7 M AR SEBR B I A% 5 vk A 2
Y .25,

AT R IE NIk /s 32 3] 3% (R [a]1)

3+

feEHK

fs=argmin{ Zf(f(wi%yi)JrgfII%}’ (2)
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HERE FERYE 46 2

e o(f(x),y) = (f(z) —y)? NFITHIK, g NVHREL (trade off coefficient). % 2] & MEREIR 25— K
HIZIRZE R(fs) [EHE,
R(fs) = [ tls@). P ().
z€EZ

T BRI P RS, R(fs) Tk BEEFBL. U8 Ry (fs) JEILA ML
Remp(f5) = = S (s @), ).
=1
FESRIB.  HA {6shier BN RIS BN, USRS € M, Al FIZ, <3 or s 60)?

< B||f|13,. i, A, B RONHEZLHE L. Wik A = B, HERFONEHERL. B {oilier N H HIHELE, S5

=Y (1 0usi =D (fdi)udi, 3)
el i€l
{ i = (bz}zeF jj {Cbz}zeF Eﬁﬁ{l%ﬂ:jm [16]- % A=B= 1, ||¢1||H =1 Hﬂ‘v {¢i}i€F j\j H E(Jh?‘{&

ﬁ%*% IEASHERAAE, HCTU A HL A T 67 F A g 116,190,
2SO FHRE B Y 41— s (OO RE AR M 7025, Al ME SRR B TR A1 7T R R
B, R R(fs) 5 Remp(fs) HIRZE ES, B0GHETi% 0% b A HHER R 4% 7 12k

3 ERSMIEREN L
A4t R AT RO R RO V9 5 XSO ARG ST 51 T R S5 R B8

3.1 1EZRAZME

BITER S R REAEER & 0 X — F, BN E X B8 B 20 S 4e R e a3 7] F, 4k
MAE F oz 2 4tk 2 ) 28 R fa AR il ok an R el @ (1) AReiE MR R 254, (2) 1R R
TENL PR AR S RO, XTI I A SRR I — B AL R . T HE R — ) SO AL R AR S A
HEZER IR (frame representation) 5% 77 VA AL M.

T BB {6 }ier AR RIEFREE H C L2(X) BHESE, N € R, 3,cp A < oo, 2 EREZS[H]
Hi == {fzzai\/)‘»iﬁbi:aieR}a (4)
el

W*/El <~,~>'HK EX% <fv > = Ziel“<fa(51'>L2<97(Z~5i>L2,Vf,g c HK, ;H\:l:':l’ LQ( ) 7]?777%«1\@
(-,Yr2 N L2(X) BRI, {ditier N {V i bier BISHEHEZE. M (Hk, (-, Y, ) N RKHS, HA R
A% (reproducing kernel) A

= 5" Nsi(@)on(@), (5)

el
PROAHEZAZ.
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MERR  AZIIE BN R A

(1) K(z,-) € Hr;

(2) FEAERE, B (f(), K (@, ), = f(2).

.jj K( )*Zzel“ 2¢z( )¢2( ) %LE K( ')EHK-
SRR ENE. e BIBUE AT A

O @ e = 3 (F0,6:0)) <ij )5 >¢i<.>>
L2

el jerl
S CIORICHID CHORVERHOIFRVAENCY

A SCHR [15] SEBE 3 FTRT Y ep (i), VA5 (D) 2/ X85 () = VA (). JITEA
SO K@ =D (FO60)) | VAsi(a).

i€l

R (3) A Cier (O 00))  VAi(@) = f@). W (F(). K (@, o = F(). MEE
BT NS R, TR {011, C {ohier HHIHERRE. ST 1, 5180 FHER.
KL (B {0ier MARIREAI M C L2(X) MMESE, X € RS, %

Hi = {zn:ai\/xiéi toy € R} .
=1
P’;J* \XEij <f7 > = Z?:l <fu ¢Zi>L2 <97 q;i>L2‘ I)_I\IJ (HK7 <'7 '>7{K) y\j RKH87 EXT"‘@E:/EE‘*Z%

= Z Nidi(x)di(2). (6)
2 [EAE TE A g /s —3fe 2 2] 2% A A SCRT A HESE %, BRI

= argmin — O(f(x;) + ,
fs f%HK mz i yz g”f”?—lK

b, My NAESERZX I RKHS. W fs FIRARN fs = S0 (f, i) MRBIMESLICR AR, e 1 1E
WU A de /s 3R T3 VR I R AR

3.2 EBiFyl
NS 1, s HHEBEAZ 1) — 26 BAR S 4).

3.2.1 Fourier #E424% (Fourier frame kernels)

B 1 RBE {cos(iwx), sin(iw;z) }ier N L2(X) BIHELE, TR 1 HiEW F Krrx(z, 2) NHE
k%

T
Krrk (LL', z) — Z [)\z COS(ZU)i.’E) ] [CT)S(ZU)Z-Z) ] |

i=1 | Alsin(iw;x)
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3.2.2 /VFHEZ% (Wavelet frame kernels)

Bl 2 e {cﬁj,k(@ = (k) ke Z} LX) WIRERR, Jor v() BN, o A 7

FHER WAESERE Kwrk (@, 2) W0°F:

Kurk(m,2) = Y Y Nudir(@)dralz):

R. ] DUEE & A% (additive) B 3%

Bl 1 A1 2 FUE RN A R AR R, B A C
CRY)

(multiplicative) 20 & ¥ AEAUAZHE ™ B 2 4EF 0L (X

d d

K(z,a')=> K(w,x) # K@, @) = [[ K(z1,2)).

=1 =1

S T R BLX AP S 15 BB AR 2. D9t 5058, Seit Rk kA & 5.

3.3 FMANEFHEEMEHIER

AR /N S R AR AE ZEAZ T AR 23 BT AR AR B 5 R BR L

EIE2 R {¢ihier N H BHES, HEZHECH A MAEREM K(z,2) = 3o Nidi(@)di(2) X
MARG T IRFEEN \i(Tr) = AN, HINFFIERECN ¢4, i € T

WERR  HRR S AT A

(i) (w / S Aoy ()65 (2)6s()d P () = 3 N (& / (@)1 ()P ().

jer jer
B {¢itier N H HIEHEL, HELLHHON A, 7THL [, ¢;(x)¢i(x)Pr(x) = A, 4 j =i, HAby 0. Kk,
(T i) (x') = ANidi('). TEEE
WA 2 2, Gy a5 LA BIHE 22345 PR 1.
HIL2 B {gitier N H MEHEL, FERLHEN A, {617, C {¢itier. WHEZLAZ K(:c,a:’) =
Doy Niti(x) i )XTWD/\;%%EGWHEﬁA(TK) AN, HRAFFERRECH ¢, 0= 1,.

IR S5 SRR WTHESAZ S L AR 70 B 7 R EL 5 RS Ik pR R RE S 3t IR, DA% A PR ﬁj‘*ﬁﬂ?ﬂ%@ﬂ
FESS 4 fih, R AT — R SL R Az AR ZE

3.4  $F{ERRET
FETHERRZ I E X, L (6) X, &5 5k

= (VAo (@)oo VA (@) g

NHESERZ R IE L, B K (z, 2') = (& (z), & (2))).
SCHR [19~21] $EH T AR ICORRUEZe 14 SVM [ 71k, Rk, FTLAH @ (x) 1R NERPE SVM HIB K
SRAR R HAE L i L.
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4 FERBIERE

AT AR T BRI E R HE S A iR 22 B 5 IR IR — M AR AR SRk B 0T ik, ik g
ERBEZE N = (A, An) T R3O, B [y < M, VS € Hi, |f()] < D.

4.1 ETHSPEFIHFLEERZHRER
EFEH O TR DO nT AR 8 R 5 TR0 5 RAEE Rz iR 2 5
EIE3  RRAZ R K6 R RAR A SRR HEAR i
Ni(Tg) < i, (8)

H e>0 R/ ~v>1 NEE. MEDLL1 -6 BBEER VE>2,t> 1,k teN, e

k Ch

R(.fs) < mRemp(fS) + Ey

Hort, Oy = 12kt Bd? + 22 BE 4 log L(22M + 5Bk), B = (D + M)?.
JERE N THEM BB, Je5] N Rademacher & 24 % Fl1JE 36 Rademacher & 24 MRS, T b
P AERSBIFEAR (o}, AN X WSHEREEE H. H B Rademacher 5425 E SN

1 m
Ry (H) :=Egpym mlEs | SUp — oif(x;)]| -
) fehimed feﬂm; ( )]

i

XFFAERE 7> 0, H R Rademacher B %K
Ron(H,7) = Ry ({f € 1 E[f*] <7}),
Kl o1, 0m RMOLHIBENE R, P(o =1) = Plo = —1) = 1. &5 Hx MRMIKREEEN
i ={ly: feHk} ={z = U(f(x),y): | € Hr}.

H 0(f(2),y)* = (f(z) —y)* < (D+M)*(f(x),y), 11T EL?(f(2),y) < (D+M)’EL(f(2),y). TP
Wk [27) B BE 3.3 ATANE D LL 1 — 6 HOHER,

* 1
% Ronn(fs) + GIZ | log3(22M + 5Bk)7 o)

Vk > 1,R(fs) < -
Hrp, r* N BR,(by,.,r) BIEE M. (fixed point) BT, T Vf, g € H,

[0(f (@), y) = Ug(x),v)| < |f(2) — g(2)] - [f(2) + g(2) — 2y| <2(M + D)|f(z) — g(z)|.

W e(f(z),y) = (f(x)—y)* A d = 2(M+D)-Lipschitz ZELA R REL. ARYESTHR (28], AT Ry (Lrge,7) <
ARy, (Hrc,r). HHOCHR [25] AT %A

Ron(Hic,7) < J % i <9r+2)\j(TK)).

3>0
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NE

BRy, (e, 7) < dBJ % <t~r+2/\j(TK)).

j>t

&g = ABE ZB;dZ Yot N (Tr). BRy(bagye,m) HIRESE RN 72 —ar — b = 0 HJIEEAR (positive

n

root). &G Ik

o a+ va? + 4b? o a+ (a+2b)

< <a+b
2 2 at

HT N(Tk) <ci™,

> > o 1-7 00 1=
Z Ni(Tk) = Z ct™ 7 </ cx” Vdx = clx = T
i=t+1 i=t+1 t - v
LCIES;
2tB2%d?  2ct'~7 B2%d?
P <atb= += : (10)
m (y=1m

¥ (10) AN (9) K, 777

k 12ktBd?  12kct'~"Bd? log +(22M + 5Bk)
< )
R(fS)\ k_lRemp(fS)+ m + (’)/—1)77’7, m

HEE,
FEH 3 il TSRy O(L) IOZ AR, TR F4I Rademacher 2 AR 22,

Rn(Hxk) In(1/6)
2 = om

R(fS) < Remp(fS) +

radius-margin ¥Z 1k % 2% 5t (23],

c(BlogZm log ¢
R(fS) < Rcmp(fS) +¢ ( ? >7

m

DR T RN AZ (L2 T ), Welo o O (b ). Ealel AR A B 51 FHEAIE (6 2
N(Tx) < i~ B, BEORAE SR A 7. AT kIR, 7E 40419 Rademacher 2 AL 2HE T, 1
BB N O () MRt 29,

4.2 ERGSHIEEF

HERE 3 AR, AR ST RFEE 2 (8) 3K, Bl Ai(Tk) < ci™7, BEPRIESA 3] SR AP ISR, H
X RZHOZREL, W Gauss AN TN, 70 B H R 7 574 AEE 70 W, IR AR E (8)
AL, AT RE-SP BT A% pR A0 BB T K, AT AN REDRAIESE 2] S iz ARV RE. (B2, XA
PITRIMESRRZ K (2, 2) = Y07 Nidi()¢i(x'), B HTHRALERE R A, ATk $ei 2 (8) sUAIHERL
%, I PRAESE 2] 22 AL P RE

m

| )
nun 72(.]0(1:1)_yl>2+g|‘f||%{K)St )\7 <hi72217"'7n7 (11)
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H, oy i = 1, FORBREVRAERL OB SR (8) 30 RAL AR (11) BT RRA f(z) =
Wi (@), L, (@) = (VAo1(@), ..., VAndn(@)) . BT [29] AT (3, = [[w]3, & H%ERA
W (11) T

mian(ng’(ﬂii) —yi)° +gH'LU||%+ij)\;‘Y7 (12)

w,A M 4 X
1=1 Jj=1

Horr, b; N Lagrange X8
N E BRI ARG A (12) AN B AL E A AL
EIE4 RE w*, X AR (12) BRI, p* = (uf,...,p0)T @ (13) Kt
miniZ(uTsﬁ(mi) —yi)2+ZCj‘,Uj‘%, (13)
j=1

m
H i=1

Helt, (@) = (61(@)...... u(@) T, =2 (gb7)

1
1

* *2 F+T * * R
)\j:(guj /bj> s wi = p;/ ALi=1,....n

MR 2 py = VA wy, =1, 0, MUK (12) FTRIR N
1> Ny T
min ;(uTsﬁ(azi) )2+ JZ::I { /\JJ +b; )\A’}
BT 257 (W () — i) AT A, LR AT
mii(ﬂm Pmmigﬁwm (14)
o 2 i Yi N >\j iAj (-

i=1 j=1

Ay = (gn3 /b)) T,

g5 N 21
Sl biA] = 2(guzb;] )T = ¢jlps] 7T
WAL R (14) ATERAGN

n

2y

mmz (W D(x:) — yi)* + ) ejlps |77,
j=1

Hrboz = (g,u]/b )7‘1“. UEEE.
ke EEER B, AT USSR A (13) SRR (12). R AT g Lt iR (13)
() = ROR fl

4.3 E%

ARSORER U B2 T B 50 (sub-gradient algorithm) & RCRARMAL I (13) (WEAES W SCHk [21)).
B, VIR SE pO, TH5 A AR BB, A — 4RI R E K e, R R

MtJrl « ut o ntAta
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B 1 HEAROE R SS (frame kernel selection, FKS)
Require: {(z;, )}, c1=...=cn=¢,7;

1: %ﬂﬁﬁﬂﬁ “1 =0,T7=0;

2: fort=1,2,...do

m

A= 25 (Wb () ) Bl) + v

i=1

4: ﬁ“%ﬁ& Nt

5wt put —mAy, T=T+41;
6: if [|puft! — pt||/ut < 0.01 then
7: HEZAE,

8: end if

9: end for
_1
10: return pT, A*, )\; = (9#j2/bj) T

by K, Ay NIRBEEE

A= 23 (W) — ) (i) + v,

i=1

v=(v,...,vm)", v = Qﬂf{ sen ()| 771, Her sgn(e) = 1, W ¢ > 0, Hifth sgn(c) = 0. FEAIHIA L
Hik 1.

R SRR BRI R R RN O(mn), m AFEARIEL 7 8 &(x) FSEFHEEANEL
FHSCHR [21] 7780 Ol HE R A% % B V2 R IS, SR O (ﬁ) ) P HE 2R A R A i 7T 5 8 R
X5, AR SR S R UG R PR S, PR b, BT HESEAZ & — 8 A% eR B, TRI T ] K HE 22
N B2 2] 28 4 SMO-MKL B9 Simple MKL B 2

5 Sk

AT AE AR ISR SRR BT 1k (FKS) WISt 5 A 2. 6 th Sk A4S S RE )
B[ HE% SVR, v-SVR 29 R 4% 24> 771 SMO-MKL B9,

SO KR B E AR AR Y, RS LR 1. Dy S B E iR &, A R N (e}, ARSI
{y}im, 4E%E] [—-1,1] F1[0,1]. SVR Fl SMO-MKL [#) C4++ 01543515k 5 LibSVM 2) FISCHR [30]. A
3 FKS J7EH C++ LI

£ FKS W, 28 v = 1. R 5 T XNKAEHIE FKS F38 ¢ AP RS g, Hd, ¢9
{277,275 ... 29). SEEG AR Fourier HESLAZ AN Bl A AZ o 44

(1) Fourier HE444% Kppk (z,2') = Z?Zl (% + oy A cos(iay) cos(ix)) + N sin(ix;) sin(ixf));

(2) Gauss # Kgauss(z,@') = exp (—7]lx — 2'||3);

(3) 2 Kpoy (z,2') = (wTa}’ + 1)5.

f£ SVR ] Gauss M Z I, Hoh, % Z80 M1 s i1 5 8 NIIEHE, v € {279,275,
23}, s € {1,2,...,10}. T SMO-MKL, fl 13 /> Gauss #% v € {272,278,...,23} F1 10 NI

1) UCI, LIBSVM, StatLib Fll Delve 3 4E.
2) LibsVM. http://www.csie.ntu.edu.tw/~cjlin/libsvm/index.html.

173



B3 AE: He T AR BT A A A I ME A 7 ik

®1 BEE
Table 1 Summary of the datasets

Datasets Sample size Training size Test size Feature

Mg 1385 692 692 6

Balloon 2001 1000 1001 2

Space-ga 3107 1558 1559 6

Abalone 4177 2088 2089 8

Kinematics 8192 4096 4096 8

Bank! 8192 4096 4096 32

Puma32H 8192 4096 4096 32

ICB2 9822 4911 4911 86

Ailerons 13750 6875 6875 40

Elevators 16599 8299 8230 18

Cal-housing? 20460 10230 10230 8

*2 PHNKARESHE
Table 2 The testing mean square errors (TMSE) with standard deviations

Methods FKS (Ours) e-SVR + Ploy eSVR + Gauss v-SVR + Ploy  v-SVR + Guass SMO-MKL
Mg 0.0068 £ 0.0024 0.0086 £ 0.0009 0.0082 £ 0.0008 0.0082 + 0.0016 0.0087 £ 0.0022 0.0057 £ 0.0007
Balloon 0.0016 £ 0.0001 0.0031 £ 0.0000 0.0046 £ 0.0002 0.0020 + 0.0001 0.0033 £ 0.0000 0.0018 £ 0.0011
Space-ga 0.0305 £+ 0.0016 0.0961 £ 0.0151 0.0971 £ 0.0152 0.0385 + 0.0023 0.0401 £ 0.0239 0.0289 £ 0.0073
Abalone 0.0030 £ 0.0001 0.0045 £ 0.0013 0.0035 £ 0.0005 0.0035 £ 1.29e—5 0.0039 £ 0.0001 0.0036 £ 0.0007
Kinematics 0.3041 £ 0.1050 0.2959 + 0.0834 0.3253 &+ 0.1841 0.3056 £ 0.0634 0.3124 £ 0.1521 0.2699 + 0.0007
Bank 0.0184 £ 0.0003 0.0220 £ 0.0002 0.0237 £ 0.0013 0.0213 £+ 0.0023 0.0194 £ 0.0032 0.0218 £ 0.0002
Puma32H  0.0299 £ 0.0008 0.0322 £ 0.0012 0.0303 + 0.0047 0.0292 £ 0.0004 0.0343 £ 0.0043 0.0272 + 0.0005
1CB 0.0533 £ 0.0023 0.0696 £ 0.0044 0.0937 £ 0.0026 0.1283 &+ 0.0074 0.0523 £ 0.0012 0.0059 £ 0.0035
Ailerons 0.0046 £+ 0.0001 0.0052 £ 0.0021 0.0054 £ 0.0002 0.0042 4+ 0.0001  0.0043 £ 0.0002 0.0043 £ 0.0001
Elevators 0.0042 £ 0.0003 0.0039 £ 0.0001 0.0040 £ 0.0000 0.0056 + 3.34e—6 0.0043 £ 0.0002 0.0043 £ 0.0001

Cal-housing 0.0204 + 0.0008

0.0239 £ 0.0003

0.0252 £+ 0.0013

0.0244 £ 0.0026

0.0254 + 0.0002

0.0212 £+ 0.0002

s€{1,2...,10} fENHFEEAZ (basis kernel). Edi G RENLEE 70 B R8s AN RE . P 757534 30
K. BT SEEGAE 2.2G AMD Opteron Processor machine _I5¢ fi%.
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Table 3 Training time
Methods FKS e-SVR v-SVR SMO-MKL
Kernels FFK Gauss Poly Gauss Poly Gauss+Ploy
Mg 0.0178 0.0227 0.0250 0.0246 0.0326 2.0823
Balloon 0.0046 0.0268 0.0218 0.3157 0.0221 1.0110
Space-ga 0.0410 0.3806 0.7991 0.4498 0.3266 3.6633
Abalone 0.0657 0.4282 0.4333 1.0791 1.1061 5.9031
Kinematics 0.1424 6.8483 4.8830 4.0044 7.5481 25.8653
Bank 0.5774 2.2274 3.6189 8.6997 6.2177 30.6685
Puma32H 0.5754 2.6501 2.3772 8.1454 4.2144 27.9336
ICB 1.8176 12.1914 14.3642 14.8264 18.9364 35.4679
Ailerons 1.1621 18.7596 19.6241 18.1001 20.1009 42.7537
Elevators 0.6492 25.5926 24.0981 27.2582 22.7802 54.0931
Cal-housing 0.3781 36.1576 39.6419 40.8560 38.4607 67.5139
1 »
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Figure 1 Training time and test mean square errors of FKS with respect to the parameter n. (a) Training time with
different n; (b) TMSE with different n
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Frame kernel selection via explicit description of integral
operator space

Yong LIU & Shizhong LIAO*

School of Computer Science and Technology, Tianjin University, Tianjgin 300072, China
*E-mail: szliao@tju.edu.cn

Abstract The eigenvalues of an integral operator induced by a kernel function play an important role in the
theoretical analysis of kernel methods. However, for most kernels, publicly depicting the eigenvalues of their corre-
sponding integral operators is difficult. To address this problem, in this paper, we present an effective frame kernel
selection method based on an explicit description of the integral operator space. We first present a new class of
kernel functions (called frame kernels), derived from frame theory, that combine the power of frame representation
with the merit of kernel methods. Then, we provide the analytical forms of their eigenvalues and eigenfunctions,
and present an explicit description of their corresponding reproducing kernel Hilbert space and feature mapping.
Thus, we can exactly depict the structure of the solutions of the kernel methods and enhance the interpretability
of the model. Furthermore, with the eigenvalues of integral operators, we establish a generalization error bound
of convergence rate O (%) compared with O (\/—%) for the traditional complexities of the Rademacher complexity
and VC dimensionality. Finally, we propose a frame kernel selection method (FKS) based on the above-derived
error bound. This method is reformulated as a tractable convex optimization that can be solved globally and
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efficiently by the stochastic sub-gradient method. Both the efficacy and efficiency of our proposed method are

evaluated on several benchmark datasets.

Keywords frame theory, frame kernel, model selection, kernel selection, integral operator, eigenvalues
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