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REGHIFE R 5T EE MR B, LESCHR [17) HAER DA R M HR H T U RE AR, FERIHIX —
FeIo 15 BV A /R WX 28 Fooe ME ARG I8 26 1F. SCHR [18,19] 20 BRI 78 17 AT 21 428 il X 4% i UL ek A oy 1 e A5k
BUE )L SCHR [20] I RIRAS BRAGHE B B 7 1 AT 2R 28 1) X 28 IR B o) . STk [21) 89T T — IR
PRAEZ 48 R G i s P il 1) R, 4 HEE VA T R AR SRR AT AT AR AE T LT R S SRS 4. STk [22)
WFFE 7 17 U5 A Gk (0 B AT 1% 42 1) 0 265 () RE 4% A T B0 M 78 B 45, STk (23] W 9T TOIRZAS R a1l
A LR PR A MR B B 1 X 2 [ Re 2 1, FR4A T KGRI e o b Z A

TEBH RS, &G SUHACUE A A 2 48 sR R R, T 258 4, X8 250K
AMACF AR WA 53— J71H, A AT RN — 570 AR SO, B BT HOR J5 R X — e As 5 0
M5E, XA EETR ARG 28 B EAL . ELanEpp e g b 32 oA I R T fE, 24
K — B 22 L AE DSBS, 1T ) — S 22 4H M N0 D 4, IX 2 LAY IR 73 AR & ) @ [24). X T R4t
eh 3 AR B R (R 7 T LB I #] AM. Lyapunov 25261 H § F B R XM TR RS RS, %
Iy RG VLTS BRI R GER A E AR Ve 2527 28] S — AR RS INEE o AR SR T A
ROTLASFELE 28] J3—J71H, SCHR [29] WAL 124 RGN LR NRE S — 80, IR 3R
FH A 428 1 R ADIR S S I il At R A A ZR M 23500 2 AR B B0« — B0 I 78 22 5% A

B RGN AR B BRI TR A A GG . A SCEEEW AL T AR R ] IR 2% 1 0 RS AR
wEREEME, WRGIPREN x(t) = (21(t),22(1)T, Hh z(t) € {0,137, 21 (¢) € {0,1}7,2%(¢) € {0,1}"P.
HOPIRE TR R B R RGP B R T o IRtk e R nT DL E B 2 — &)
ZHEBUR A EZ RN RR. A CEMZHWT: 5 2 W02 — R mil, EEAH T HEREREK
EARAIZ AR A B HUE I F) B4k AR N 2 FARBUE KR, 58 3 fr 4 1 A /R$E 6N 28 R GEH)
53R B Re s PN, MG 207 B R AR PR N HE I, SHE N Fi 428 e O A3 ) A 3R 92 1) D 285 1R 0 2 IR 3
A REAE I 7R A 5 4 Il 45 15 B A e A e ) R AR A AR R IR AS Bk B 5 A 2

—LEZER.

2 ERIE

NRR T, ASCH B EEATT 5 51240 T
o D={0,1}, B T ~ 1 FOREHRARE “H, F ~ 0 LA RRUE “B;
1,:=(Q11-- 7T

Si $&%E}§$ I, W% i 31
Ay, ={6i=1,...,n}, A= Ay;
RV RoRFTH nox r MRS
Col; (L) Rl L 5 i 51
Col(L): ForHikE L HIATA 5| M &4 R4
o HFE L € R FRAIBHIHRE, o Col(L) C An. M n x r BHAFERIESN Loy, B
L=[60,682,...,60 i8N L =06pi1,ia,...,0;
o JEFE B = (by;) € R™ MROAAREFE, 2 by € D. A nox r ARIEEEIEESN B
o Bli;(L): 45FFE L € Lonyonim WA 2m AT, Bl (L) RoRHAEE ¢ NTH
o FifE M = (my;) > 0: XFTAEEM 4,4, mi; > 0.
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2.1 JEREF k=T

BB A B ) BUE S A AR, ARG REIRE BN, 1 ~ 63, 0~ 02, D ~ A. FiEFIK
BRI BATHERET R, FXAHRN <Rk RER a0 Bk ER. TR ER R m T L
Z56 R [7,8)].
EX 18 # AeR™™ BeRP AL t =lem(n,p) N n Fl p KGNSS FEFE A A1 B (1)
Pk A E R
Ax B=(A®I,)(B®Ip). (1)
FIFHHRER kB, FZ A Ra i o REOE N d fer, iR g B 1 OB ER.
SIFE 18 & oay,...,x, & 0 NMIREBELE SMERM 0 A RKEEL f(21,...,2,) : D" — D,
TEAEME—IOHRERE My € Loyon, 115

f(:l?l,...,a",n) ZMf D(?Zl i, X; € A, (2)

T (2) RAVRES f BREIER,

FRIE AR B0 P BTG RAE B T IO, Eik 3138 — A n JEA/R RS S TS
WIS HIRERE My € Lovon F07. TEMCIERE . WARERBONEHAR B f T A T MR 5 3 4
B . TS B SCRR [7.8] T IRE LA,

2.2 MREFIMENRBRT
Afi IR X 2% B Zh A 7T N
x1(t+1) = fi(z1(t), ..., xn(t),ur(t), ..., um(t)),

Tu(t+1) = fulx1(t), ... 20 (€),u1(t), ..., um(t)),

He fii=1,...,n & (n+m) JBAAREE, ;1) € Dyi=1,...,n BREELE, u;(t) €eD,j=1,...,m
ﬂsiﬁu)\ii. WX (t) = P2 (1), U(t) := xT u,(t). HEIEE 1, 133

Z’l(t-f—l):NZU(t)X(t), T €A, i:1,...,71,X€A2717U€A2m, (4)

Hrf Nii =1, n RATVREEL fi WERTERE, FH N; € Logonem. B35, FIFISCHR [8] M7
B /RS (3 ( ) AEIE

X(t+1)=LUMX(t), X € Ag, U€ Agn, (5)

Hrf Coly L = w2y Col(N;), j=1,...,20"™ FEHHRE L € Lonyonim BN (3) MILEHIFERE. AL
N T TR TR A R I REAE I, %%Hﬂﬁﬁéﬂ‘%ﬁ (3) #1 (5) ZEM I A& BB A

{X 1) = LUGOXOX(0), (6)

X2(t+1) = LU ()X () X2(1),

Hrf Colj(L1) = xi_; Colj(Ny), j = 1,...,2""™, Colj(L2) = xj,,; Colj(Ny),j = 1,...,2"+™ F§
L1 S £2p><2m+n %D L2 € £2nfp><2m+n jjit ( ) E/J /\/ %é]ﬂj*’]%ﬁﬁ$
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1 HRRLE (7) BRSE
Figure 1 The dynamic graph of (7)

3 EELR

TS H AT R ] D 2850 20 A% 1 1) R A PR

EX 2 ARG (3) WIREN x(t) = (x1(t), ..., 2, ()T, WHIERZEA 2(0) = (21(0),...,2,(0)T
FEARRE g = (2F,...,2)T. (1) ﬁﬂ%ﬁﬁﬁfﬂ T A P 5 {u(t)}, 154555 ’3{ zt(t) =
(@1(t), .. ap(t)" BORETES T BN (o5, an)™, B 2(T) = (of,....23)T, WHA/RNS (3)
RMVIEIRE 2(0) B RERDE (af,... 2" BAEH, WARA/RIEHING (3) BED LRSS
(zf,...,25)T WNEZREYIIEIRE 2(0) REIE. (2) WERMERER 2! = (z1,...,2,)T, M/RMZ (3) #E
MHIGEIRZS 2(0) = (21(0), ..., 2,(0)T BEIAM, WIFKAT /RN (3 ) N 33( ) HRE AR o1 Befs
(1. (3) W SRAT/REEHIMN LS (3) MERERT x(0) HRHET L E o1 Bef 1, WIFRAT /RN 2250 L &
ot = (21,...,2,)T e

Bl 1 BB A RN,

ri(t+1) = 21(t) — (—22(1)),
zo(t +1) = =(u(t) — z(t)) < (21(t) <> 22(t)), (7)
z3(t+1) = (z1(2) = u(t)) ¢ 22(t).

AT IRFERIN G (7) FIRASHAE 1 AHEE B, TRIERUT A FEEEEF5 ut), t =0,1,. .., #f
ASEEAE RIS PR (210, 22(0), 25(0))T # (1,1, 1)T #EEALE] (0,1,0)T, B RS RAHERE 1.

WIR R RRETRE (21(t), 22t)T, REEZE x5 FPIRE. MEEAPIRE (21(0), 22(0), 23(0))T
Hk, HBAE IR 23E 24 A4 ) F1 4 X R 2 A8 B (21 (t), 22(1)T BPIREEE (0,0)T, (0,1)7, (1,0)7,
(L, )T Eedn, AWIEEIRAS (1,1, 1)T ik, A TSR (21(t), 22(2)T BPRESEALR] (0,1)T, A
RSB HFHN w(0) = 0,u(1) = 1,u(2) = 1 BIAT ($2#] 55 (035 5 e REAME—). ANk, AR
WIS (7) WAL E (21(2), 22 (1) T BEFEIT.

F 1 BTSRRI RN R OGE AR R R R AR, A AR TR X 4 A B SR
e, — AT R AR 0. M 1 T CUE W, AS BRI A AR 2 1 I 25 AT RE S R R e
. HRGA G E I, B S BAREIEN, WS H 028 (B35 M LA o 5 B A s P XL
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N T AR A B TR F A AR 2, B A AR A I TR B AR 1, RO THOE AR
R (AR R T S 2,

EN 3 ATAUREHIFE (3) (REER N (5)), BRAIERA X(0) = x,z,(0) FHFRRA
Xg=X1w X2 A X1 e Ag, X2 € Agus.

(i) WRAEAENZ] T R— A EUFI U, ¢ = 0,1,...,T — 1, ARSI (3) ((RETERH
(5)) MIIEIRAS X (0) R, FERBIFFF U () fER R, S48 R X ARIRALE] X5, R R £ 4%
(3) (FRETBERA (5)) RMIIIEIRA X (0) FIHAE X) Ak, WRHA/RINS (5) MO X1 1
R X3 AR X(0) A

(i) WFHEREN X1, AR (3) (IREIBRA (5)) R APILERA X(0) REIAN0, TFK A
IRFZ (5) 7 X (0) RAHAAR X1 AL,

(i) WISRAT /RIS (3) (RBOBR A (5)) TEALRHY X (0) R MMRAA R X1 AEERY, MR
/RIS (3) HAIRE X1 .

AR LA Ly S5 2m TR

L = [Blki(L),Blky(L),. .., Blkom (L)],
Ly = [Blky(Ly), Blky(Ly), . . ., Blkom (L1)],

Hort Blk;(L) € Lonxan, Blki(L1) € Lovxon 78537 (8) HHHEFE L Al Ly HIZE @ ASTHL
MAERTS X (0), WERIRATIEFAZHIFN U(0) = 0%,

X(1) = LU(0)X(0) = Blk;(L)X(0),
X'(1) = LiU(0)X(0) = Blk;(L1)X(0).
M X(0) H&, fERTE ATResEH U0) FERT, RAMAIRE X B P ge R KRS EEIEN
R(1, X (0)) = {Blky(L)X(0), Blky(L)X(0), ..., Blkom (L)X (0)}.
FHRLHL, FBIRES Xt S — TR BIIAHPRS RS IE
R1(1, X(0)) = {Blk; (L)X (0), Blka(L1) X (0), .. ., Blkom (L1) X (0)}.

AT SR, BRATAINIRE A H MRS FIES R(1, X(0)(R(1, X(0))) SHE X(1)(X(1))
PR, DU AR, iR &

X (1) = Blky (L)X (0) + Blka (L)X (0) + - - - + Blkom (L) X (0)

(9)
= (L x 19m)X(0) = MX(0),
X'(1) = Blk; (L1)X(0) + Blka(L1)X (0) + - - - + Blkam (L1) X (0) w0
= (L1 x 15m)X(0) = M1 X(0),
ﬁ‘:}:‘ M =L X 1om € Rongon, My = L1 X 1gm € Ropxon.
B, EFAEHA U(1) = 6%m, NI
X(2) = LU1)X(1) = Blki(L)X(1), "

X1(2) = LiU(1)X (1) = Blk;(L1) X (1).
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ok

HAIRAS X B BT REEIA PRSI AL N
R1(2,X(0)) = {Blky(L1)X (1), Blko(L1)X(1),...,Blkom (L1) X (1)}.
Ffpld, WA R RS X (1) REBIRERFS) X1 (t),t =1,2,..., H
X(t) = Blky (L)X (t — 1) + Blko (L)X (t — 1) + - - - + Blkom (L)X (£ — 1)

(12)
= (L x 1am)X (t — 1) = M*X(0),

XY(t) = Blky(L1)X(t — 1) + Blko(L1) X (t — 1) + - - + Blkam (L1) X (t — 1)
= (Ll X ].Qm)X(t — ].) = MlMtilX(O).

FE2 W X(t) = (a1,...,a20)T, WSCHR [11] H5EEL 1 ATH, 0 o R IRES X(0) = 6. HK,
St + DR RGUIRES R 65, &G F AL WER a; = 0, MFRIRAAEAESH] T HE RS T
WREM X(0) = 6}, HELELE ¢ BEHEWEPIRE o5,

X MyMFY Y k=1 B, B My, A(10) ATAL (M) = ¢ # 0 Ron A Efflim A 240K
B 6L, Mk, Gl GRS AR X FPIRSTEALN 04, 45 (My)i; = 0 MRS ATFAERFER
il

EI 1 X FAREHING (3), HEE M A My 7T (9) F1(10) THEAAEL W (MM, =
¢, (¢ #0), WAFAE ¢ MARFEIEEHIFES, RGN ARE 6L, R, 758 s DKo E X KRG

(13)

1] 85,
WERR WATHECARNE. 2 s = 1 I, BB My, ¥ (M) = ¢ # 0, WHFAE o, ..., e, [
(Blkq, (L))ij = --- = (Blka, (L))ij = 1. AMDHE U = 654G = 1,...,¢), RS RGOREMIRES 6.

BALBPIRES 64, BIMERGOIRBIIRZS 63, WLEPRA ok, HIEEHIAE ¢ AR REIUT .
— g, B (MLMoY)y R RGHE s DA A RIRDS o), BT E X1 HORA o), 1095
I HIANL.
Zit s+ 145, RENSBRIRS 6], TFih, MASEHMRA X1 AT 6, T Tu%ﬁw‘j%/\ﬁi
T () HARRGAMAM 6), FFHEZ 1 B EIRA ok, (i) MATEIRS ok, &5t s 35, MHE R
X HPRABE 65, FIZE s+ 1 5, REMEBRRE 6L, TG, MAMHHNLE X1 HLF
55, , B HITTRE N RN
o
Ny (= i)=Y Ny(k— i) x Ny(j = k), (14)
k=1
b N, (= k) BRRESBEREM 61, 2 — B E ok, WA U0) A%,
N.(k — i) R RGERBEAR o5, BB s Bk, M EE X! KPRAEKA o5,
R TR ANEL
HE B, 540

N.(k = i) = (MyM* 1)y, (15)
PR RBLE Ni(j — k). IR (Bl (L)) = 1, IEFFEH] 65, (613 65, = L165.03.. Ik, Ni(j — k)
W2 (Blko(L))r; =1 1 o AL, B

Ni(j— k) = (ZBlk )Mkj. (16)

kj
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3l (15) A1 (16) RN (14), 153
.
Noy(j—i) = Z(MlMs_l)ik X My, (17)
k=1
2 (17) WA T DAERAR N B My M=t BI5E i AT SHERE M OGS § Al E R B (M M), R
IRRGINIRE 64, MR, B85 s+ 1 Bl E X FRIREEE] ok, MATE R HF I AN 45
WASHIE.
FESCHR [11]) Y, BUEE S 2 = &, A0 A i
Rl 1M R AR IR (3) (IREER N (5)). WTIRE o, 8 € Ao, WRM o =6}, HK
TES s BREEIRRAE B = 0k, MAFE—NEHIFH, MRGREN o« HEEZEW 20 BEER
=B
HEI® 1 HEAURERIMNG (3) (RETERA (5). WTRE a € Agn, B € Age, WHERNEZEIR
B =08, MRS s BREFIAT R X1 BPRE 8 = 0k, MABDFLE—NEHFH, RG0R
B o HREZZT 20 B AR X JIERE 8.
ERR W oo = 6], MBI s SBREBIEIRGE 8 = 0k, W-—EFFE B € Agnr, RGN o = 6}, H
RIEH s DI RGN ELZEIREN 6 = 6 x 8. WFELE—DMEHFS UO),...,U(s - 1), FRGEHR
B a =6, HRIEE s BHHIL ' = g x 5. S AHAE R X Ao XORSHELS 5N

o = LU(0)ey, B1 = LiU(0)e,
as = LU(1)ay, B2 = LU1)ay,
5 (18)
as—1 = LU(s —2)as2, Bs—1 = L1U(s —2)as_a,
B = LU(s —1a,_1. B = LU(s—1)as ;.

AT 1 AT s < 27 Bk, M o =60, MRELZZ 20 BEES B RIRERE g = 0k, L5BIFIE.
T R ER AT R 2 A IRAS X IRestE, € RS (3) B AR E X BRI M) i 5 FE
o
Me =Y MM (19)
k=1
VEJIRTIR 70 A IS 4, FRANES AR SO 24518
TR 2 FEAREHIMNE (3) (REUEXH (5)).
(i) MHITERIRTS Xo = 63, R, #0288 X PR 24 = 0k, BEIAH HANY (Me)i; > 0;
(i) iR MI4 (3) (IREER N (5)) M Xo = 6. A, T2 E X1 EFE 2 HAYY Col;(Me) > 0;
(iif) /RN (3) (FREUEAA (5)) Ml E X! Bed%, M HAY Mo > 0.
9 b, BATH ORI Z 18] 5 ReAE & 3 e 7 E N Reak, BIER /IR e R PR T R A2
BN 0. MIERERE Mo = (mij), Hrp
B { 0, m;; =0,
mij =
1, m;; > 0.
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XA R ) B AT R FE R s B S
FE N 419,30
(i) & a,b € D, & XAG/RHM +5 SR x5 N

a+pb=aVb, axgb=aAb.
(i) B A € Bysn, B € Buxpy 5 SUATRIERE A F B fIATREL, C 1= A xs B € By Jotl
Cij = a1 X b1j +B - +B Ain XB byj.

e, % A € Bown, W AR .= A x5 A.
AR R FE AR /R AN 5 A /R, i Mo A~

2n
Z (M M <=1 (20)

EH 2 ] LLE IR N T IRy

Rl 2 FHEARERIME (3) (IREUE R (5)).

(i) MHIERIRTS Xo = 60, R, A2 E X' FPRE X, = 6. BEIAMHANY (Me)i; = 1;

(it) A 2RI (3) (IRBIEIN (5)) M Xo = 6%, K, BEAEE X1 AEds 24 HALY Col; (M)
=1

)

(ii) Ai/RIZEHIRILE (3) (FREIERDN (5)) MBI ARR X! #ed%, HHACE Mo = 1.

4 EHFIRET

b B g TR AR R AR R RIERE, RAT R LS (3) M AR AR, X — & AT
] FHRM 2 PR A B AT AR A B AR 20 A2 B H AR A2 1 7 51,

i 1 #HFs ot RHER
Step 0. BWHINEFIRE X4 = 04, W UMAIIRE Xo = 65, REIA. HIHER 1, 771 s(1 < s < 27), {113 (MyMs—1),; > 0.
Step 1. Wil U(s — 1).
T8 IEREH ke, 145 (M1)s e, , >0, (M5 1)y, i >0.
M My BIRETT i, 7E Ly () 2m DMEESTHL (8) HEMDF AT Blk,,_, (L1), 13 (Blky,_, (L1))ik, , > 0.
B U(s — 1) = ot BRI 8%, = Lidger ' X(s — 1), it X(s — 1) = 65",
Step 2. Bil U(s—2),U(s—3),..., U(0).
FIFSCHR [11] RS 2 ®"iHFH U@),t=0,1,..., s—2, [HRGUIREM Xo =65, Zid s —1 B3] X(s—1) =

kg_
Ss 7t

— AN U AT P SR 1 SRR A
B 2 FZEH 1 R RIERIR L (7). B X (1) = xPqa(t), X1(t) = xZ2(t). PR K
B, K (8) AR HIANFRR L (7) ARETEAME 7 Eiiﬁiﬂlﬂ&iﬁij

X(t+1) = LU)X(1),

(21)
X(t+1)= LU#)X (),
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Horp
L=1065[75241342881111414], (22)
Li=64/4312122144111122].
}‘}\ L %D Ll ﬁ%u%@”%ﬁl@ M =1L K 12 %D M1 = Ll X 12 j‘j
O o 1 1 2 1 0 O
o 0 1 0 O 0 0 1
o 0 O O o0 1 0 O o o 2 1 2 1 0 1
o o 0 1 0 0 2 1 0o 0 o0 1 0 1 2
M= M= (23)
o 1 0 O O 0 0 O o 1 0 O O O 0 O
o 0 O 0O o0 o0 o0 o 2 1 0 0 0 0 0 O
1 0 0 0 0 0 0 O
11 0 0 0 0 0 O

B, ARG (7) MR X KRR TER A

118 116 119 120 126 122 114 113
30 43 39 38 36 41 40 41

0 O 0 0 0 1 0 0

i 191 197 188 198 192 192 204 194
M* = . (24)
18 21 23 20 22 22 18 21
0 0 0 0 0 0 0 0
63 56 59 57 56 55 58 60

81 77 82 77 78 77 76 81

b
I o
—

G, (1) AT ERERER, X—amTUAE 1 FH.
TFEE AR X PReiE N
157 159 158 158 162 163 154 154
8 191 197 188 198 192 193 204 194
Mo =S MM+ = . (25)
k=1 18 21 23 20 22 22 18 21

144 133 141 134 134 132 134 141

HE I 2 AL ARIEGINZE (7) PR R XY ~ (21, 20) RN, 561 1 RS —
.
N BRI PAME RAERRE N Xo = 68 HR, Mo E X, BILHFRE X, =63
o Step 1. I THE T LI E /DT s = 3, WL (MiM?)36 > 0. AT ky = 2, 2 (My)s2 > 0
Al (M?)26 > 0. HT [Blki(L1)]32 > 0. BIIKHL U(2) = 63, X(2) = 63, Sl X1 (2) = 4}.
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e Step 2. Wit U(1),U(0), & EIREM X (0) = 63 HALE] 62. FTLAEL &y = 3, W& Maz >0 F
Mz > 0. HT [Blkq(L)]25 > 0. BIUIKE U(1) = 63, 152] X (1) = 63, X1 (1) = 03
[FREEE] M3 > 0, 3 H [Blky(L)]s6 > 0, B U(0) = 63. IR —H3zH 7518
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Partial variables controllability of Boolean control networks
Jinli SONG, Huimin XIAO & Zhigiang LI*
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China
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Abstract Partial controllability of system is a special definition of controllability with respect to only a pre-
specified subset of a system’s state variables. The paper considers problems on the controllability of Boolean
control networks with respect to a given part of variables that characterize the Boolean network. Using a semi-
tensor product of matrices and the matrix expression of logic, the dynamics of a Boolean control network are
converted to discrete time bilinear dynamics. First, the definition of partial controllability of Boolean control
networks is introduced. Then, based on the algebraic form, necessary and sufficient conditions for partial state
variable controllability with respect to a variables set are obtained. In addition, an illustrative example is provided
to construct a proper control sequence with which to steer the partial variables’ states to those desired.

Keywords Boolean control networks, controllability, partial controllability, partial reachability, semi-tensor

product
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